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This paper studies a certain class of differential-operator (d.-0.) equations (1),
called the class of partially hyperbolic d.-o. equations.* The cases s = 1,2
have been well studied; surveys of the main results and detailed bibliographies
are available, for example, in (1,2). Here we consider general boundary-value

problems for d.-o. equations (1) of arbitrary order s > 1.

Let H be a complex separable Hilbert space, and let u(t) : I — H be a function
of the real variable t € I C R!, taking values in H. Let, further, A: H — H be
a linear operator.

Consider the d.-o. equation

where

d S
P, <$> u= Zoczqu<‘1>(t)7 a, € C, u'®) = dlu/dtd.
=

Definition. The operator 2(u) is called partially hyperbolic if the following
conditions are satisfied: 1) if s is odd, then a, = ¢ and the operator A is self-
adjoint; 2) if s = 2/, then a, = (—1)"~! and the operator A is self-adjoint and
semibounded from below.

Notation. a) H(l,0;7), [ > 0, denotes the space of functions u(t) : I — H
having finite norm

ul,,, = / (a2 4 Jul?) e dt,
I

where |u| = ||u(t)| is the norm in H, and v € R! is a parameter. b) H(s, A;~)
denotes the space of functions w(t) : I — H having finite norm
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2
s, A5y

lull? 4y = Il o0y + 1A o -

c¢) If A is semibounded from below, then A\, denotes its first eigenvalue; if A
is not bounded from below, then

o [(Au,u)l
= f _
Ao = b TR

where D 4 is the domain of definition of the operator Au.

I. The case of an operator A with point spectrum
§ 1. D.-o. equations on the entire axis (the case I = R!)

Theorem 1. Let the operator 2(u) be partially hyperbolic. Then for every
v # 0 there exists a number a(vy) > 0 such that, for Ay > a(y), equation (1) has
a unique solution u(t) € H(s, A;~) for every right-

* Boundary-value problems for parabolic and elliptic equations of the form (1)
are considered in ().

part h(t) € H(1,0;v). In this case the estimate is valid

Hu”s,A;'y < K(’Y)HhHLO;fW (2)

where K () > 0 is a constant.

Corollary 1. If the operator 2(u) is partially hyperbolic, then equation (1) is
normally solvable in the space H(s, A;7y). This means that, for any function
h(t) € H(1,0;7) subject to a finite number of conditions*, equation (1) is solv-
able in H(s, A;v). The homogeneous equation (h(t) = 0) has a finite number
of linearly independent solutions.

§ 2. Differential-operator equations on the half-axis (the
case [ = R, =10,00)).

Formulation of the problem. For a given function h(t), it is required to find
a solution of equation (1) satisfying, at ¢ = 0, the conditions

d
Ru (&) u

where k = [s/2] if s is odd, and k = s/2 — 1 if s is even (problem I); or
k= [s/2] + 1 for any s (problem II).

=0, v=0,....s—1—F, (3)
t=0

Here
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d\ )
R, (E) u= ;pyqu@(t), Pug €CY, Pun, =1, m, <s.

Suppose that the following conditions are satisfied.

Condition B. If A > 0, then det |u;* (M) # 0 (v,j =0,1,...,5 — 1 — k), where
1;(A) are roots of the equation a u®+A = 0 such that Re p1;(A) < 0 (for problem
I).

Condition C. If A > 0, then det [u;*(N\)| # 0 (v,j = 0,...,s — 1 — k), where

t;(A) are roots of the equation a u®+ A = 0 such that Re u;(\) < 0 (for problem
10).

Theorem 2. Let v > 0, let the operator 2(u) be partially hyperbolic, and let
Ao = 0 be sufficiently large (\; > a(7)). Then, if Condition B is satisfied, for any
right-hand side h(t) € H(1,0;~) there exists a unique solution u(t) € H(s, A;~)
of problem I. In this case the estimate (2) is valid.

Theorem 3. Let v < 0, let the operator 2(u) be partially hyperbolic, and let
Ao = a(y). Then, if Condition C is satisfied, for any right-hand side h(t) €
H(1,0;7) there exists a unique solution u(t) € H(s, A;v) of problem II. In this
case the estimate (2) is valid.

Corollary 2. Let v > 0, let the operator 2(u) be partially hyperbolic, and
let Condition B be satisfied. Then problem I is normally solvable, i.e., has a
finite-dimensional kernel and is solvable under a finite number of conditions on
h(t). In this case the inequality is valid

llls, 4 < K (W0ll100 + Ttllo, o) (4)

where K (v) > 0 is a constant.

Corollary 3. Let v < 0, let the operator 2((u) be partially hyperbolic, and let
Condition C be satisfied. Then problem II is normally solvable and inequality
(4) is valid.

If s is even, then the following holds.

Theorem 4. If, for the operator 2((u), where A is self-adjoint, problem T is
normally solvable for every v > 0, and problem II for every v < 0, then the
operator A is bounded below, i.e., the operator 2(u) is partially hyperbolic.

§ 3. Differential-operator equations on an interval (the case
I=10,TY).

