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Abstract
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HYDROMECHANICS

N. N. KOCHINA

ON ONE SOLUTION OF THE ONE-DIMENSIONAL
DIFFUSION EQUATION IN A BOUNDED
DOMAIN
(Presented by Academician L. I. Sedov, May 17, 1968)

A qualitative study of self-oscillations arising under certain conditions in oil
production or in some electrolytic systems was given in papers (1−3). In pa-
pers (3−10), periodic solutions of the one-dimensional diffusion equation in a
semi-infinite domain of variation of the spatial variable 𝑥, connected with this
problem, were obtained. Below a periodic solution is found for a certain diffusion
problem in a bounded domain.

As is known (11), the diffusion equation

𝜕𝑐/𝜕𝑡 = 𝐷 𝜕2𝑐/𝜕𝑥2 (1)

has periodic solutions of the form

𝐴𝑒±√𝜔/2𝐷 𝑥 cos (∓√𝜔/2𝐷 𝑥 + 𝜔𝑡) , 𝐴𝑒±√𝜔/2𝐷 𝑥 sin (∓√𝜔/2𝐷 𝑥 + 𝜔𝑡) .
(2)

For the semi-infinite interval 0 < 𝑥 < ∞, a periodic solution of equation (1) was
obtained in paper (4).
Let us now consider the following problem: to find a periodic solution of equation
(1) for the finite interval 0 < 𝑥 < 𝑙, satisfying the boundary condition

𝑐(𝑙, 𝑡) = 𝑐0. (3)

We shall seek the function 𝑐(𝑥, 𝑡) in the form

𝑐(𝑥, 𝑡) = 𝑐0 + (𝑐0 − 𝑐0)𝑥/𝑙 + 𝑢(𝑧, 𝜏), (4)

where 𝑢(𝑧, 𝜏) is a periodic solution of the equation
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𝜕𝑢/𝜕𝜏 = 𝜕2𝑢/𝜕𝑧2 (𝜏 = 𝐷𝑡/𝑙2, 𝑧 = 𝑥/𝑙 − 1) (5)

with period 𝑇 , satisfying the conditions

𝑢(0, 𝜏) = 0, ∫
𝑇

0
𝑢(𝑧, 𝜏) 𝑑𝜏 = 0. (6)

Using formulas (2), (5), and (6), it is easy to verify that the desired solution
can be represented in the form

𝑢(𝑧, 𝜏) =
∞

∑
𝑘=1

𝑢𝑘(𝑧, 𝜏), 𝑢𝑘(𝑧, 𝜏) = 𝐴𝑘{𝑒𝜌𝑘𝑧 cos(𝜔𝑘𝜏 + 𝜌𝑘𝑧)− (7)

−𝑒−𝜌𝑘𝑧 cos(𝜔𝑘𝜏 − 𝜌𝑘𝑧)} + 𝐵𝑘{𝑒𝜌𝑘𝑧 sin(𝜔𝑘𝜏 + 𝜌𝑘𝑧) − 𝑒−𝜌𝑘𝑧 sin(𝜔𝑘𝜏 − 𝜌𝑘𝑧)},

where

𝜌𝑘 = √𝜋𝑘/𝑇 , 𝜔𝑘 = 2𝜋𝑘/𝑇 , (8)

and 𝐴𝑘 and 𝐵𝑘 denote constants which must be determined from the boundary
condition.

We shall now seek a periodic solution of equation (1) for the finite interval
0 < 𝑥 < 𝑙 with the boundary condition

𝜕𝑐(0, 𝑡)/𝜕𝑥 = Ω[𝑐(0, 𝑡)], (9)

where Ω is an 𝑆-shaped function (2), at 𝑥 = 0, and with condition (3) at 𝑥 = 𝑙.
Using formulas (4) and (5), we reduce this problem to finding a solution of the
diffusion equation (5) in the form (7), where the constants 𝐴𝑘 and 𝐵𝑘 are found
from the boundary condition

𝜕𝑢(−1, 𝜏)/𝜕𝑧 = 𝐹[𝑢(−1, 𝜏)] (𝐹(𝑢) = 𝑙Ω(𝑐0 + 𝑢) − 𝑐0 + 𝑐0). (10)

