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MATHEMATICS

Yu. G. BORISOVICH, A. S. TURBABIN

ON THE CAUCHY PROBLEM FOR LIN-
EAR NONHOMOGENEOUS DIFFERENTIAL
EQUATIONS WITH RETARDED ARGU-
MENT
(Presented by Academician P. S. Novikov on 9 VII 1968)

A number of works are devoted to the problem of studying solutions of differ-
ential equations with retarded argument by methods of functional analysis (see,
for example, (1−6)). The present article belongs to the same circle of questions.
In it new formulas are obtained for the solution of the Cauchy problem for a
linear nonhomogeneous system of differential equations with retarded argument.
The cases of initial functions from the spaces 𝐿𝑝 and 𝐶 are considered. The use
of the space 𝐿𝑝 is caused not only by the desire to extend the class of initial
functions (which is also of independent interest for the study of the shift oper-
ator in view of the special properties of the space 𝐿𝑝 (see (6)), but also by the
fact that the final formula is simple. The basic idea consists in passing to an
“equivalent”differential equation without retardation in a Banach space with
an unbounded operator. This approach gives more complete results than those
of other authors (9, 2).
I. In this section the Cauchy problem is considered for functions from the space
𝐿𝑝. We describe the class of differential equations with retarded argument
under consideration. Consider the space 𝑀((−ℎ, 0), 𝐵) of abstract functions
measurable on the interval (−ℎ, 0) with values in a Banach space 𝐵. Let 𝑓 be an
additive and homogeneous operator with values in 𝐵 and domain of definition
𝐷(𝑓) ⊆ 𝑀((−ℎ, 0), 𝐵). Let the restriction of 𝑓 to the space of continuous
functions 𝐶((−ℎ, 0), 𝐵) be a linear bounded operator. Let 𝐿𝑝([−ℎ, 𝑇 ], 𝐵) (𝑇 >
0, 1 ≤ 𝑝 < ∞) be the space of abstract functions 𝑥(𝜏), defined on the interval
(−ℎ, 𝑇 ) with values in 𝐵 and summable to the 𝑝-th power, and let 𝑥𝑡(𝑠) =
𝑥(𝑡 + 𝑠), −ℎ ≤ 𝑠 ≤ 0, be a segment of the function 𝑥(𝜏); 𝑥𝑡(𝑠) is defined for
𝑡 ∈ [0, 𝑇 ]. We impose additional conditions on the operator 𝑓 : 𝛼) for any 𝑇 > 0,
for each function 𝑥(𝜏) ∈ 𝐿𝑝((−ℎ, 𝑇 ), 𝐵), the function 𝑎(𝑡) = 𝑓(𝑥𝑡(𝑠)) is defined
for almost all 𝑡 ∈ [0, 𝑇 ] and is summable on [0, 𝑇 ]; 𝛽) the equivalence class of
the function 𝑎(𝑡) depends only on the equivalence class of the function 𝑥(𝜏); 𝛾)
the inequality
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∫
𝑡

0
|𝑓(𝑥𝜏(𝑠))|𝐵 𝑑𝜏 ≤ 𝑀0(𝑡)|𝑥|𝐿𝑝((−ℎ,𝑡),𝐵)

holds for any 𝑡 ∈ [0, 𝑇 ]; here | ⋅ |𝑋 denotes the norm of an element in the space
𝑋; 𝑀0(𝑡) is a continuous function on [0, +∞).
Consider the Cauchy problem for the equation with retarded argument

̇𝑥(𝑡) = 𝑓(𝑥𝑡(𝑠)) + 𝜑(𝑡), 𝑡 ≥ 0; (1)

𝑥(𝑠) = 𝑥0(𝑠), −ℎ < 𝑠 < 0, 𝑥(0) = 𝑥0, (2)

where 𝑓 is the operator described above; 𝜑(𝑡) ∈ 𝐿𝑝((0, 𝑇 ), 𝐵) and 𝑥0 ∈ 𝐵,
𝑥0(𝑠) ∈ 𝐿𝑝((−ℎ, 0), 𝐵) are prescribed elements. The initial pair

We shall denote {𝑥0(𝑠), 𝑥0} by ̃𝑥0(𝑠). A solution of the Cauchy problem (1)—(2)
is an abstract function 𝑥(𝜏), defined on (−ℎ, 𝑇 ], which is absolutely continuous
for 𝑡 ⩾ 0, satisfies equation (1) almost everywhere on [0, 𝑇 ], coincides with 𝑥0(𝑠)
for 𝜏 ∈ (−ℎ, 0), and 𝑥(0) = 𝑥0. It is not difficult to verify that, under conditions
a)—c), the Cauchy problem has a unique solution corresponding to the initial
condition ̃𝑥0(𝑠), defined on (−ℎ, +∞) and depending continuously on the initial
conditions on each interval [0, 𝑇 ]. For the homogeneous equation