In this case it is required to find a solution of equation (1) under the following
condi—
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* These conditions have the character of orthogonality conditions of h(t) to a
finite-dimensional subspace for all v € R!, excluding a discrete set. This also
applies to [3], where in Theorems 2.1 and 3.1 it is inaccurately stated that v is
arbitrary.

forms:

u(0) = 0,...,u(0) =0, w(T)=0,..,u"N(T)=0, s=20Vv1 (5

(here the second group of conditions in (5) is absent if s = 1,2).

Theorem 5. Let the operator 2(u) be partially hyperbolic and let the number
Ao be sufficiently large. Then for any function h(t) € H(1,0;0) the problem (1),
(5) has a unique solution u(t) € H(s, A;0). Moreover, the inequality

HUHS,A;O < K”h”l,o;o

holds, where K > 0 is a constant.

Corollary 4. If the operator 2(u) is partially hyperbolic, then the problem
(1), (5) is normally solvable. Moreover, the inequality

lulls, a0 < K (|17

1,000 + I1ulo,0.0)

holds, where K > 0 is a constant.

II. The case of a self-adjoint operator A with arbitrary spec-
trum.

Everywhere in what follows s = 21 (and, consequently, a, = (—1)"~!) and the
operator A : H — H is an arbitrary positive self-adjoint operator, i.e. (Au,u) >
Ao(u, 1), Ay > 0.

Consider the following polynomial in the real variable 7:
A(v;7) =Re(y/2 — i) [P,(v/2 +i7) + A)-
Obviously, for v > 0 the polynomial A(y;7) is semibounded below, and for

7 < 0 it is semibounded above, i.e. there exists a constant a(y) > 0 such that,
for v > 0 (v < 0), the polynomial

Ay(v;7) = Re(y/2 —i1) [Py(v/24+i1) + A+ Ag] >0 (< 0)

for any A > a(7).
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§ 1. D.-o. equations on the whole axis R'. Consider the equation

Ay (u) = A(u) + Au = h(t), A > aly). (6)

Theorem 6. Let the operator 2(u) be partially hyperbolic and v # 0. Then for
any right-hand side h(t) € H(1,0;7) there exists a unique solution of equation
(6), u(t) € H(s, A;~). Moreover, the inequality

lulls, ay < KAl 05 (7)

holds, where K () > 0 is a constant.

§ 2. D.-o. equations on a half-axis. Given a function h(t), it is required to find
a solution of equation (6) under the conditions

uw(0) =0,...,u(0) =0 (problem I),

or under the conditions

w'(0) =0,...,u""(0) =0 (problem IT) (8)

(for s = 2 the conditions (8) are absent).

Theorem 7. Let the operator 2(u) be partially hyperbolic and v > 0 (v < 0).
Then for any function h(t) € H(1,0;7) there exists a unique solution u(t) €

H(s, A;~) of problem I (problem II) for equation (6). Moreover, the inequality
(7) holds.

§ 3. D.-o. equations on an interval. Given a function h(t) € H(1,0;0), it
is required to find a solution of equation (6) on the interval [0,7"] under the
conditions (5).

Theorem 8. If the operator 2(u) is partially hyperbolic, then for any right-
hand side h(t) € H(1,0;0) problem (6), (5) has a unique solution wu(t) €
H(s, A;0). Moreover, estimate (7) is valid for v = 0.

§ 4. Examples. Let L(z, D)u be an elliptic self-adjoint operator, semibounded
from below, in a domain G C R™, with a coercive system of boundary conditions.
In the examples we restrict ourselves to the case of the cylinder Q@ = R} x G.

1. Consider an equation of Schrédinger-equation type
+iu’ + L(z, D)u = h(t, ).

For ¢t = 0, either the initial value u(0, ) = 0 is prescribed (the mixed problem),
or there is no initial condition (the free problem). We have

A1) =79/2+ Ao,
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whence it follows that, for Ay > 0, the mixed (free) problem is uniquely solvable
for any v > 0 (y < 0).

2. Consider an equation of wave-equation type
u” + L(z, D)u = h(t,z),

for which the problems studied are either the classical mixed problem or
the free problem. We have

Aly;m) = (/20 (PP /4 + 724 X)),

therefore, if A, > 0, the mixed (free) problem is uniquely solvable for any
v >0 (v <0). If \j <0, unique solvability holds for

7> 2vol (v < =2v/IX])
(cf. (45)).

3. Consider an equation of the form
—uV + L(z, D)u = h(t,z) (9)
under the conditions u(0,z) = 0, v’ (0,z) = 0, v”(0,2) = 0 (problem I),
or under the condition u(0,z) = 0 (problem II).

We have
A7) = (1/2)(374 + 2272 /2 — 4116+ ),

therefore, for Ay > 0, problem I (problem II) for equation (9) is uniquely solvable

for
v e (0’2m) (7 € (_2 y )‘0’0))'

For the remaining « there is normal solvability. For Ay < 0, both problems are
only normally solvable.

Remark. Let
P,(0/0t,0/0x4,...,0/0x,)u=h(t,x), t>0, xR (10)

be a homogeneous strictly hyperbolic equation of order s. As is known (see
(6-8)), for equation (9) in Sobolev-Slobodetskii spaces with weight e, for
~v > 0, the Cauchy problem is correctly posed. If, however, equation (10) is
considered in Sobolev-Slobodetskii spaces with weight e™7¢ for v < 0, then the
problem without initial conditions is the correct one.
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