Introducing the notation

𝛼𝑘(𝑧) = 2(𝐴𝑘 cos 𝜌𝑘𝑧 sh 𝜌𝑘𝑧 + 𝐵𝑘 sin 𝜌𝑘𝑧 ch 𝜌𝑘𝑧),
𝛽𝑘(𝑧) = 2(−𝐴𝑘 sin 𝜌𝑘𝑧 ch 𝜌𝑘𝑧 + 𝐵𝑘 cos 𝜌𝑘𝑧 sh 𝜌𝑘𝑧), (11)

we write equation (10) in the following form:

sovietrxiv.org/items/ru-196901.40271 Machine Translation

https://sovietrxiv.org/items/ru-196901.40271


∞
∑
𝑘=1

[𝛼′
𝑘(1) cos 𝜔𝑘𝜏 + 𝛽′

𝑘(1) sin 𝜔𝑘𝜏] =

= 𝐹 {−
∞

∑
𝑘=1

[𝛼𝑘(1) cos 𝜔𝑘𝜏 + 𝛽𝑘(1) sin 𝜔𝑘𝜏]} . (12)

Equation (12), taking into account the notation (11), gives an infinite system
of nonlinear equations for finding the constants 𝐴𝑘 and 𝐵𝑘 (𝑘 = 1, 2, …).
If 𝐹[𝑢(−1, 𝜏)] = 𝜒(𝜏), where 𝜒(𝜏) is a known periodic function of 𝜏 with period
𝑇 , satisfying, by virtue of (6), the condition

∫
𝑇

0
𝜒(𝜏) 𝑑𝜏 = 0, (13)

then, expanding 𝜒(𝜏) in a Fourier series, one can find the coefficients 𝐴𝑘 and
𝐵𝑘 from (12) and (11).

Let us consider in more detail the case where 𝐹(𝑢) is a piecewise-constant func-
tion

𝐹(𝑢) = 𝑄1 for 0 < 𝜏 < 𝑇1; 𝐹 (𝑢) = 𝑄2 for 𝑇1 < 𝜏 < 𝑇 . (14)

It follows from (6) that in this case the constants 𝑄1, 𝑄2, 𝑇1, and 𝑇 must be
related by

𝑄1𝑇1 + 𝑄2(𝑇 − 𝑇1) = 0. (15)

Formulas (12), (11), and (13) give the following expressions for the coefficients
𝐴𝑘 and 𝐵𝑘:

𝐴𝑘 = (𝑄1 − 𝑄2)
𝜋𝑘𝜌𝑘

sin 𝜋𝑘𝑇1
𝑇 [(𝜇𝑘 − 𝜈𝑘) cos 𝜋𝑘𝑇1

𝑇 − (𝜇𝑘 + 𝜈𝑘) sin 𝜋𝑘𝑇1
𝑇 ] ,

𝐵𝑘 = (𝑄1 − 𝑄2)
𝜋𝑘𝜌𝑘

sin 𝜋𝑘𝑇1
𝑇 [(𝜇𝑘 + 𝜈𝑘) cos 𝜋𝑘𝑇1

𝑇 + (𝜇𝑘 − 𝜈𝑘) sin 𝜋𝑘𝑇1
𝑇 ] , (16)

𝜇𝑘 = ch 𝜌𝑘 cos 𝜌𝑘/(ch 2𝜌𝑘 + cos 2𝜌𝑘), 𝜈𝑘 = ch 𝜌𝑘 sin 𝜌𝑘/(ch 2𝜌𝑘 + cos 2𝜌𝑘).

We now give the solution of the desired problem in another form. Suppose first
that the boundary condition at 𝑧 = −1 has the form
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𝜕𝑢(−1, 𝜏)/𝜕𝑧 = 𝜒(𝜏), (17)

where the periodic function 𝜒(𝜏), for which equality (13) is satisfied, is known.
Consider equation (1). The source function 𝐺(𝑥, 𝑡, 𝜉, 𝜏) for the interval (0 <
𝑥 < 𝑙), satisfying the conditions 𝜕𝐺(0, 𝑡, 𝜉, 𝜏)/𝜕𝑥 = 𝐺(𝑙, 𝑡, 𝜉, 𝜏) = 0, has the
form (11,3):

𝐺(𝑥, 𝑡, 𝜉, 𝜏) = 1
2√𝜋𝐷(𝑡 − 𝜏)

∞
∑

𝑘=−∞
(−1)𝑘×

× [exp (−(𝑥 − 𝜉 − 2𝑘𝑙)2

4𝐷(𝑡 − 𝜏) ) + exp (−(𝑥 + 𝜉 − 2𝑘𝑙)2

4𝐷(𝑡 − 𝜏) )] .