𝑥′(𝑡) = 𝑓(𝑥𝑡(𝑠)) (3)

we define the shift operator along solutions by the equality

𝑈(𝑡) ̃𝑥0(𝑠) = {𝑥(𝑡 + 𝑠), 𝑥(𝑡)}, 𝑡 ⩾ 0. (4)

Obviously, 𝑈(𝑡) is a strongly continuous semigroup of class 𝐶0 in the space
𝐿𝑝((−ℎ, 0), 𝐵) ⊕ 𝐵. Let 𝐴 be the infinitesimal generator of the semigroup 𝑈(𝑡).
Lemma 1. The infinitesimal operator 𝐴 is the generator of the semigroup 𝑈(𝑡),
and, moreover,

a)
𝐴 ̃𝑥0(𝑠) = {𝑑𝑥0(𝑠)/𝑑𝑠, 𝑓(𝑥0(𝑠))};

b) the domain of definition

𝐷(𝐴) = { ̃𝑥0(𝑠) = {𝑥0(𝑠), 𝑥0} ∶ 𝑥0(𝑠) is absolutely continuous, 𝑥′
0(𝑠) ∈ 𝐿𝑝((−ℎ, 0), 𝐵), 𝑥0(0) = 𝑥0};

c) 𝐷(𝐴) is everywhere dense in 𝐿𝑝((−ℎ, 0), 𝐵) ⊕ 𝐵;
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d)
𝑑𝑈(𝑡) ̃𝑥0/𝑑𝑡 = 𝐴𝑈(𝑡) ̃𝑥0, ̃𝑥0 ∈ 𝐷(𝐴);

e) if the complex number 𝜆 is a regular point (7) of the operator

𝐶𝜆 = 𝑓(𝑒𝜆𝑠𝐼⋅) − 𝜆𝐼,

considered on 𝐵, then it is a regular point of the operator 𝐴 − 𝜆𝐼.

Theorem 1. Let the spectrum 𝜎(𝐴) of the operator 𝐴 be situated in the complex
plane to the left of the line Re 𝑧 = 𝛾. Then the solution 𝑥(𝑡) of equation (3)
satisfies the estimate

| ̃𝑥𝑡(𝑠)|𝐿𝑝((−ℎ,0),𝐵)⊕𝐵 ⩽ 𝑀1𝑒(𝛾+𝜀)𝑡| ̃𝑥0(𝑠)|𝐿𝑝((−ℎ,0),𝐵)⊕𝐵, (5)

where ̃𝑥0(𝑠) is the initial pair, ̃𝑥𝑡(𝑠) = {𝑥(𝑡 + 𝑠), 𝑥(𝑡)}, and 𝜀 > 0 is arbitrary.

We shall now derive a formula for the solution of the nonhomogeneous equa-
tion (1). To this end, consider the Cauchy problem for an ordinary differential
equation in the Banach space 𝐿𝑝 ⊕ 𝐵

𝑑𝑢̃(𝑡)/𝑑𝑡 = 𝐴𝑢̃(𝑡) + Φ(𝑡), (6)

𝑢̃(0) = 𝑢̃0(𝑠) = {𝑢0(𝑠), 𝑢0}, (7)

where 𝐴 is the generator of the semigroup 𝑈(𝑡), and Φ(𝑡) = {0, 𝜑(𝑡)} is a
function with values in 𝐿𝑝 ⊕ 𝐵. By a solution of problem (6)—(7) we shall mean
a continuous function 𝑢̃(𝑡), 0 ⩽ 𝑡 ⩽ 𝑇 , which everywhere for 𝑡 > 0 satisfies
equation (6) and 𝑢̃(0) = 𝑢̃0(𝑠).
Lemma 2. Let 𝜑(𝑡) ∈ 𝐶([0, 𝑇 ], 𝐵), 𝑢̃(0) ∈ 𝐷(𝐴2), and let 𝑢̃(𝑡) = {𝑢(𝑡, 𝑠), 𝑢(𝑡)}
be a solution of problem (6)—(7); then the function

𝑥(𝑡) =
⎧{
⎨{⎩

𝑢0(𝑡), −ℎ ⩽ 𝑡 < 0,
𝑢0, 𝑡 = 0,
𝑢(𝑡), 𝑡 > 0,

will be a solution of problem (1)—(2). Conversely, if 𝑥(𝑡) is a solution of
problem (1)—(2) with initial pair {𝑥0(𝑠), 𝑥0} ∈ 𝐷(𝐴2), then the function 𝑢̃(𝑡) =
{𝑥(𝑡 + 𝑠), 𝑥(𝑡)} will be a solution of problem (6)—(7) with initial element 𝑢̃(0) =
{𝑥0(𝑠), 𝑥0}.