It can also be represented in the following way:

𝐺(𝑥, 𝑡, 𝜉, 𝜏) = 2
𝑙

∞
∑
𝑘=0

exp [−(2𝑘 + 1)2𝜋𝐷
4𝑙2 (𝑡 − 𝜏)] ×

× cos (2𝑘 + 1)𝜋𝜉
2𝑙 cos (2𝑘 + 1)𝜋𝑥

2𝑙 .

Using the source function, we write the solution of equation (5) for 𝑥 = 0 with
boundary conditions (6) and (17)

𝑢(0, 𝜏) = − ∫
𝜏

−∞
𝐾(𝜏 − 𝜎)𝜒(𝜎) 𝑑𝜎 (𝐾(𝜎) = [1 + 2

∞
∑
𝑛=1

(−1)𝑛𝑒−𝑛2𝜎] /√𝜋𝜎) .

(18)

Let now, analogously to (6),

𝜒(𝜏) = 𝜓𝑖(𝜏) for 𝛼𝑖 + 𝑘𝑇 < 𝜏 < 𝛽𝑖 + 𝑘𝑇

(𝑖 = 1, 2; 𝑘 = 0, ±1, ±2, …) (19)

𝛼1 = 𝑝𝑇 /2, 𝛼2 = 𝛽1 = 𝑇 − 𝑝𝑇 /2, 𝛽2 = 𝑇 + 𝑝𝑇 /2, 0 < 𝑝 < 1.

It is easy to see that

𝑢𝑖(0, 𝜏) = − ∫
𝜏

𝛼𝑖

𝐾(𝜏 − 𝜎)𝜓𝑖(𝜎) 𝑑𝜎 + 𝑆𝑖(𝜏) (𝛼𝑖 ≤ 𝜏 ≤ 𝛽𝑖), (20)
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𝑆𝑖(𝜏) = −
−∞
∑
𝑘=0

{∫
𝛼𝑖+𝑘𝑇

𝛽𝑖−𝑇 +𝑘𝑇
𝐾(𝜏 − 𝜎)𝜑𝑖(𝜎) 𝑑𝜎 + ∫

𝛽𝑖−𝑇 +𝑘𝑇

𝛼𝑖−𝑇 +𝑘𝑇
𝐾(𝜏 − 𝜎)𝜓𝑖(𝜎) 𝑑𝜎}

(𝜑1 = 𝜓2, 𝜑2 = 𝜓1).

The uniform convergence of the series 𝑆𝑖(𝜏) follows from the fulfillment of con-
dition (13) and from the fact that 𝐾(𝜎) is a monotonically decreasing function
of its argument.

Consider again the case of a piecewise-constant function 𝐹(𝑢) of the form (14).
Using the following relation from (18),

𝑓(𝑎, 𝑏) = ∫
𝑏

𝑎
𝐾(𝑦) 𝑑𝑦 = 2√𝜋 {

√
𝑏 − √𝑎 + 2

∞
∑
𝑛=1

(−1)𝑛 [𝑛√𝜋 (Φ ( 𝑛√
𝑏

) − Φ ( 𝑛√𝑎)) +
√

𝑏𝑒−𝑛2/𝑏 − √𝑎𝑒−𝑛2/𝑎]}

(Φ(𝑧) = 2√𝜋 ∫
𝑧

0
𝑒−𝑦2 𝑑𝑦) , (21)

we write the solution 𝑢(0, 𝜏) in the following way:

𝑢𝑖(0, 𝜏) = 𝑄𝑖𝑓(𝜏 − 𝛼𝑖, 0) + 𝑆𝑖(𝜏) (𝛼𝑖 ≤ 𝜏 ≤ 𝛽𝑖),

𝑆𝑖(𝜏) =
−∞
∑
𝑘=0

{𝑞𝑖𝑓(𝜏 − 𝛽𝑖 + 𝑇 − 𝑘𝑇 , 𝜏 − 𝛼𝑖 − 𝑘𝑇 ) + 𝑄𝑖𝑓(𝜏 − 𝛼𝑖 + 𝑇 − 𝑘𝑇 ,

𝜏 − 𝛽𝑖 + 𝑇 − 𝑘𝑇 )} (𝑞1 = 𝑄2, 𝑞2 = 𝑄1). (22)

Using condition (13), it is easy to see that 𝑑𝑢1(0, 𝜏)/𝑑𝜏 > 0, 𝑑𝑢2(0, 𝜏)/𝑑𝜏 < 0.

Let us return to the more general case, when the periodic function 𝜒(𝜏), defined
by formula (19), is given. From formulas (20) we find

𝑑𝑢𝑖(0, 𝜏)
𝑑𝜏 = − 1√𝜋 { 𝜓𝑖(𝛼𝑖)√𝜏 − 𝛼𝑖

+ ∫
𝜏

𝛼𝑖

𝜓′
𝑖(𝜎) 𝑑𝜎√𝜏 − 𝜎 +

+ ∫
𝜏

𝛼𝑖

𝜓𝑖(𝜎)
(𝜏 − 𝜎)5/2

∞
∑
𝑛=1

[(−1)𝑛𝑒−𝑛2/(𝜏−𝜎)(2𝑛2 − 𝜏 + 𝜎)] 𝑑𝜎} + 𝑑𝑆𝑖
𝑑𝜏 ,
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𝑑𝑆𝑖
𝑑𝜏 = −

−∞
∑
𝑘=0

{∫
𝛼𝑖+𝑘𝑇

𝛽𝑖−𝑇 +𝑘𝑇
𝐾′(𝜏 − 𝜎)𝜑𝑖(𝜎) 𝑑𝜎 + ∫

𝛽𝑖−𝑇 +𝑘𝑇

𝛼𝑖−𝑇 +𝑘𝑇
𝐾′(𝜏 − 𝜎)𝜓𝑖(𝜎) 𝑑𝜎}

(𝛼𝑖 < 𝜏 < 𝛽𝑖). (23)

It is easy to see that, by virtue of (13), 𝑑𝑆1/𝑑𝜏 > 0. It can be shown that, if
𝜓1(𝜏) < 0, 𝜓2(𝜏) > 0, (1 − 𝑝)𝑇 < 2, 𝑝𝑇 < 2, then, in order for the inequalities
𝑑𝑢1(0, 𝜏)/𝑑𝜏 > 0 (𝛼1 < 𝜏 < 𝛽1), 𝑑𝑢2(0, 𝜏)/𝑑𝜏 < 0 (𝛼2 < 𝜏 < 𝛽2) to hold, it is
sufficient that the relations (𝑖 = 1, 2) hold.

(−1)𝑖 [ 𝜓𝑖(𝛼𝑖)√𝜏 − 𝛼𝑖
+ ∫

𝜏

𝛼𝑖

𝜓′
𝑖(𝜎) 𝑑𝜎√𝜏 − 𝜎 − ∫

𝜏

𝛼𝑖

𝑒−1/(𝜏−𝜎)(2 − 𝜏 + 𝜎)𝜓𝑖(𝜎) 𝑑𝜎
(𝜏 − 𝜎)5/2 ] > 0.

(24)

The function 𝐹 entering condition (10) may then be regarded as having the
form

𝐹(𝑢, 𝜕𝑢/𝜕𝜏) = {𝐹1(𝑢) for 𝜕𝑢/𝜕𝜏 > 0, 𝐹1 = 𝜓1(𝜏), 𝑢 = 𝑢1(0, 𝜏),
𝐹2(𝑢) for 𝜕𝑢/𝜕𝜏 < 0, 𝐹2 = 𝜓2(𝜏), 𝑢 = 𝑢2(0, 𝜏).

As an example, let us consider the case in which the functions 𝜓𝑖(𝜏) in formula
(19) are prescribed by the dependences

𝜓𝑖(𝜏) = 𝑒𝑖 + 𝑑𝑖(𝛽𝑖 − 𝜏)𝑞𝑖 + 𝑓𝑖(𝜏 − 𝛼𝑖)1/2; 𝑒1 < 0, 𝑑1 < 0, 𝑓1 > 0, (25)

1
2 < 𝑞𝑖 < 1; 𝑒2 > 0, 𝑑2 > 0, 𝑓2 < 0.

A periodic solution of equation (1) with conditions (3) and (17), where 𝜒(𝜏) is
given by relations (19) and (25), in the semi-infinite domain 0 < 𝑥 < ∞ was
found in paper (6). The solution of the corresponding problem in the bounded
domain 0 < 𝑧 < 1 is given by formulas (20), (19), and (25). Moreover, if we
introduce the notation

𝐼1(𝑥, 𝑞) = ∫
∞

𝑥
𝑒−𝑧𝑧1/2−𝑞 𝑑𝑧, 𝐼2(𝑥, 𝑞) = ∫

∞

𝑥
𝑒−𝑧𝑧𝑞−1/2 𝑑𝑧,

𝐼3(𝑥) = ∫
∞

𝑥
𝑒−𝑧√ 𝑧

𝑥 − 1 𝑑𝑧, 𝐼4(𝑥) = ∫
∞

𝑥

𝑒−𝑧

𝑧 √ 𝑧
𝑥 − 1 𝑑𝑧, (26)
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then inequalities (24), sufficient for having 𝑑𝑢1(0, 𝜏)/𝑑𝜏 > 0, 𝑑𝑢2(0, 𝜏)/𝑑𝜏 < 0,
take the form (𝑝1 = 1 − 𝑝, 𝑝2 = 𝑝)