From Lemma 2 and known results of the theory of equations in Banach spaces
(8, p. 461), the following follows.
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Theorem 2. If 𝜑(𝑡) ∈ 𝐶([0, 𝑇 ], 𝐵) and ̃𝑥0(𝑠) = {𝑥0(𝑠), 𝑥0} ∈ 𝐿𝑝 ⊕ 𝐵, then
the solution 𝑥(𝑡) of problem (1)—(2) for 𝑡 ⩾ 0 is the second component of the
function

𝑢̃(𝑡) = 𝑈(𝑡) ̃𝑥0(𝑠) + ∫
𝑡

0
𝑈(𝑡 − 𝜏)Φ(𝜏) 𝑑𝜏,

where 𝑈(𝑡) is the semigroup with infinitesimal generator 𝐴.

II. Consider the Cauchy problem with initial functions from the space 𝐶 =
𝐶([−ℎ, 0], 𝐵)

𝑥′(𝑡) = 𝑓(𝑥𝑡(𝑠)) + 𝜑(𝑡), 𝑡 ⩾ 0, 𝑥(𝑠) = 𝑥0(𝑠), −ℎ ⩽ 𝑠 ⩽ 0. (8)

Let 𝑓 be a linear continuous operator defined on 𝐶 with values in 𝐵, and let
𝜑(𝑡) ∈ 𝐶([0, 𝑇 ], 𝐵) be a known function. A solution of this problem is a function
𝑥(𝑡), −ℎ ⩽ 𝑡 ⩽ 𝑇 , satisfying equation (8) everywhere on [0, 𝑇 ] and such that
𝑥(𝑡) = 𝑥0(𝑡) for 𝑡 ∈ [−ℎ, 0]. The theorem on existence and uniqueness of
the solution of problem (8), and questions connected with the semigroup for
the homogeneous equation 𝑥′(𝑡) = 𝑓(𝑥𝑡(𝑠)), have been studied earlier (see, for
example, (1,2,5)). We shall be interested in the formula for the solution of
problem (8).

We note that a similar problem, at the initiative of one of the authors, was
discussed several years ago at a seminar, where an important consideration was
stated by Yu. S. Kolesov. Here we shall consider a more general case, using the
considerations expressed there by one of the authors.

Consider the infinitesimal generator of the shift semigroup 𝑈(𝑡)𝑥0(𝑠) = 𝑥(𝑡+𝑠),
−ℎ ⩽ 𝑠 ⩽ 0, on the solutions of the homogeneous equation. It has the form

𝐴𝑥0(𝑠) = 𝑥′
0(𝑠), 𝐷(𝐴) = {𝑥0(𝑠), 𝑥′

0(𝑠) ∈ 𝐶, 𝑥′
0(0) = 𝑓(𝑥0(𝑠))}.

Lemma 3. If 𝑥(𝑡) is a solution of problem (8) with initial function 𝑥0(𝑠) such
that

𝑥′
0(0) = 𝑓(𝑥0(𝑠)) + 𝜑(0), 𝑥′

0(𝑠) ∈ 𝐶, (*)

then the function 𝑢(𝑡) = 𝑥(𝑡 + 𝑠), −ℎ ⩽ 𝑠 ⩽ 0, for 𝑡 ⩾ 0 satisfies the boundary-
value problem

𝑑𝑢/𝑑𝑡 = ̃𝐴𝑢(𝑡), 𝑢(0) = 𝑥0(𝑠); (9)

𝜕𝑢(𝑡)/𝜕𝑠∣𝑠=0 = 𝑓(𝑢(𝑡)) + 𝜑(𝑡), (10)
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where ̃𝐴 = 𝜕/𝜕𝑠 is the differentiation operator in the space 𝐶 with domain
𝐷( ̃𝐴) = 𝐶1([−ℎ, 0], 𝐵).
Let 𝑢(𝑡) be a solution of problem (9)—(10); then 𝑢(𝑡) = 𝑥(𝑡 + 𝑠), and the
function 𝑥(𝑡) (−ℎ ⩽ 𝑡 ⩽ 𝑇 ) will be a solution of problem (8) with initial function
𝑥0(𝑠) = 𝑢(0), satisfying (∗).
We shall seek the solution of problem (9)—(10) in the form 𝑢(𝑡) = 𝑧(𝑡) + 𝑣(𝑡).
Suppose that it has been possible to find a function 𝑣(𝑡) = 𝑣(𝑡, 𝑠) such that:

𝑣1) there exists 𝜕𝑣(𝑡, 𝑠)/𝜕𝑡 uniformly with respect to 𝑠 ∈ [−ℎ, 0], and it is
continuous;

𝑣2) 𝑣(𝑡, 𝑠) is continuously differentiable with respect to 𝑠;
𝑣3) 𝜕𝑣(𝑡, 𝑠)/𝜕𝑠∣𝑠=0 = 𝑓(𝑣(𝑡, 𝑠)) + 𝜑(𝑡);
then 𝑧(𝑡) will be a solution of the problem

𝑑𝑧/𝑑𝑡 = 𝐴𝑧(𝑡) + Φ(𝑡), 𝑧(0) = 𝑥0(𝑠) − 𝑣(0, 𝑠), (1)

𝜕𝑧/𝜕𝑠∣𝑠=0 = 𝑓(𝑧(𝑡)), (11)

where Φ(𝑡) = 𝐴𝑣(𝑡) − 𝑑𝑣(𝑡)/𝑑𝑡.
Problem (11) can be interpreted as the Cauchy problem for an ordinary differ-
ential equation in a Banach space

𝑑𝑧(𝑡)/𝑑𝑡 = 𝐴𝑧(𝑡) + Φ(𝑡), 𝑧(0) = 𝑥0(𝑠) − 𝑣(0, 𝑠); (12)

Here 𝐴 is the infinitesimal generator of a strongly continuous semigroup for the
homogeneous equation, and 𝑧(0) ∈ 𝐷(𝐴). The solution of problem (12) is given
by the formula 8

𝑧(𝑡) = 𝑈(𝑡)𝑧(0) + ∫
𝑡

0
𝑈(𝑡 − 𝜏)Φ(𝜏) 𝑑𝜏. (13)

Thus, it remains for us to prove the existence of the function 𝑣(𝑡, 𝑠). First
consider the case when 𝐵 is an 𝑛-dimensional Euclidean space. We solve the
equation

𝜕𝑣(𝑡, 𝑠)/𝜕𝑠 = (𝐼 + Λ(𝑠))𝑓(𝑣(𝑡, 𝑠)) + 𝜑(𝑡 + 𝑠), (14)

where Λ(𝑠) = (−𝛿𝑖𝑗𝑠𝜈)𝑖,𝑗=1,2,…,𝑛, 𝛿𝑖𝑗 is the Kronecker symbol, 𝜈 > 0. Integrating
(14), we obtain
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𝑣(𝑡, 𝑠) = Λ̃(𝑠) ⋅ 𝜓(𝑡) + ∫
𝑡+𝑠

𝑡−ℎ
𝜑(𝑢) 𝑑𝑢, (2)

Λ̃(𝑠) = (𝛿𝑖𝑗 ⋅ [𝑠 + ℎ − 𝑠𝜈+1 + (−ℎ)𝜈+1

𝜈 + 1 ]) , 𝜓(𝑡) = 𝑓(𝑣(𝑡, 𝑠)). (15)

Substituting the right-hand side of (15) into 𝜓, we obtain

𝜓(𝑡) = 𝑅(𝜈)𝜓(𝑡) + 𝑓 (∫
𝑡+𝑠

𝜈+1
𝜑(𝑢) 𝑑𝑢) , (3)

𝑅(𝜈) = (𝑎𝑖𝑗 − 𝑏𝑖𝑗(𝜈))𝑖,𝑗=1,…,𝑛, 𝑎𝑖𝑗 = 𝑓𝑖(0, … , 𝑠 + ℎ, … , 0), (16)

𝑏𝑖𝑗(𝜈) = 𝑓𝑖 (0, … , 𝑠𝜈+1 + (−ℎ)𝜈+1

𝜈 + 1 , 0, … , 0) , (4)

where the nonzero element of the row stands in the 𝑗-th place.

System (16) is solvable, since det(𝐼 − 𝑅(𝜈)) ≠ 0 for sufficiently small 𝜈. Indeed:
1) if det(𝛿𝑖𝑗 −𝑎𝑖𝑗) ≠ 0, then the matrix Λ(𝑠) in (14) must be taken identically

equal to zero;

2) if det(𝛿𝑖𝑗 − 𝑎𝑖𝑗) = 0, then, since 𝑏𝑖𝑗(𝜈) → 𝑎𝑖𝑗 as 𝜈 → 0, det(𝐼 − 𝑅(𝜈)) → 1.
Remark. One should take 𝜈 in the form 2/(2𝑘 + 1), so that the elements of
the matrix 𝑅(𝜈) are real. In the general case of a Banach space 𝐵, the function
𝑣(𝑡, 𝑠) is constructed by the same scheme.

Voronezh State University
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