(−1)𝑖 [𝑒𝑖 (1 − 2𝑒−1/𝑝𝑖𝑇 ) − 𝑑𝑖
√𝑝𝑖𝑇 {(𝑝𝑖𝑇 )𝑞𝑖−1/2

2𝑞𝑖 − 1 + 2𝐼1 ( 1
𝑝𝑖𝑇

, 𝑞𝑖) −

−𝐼2 ( 1
𝑝𝑖𝑇

, 𝑞𝑖)} + 𝑓𝑖
√𝑝𝑖𝑇 {𝜋

2 − 2𝐼3 ( 1
𝑝𝑖𝑇

) + 𝐼4 ( 1
𝑝𝑖𝑇

)}] > 0. (27)

From (13) and (25) there also follows a relation among the constants
𝑒𝑖, 𝑑𝑖, 𝑓𝑖, 𝑞𝑖, 𝑝 and 𝑇 , coinciding with equality (4.4) of article (6):

𝑒2𝑝𝑇 + 𝑑2
𝑞2 + 1(𝑝𝑇 )𝑞2+1+2

3𝑓2(𝑝𝑇 )3/2+𝑒1(1−𝑝)𝑇 + 𝑑1
𝑞1 + 1[(1−𝑝)𝑇 ]𝑞1+1+2

3𝑓1[(1−𝑝)𝑇 ]3/2 = 0.
(28)

From (26) it follows that lim𝑥→∞ 𝐼𝑗(𝑥, 𝑞𝑖) = 0 (𝑗 = 1, 2, 3, 4) and lim𝑥→∞[(2𝑞𝑖 −
1)𝑥𝑞𝑖−1/2𝐼𝑖(𝑥, 𝑞𝑖)] = 0 (𝑖 = 1, 2). Therefore, in the limit as 𝑇 → 0, inequalities
(27) pass into inequalities (4.3) of article (6).
Thus, if there exists a solution of the problem in the semi-infinite domain, then,
at least for sufficiently small values of the period 𝑇 , there also exists a solution
of the corresponding problem in the finite domain. (Indeed, 𝑇 → 0 (𝑙 → ∞),
since from formula (5) it follows that the period 𝑇 is related to the actual period
𝑇∗ of the self-oscillation by the dependence 𝑇 = 𝐷𝑇∗/𝑙2.)

Putting in formulas (20) 𝜓1(𝜎) = 𝐹1[𝑢1(0, 𝜎)], 𝜓2(𝜎) = 𝐹2[𝑢2(0, 𝜎)], we obtain
a nonlinear integral equation for finding the function 𝑢(0, 𝜎) (𝛼1 ≤ 𝜎 ≤ 𝛽2).
Mathematical Institute named after V. A. Steklov
Academy of Sciences of the USSR

Received
8 V 1968

REFERENCES
1. V. M. Entov, Izv. AN SSSR, Mekh. i mashinostr., No. 1 (1964).

2. A. Ya. Gokhshtein, DAN, 140, No. 5 (1961).

3. A. Ya. Gokhshtein, DAN, 148, No. 1 (1963).

4. N. N. Kochina, PMM, 25, issue 6 (1961).

5. N. N. Kochina, PMM, 27, issue 4 (1963).

sovietrxiv.org/items/ru-196901.40271 Machine Translation

https://sovietrxiv.org/items/ru-196901.40271


6. N. N. Kochina, PMM, 28, issue 4 (1964).

7. N. N. Kochina, DAN, 165, No. 5 (1965).

8. N. N. Kochina, Zhurn. prikl. mekh. i tekhn. fiz., No. 1 (1967).

9. N. N. Kochina, DAN, 174, No. 2 (1967).

10. N. N. Kochina, DAN, 179, No. 6 (1968).

11. A. N. Tikhonov, A. A. Samarskii, Equations of Mathematical Physics,
1951.

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196901.40271 Machine Translation

https://sovietrxiv.org/items/ru-196901.40271

	Abstract
	Full Text
	ON ONE SOLUTION OF THE ONE-DIMENSIONAL DIFFUSION EQUATION IN A BOUNDED DOMAIN
	REFERENCES


