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G. L. Gurin proved (1) that a peripherally bicompact tree-like* space has a base
of connected open sets with finite boundaries and that it is linearly connected,
i.e., every pair of points in it is joined by an ordered continuum. These facts
will be used as starting points in the present paper.

Theorem 1. The density** of a peripherally bicompact tree-like space coincides
with its weight. In particular, a separable peripherally bicompact space has
countable weight.

Lemma 1. A pair of points a,b € X of a tree-like peripherally bicompact space
can be joined in it by a unique ordered continuum.

Proof. Suppose the contrary: L, and L, are distinct ordered continua joining
the points a and b. There exist points x; € L; and z, € Ly such that x; ¢ L,
and x4 ¢ L;. We note that L; \ z; = C;; U C\,, where C;; and C}, are open-
and-closed in Ly \ z,, and a € C;, b € C},, C;; N Cj5 = A. Correspondingly,
Lo\xy = CyUCqs, a € Cig, b € Cyy, CyyNCyy = A. In view of the tree-likeness
of X, there exists a point ¢ € X separating X between z; and z,, and hence
also separating the connected set L = L; U L, between the same points. Thus,
L\c = B;UB,, where x; € B, zy € By, BiNBy = A. But either c € C;; UCy,,
or ¢ € C}5UCy,, each of which is connected. Let, for definiteness, ¢ € C}; UCyy;
then ¢ does not separate the connected set [C}5 U Cys]. The latter contradicts
the fact that ¢ separates L between x; and z,, since 1, x4 € [Cy5 U Cyy]. The
lemma is proved.

Proof of the theorem. Let X be a separable peripherally bicompact tree-like
space, and let A = {a,} be a countable dense subset of it. We shall prove that
the weight of X is countable. The general case is proved analogously.

Join pairwise all points of A by ordered continua and enumerate them in an
arbitrary order L, Lo, ..., Ly, .... All possible finite unions of these continua shall
also be enumerated in an arbitrary way Fj, F,, ..., F, .... The locally connected
set X \ F, splits into open components, of which there will be no more than

countably many in view of the separability of X,
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X\ E =
i=1

(3

It is asserted that the countable system of open sets V' = {V,;}, over admissible
s and ¢, is a base in X. We shall prove this.

If Oz is an arbitrary neighborhood of a point € X, then there is a connected
neighborhood O’z with finite boundary (1), [0’z]\ O’z = (x4, ..., x}), and such
that [O’z] C Oz. For all points z; take connected neighborhoods

* A connected space is tree-like if it can be separated between any two of its
points by some third point.

** Density is the cardinality of the smallest dense subset.

Oz; such that z ¢ Oz; and such that Oz, N Ox; = A, i # j. If Oz, \ [O'z] # A,
then we choose arbitrarily two points from A: a point a; € Ox; \ [0’z] and a
point a; € Oz; N O’z. Join the points a; and z; by an ordered continuum L,,,
and also the points z; and a;, by an ordered continuum L,;. The bicompactum
L, = L;; UL, is, by the ordering lemma, a unique ordered continuum joining
the points a; and q;,, L; C Oxz;. The set X\ F, where F' = Uz L;, decomposes
into open components that are elements of the system V; the one of them that
contains the point z lies entirely in Ox. The theorem is proved.

Theorem 2. If V is an open F_-set with connected closure in a tree-like
bicompactum X, then the boundary of V is metrizable.

Proof. By hypothesis V = U;)o F;, where F; is a bicompactum for every ¢;
moreover, we may assume that F; C F; if i < j. For each F; there exists
a neighborhood OF; C V with finite boundary I';, which does not meet the
boundary of V. Obviously, the set I' = UTO T, is countable and [I'] contains the
boundary of V.

Note that [V] =Y C X and that, since Y is a connected closed subset of X,
Y is a tree-like bicompactum. In what follows all operations are performed in
Y. Join the points of the set I" pairwise in Y by ordered continua; we obtain
a countable system of ordered continua {L,}. Finite unions of elements of this
system form a countable system {5,}. Finally, introduce the countable system
of open subsets of Y, {Q,}, where @, =Y \ 5,.

Along with {Q;}, consider the countable system of open sets { P}, where P, =
Y \ [OF;]. The system {M;} is the countable system of all possible pairwise
intersections between elements of the systems {Q,} and {P;}. Finally, in view
of the local connectedness of the space Y, each element M; decomposes into
open components, M, = US M. Take those elements of the system {M, } that
meet the countable set I". As a result we obtain a countable system of open sets
{NV;}. The system {N,} is a countable base of the boundary of V.
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Indeed, let z € [V]\V and let Oz be an arbitrary neighborhood of it; choose such
a connected neighborhood O,z of the point  that [O;2] C Oz and the boundary
of O,x is finite. The points A = (a4, ..., a;) are those points of the boundary
of O, that belong to the boundary of V, and the points B = (by,...,b,,) are
those points of the boundary of O,z that belong to V. There exists such an OF}
that B C OFj, and this means that BN P, = A. For every point a; € A take
such a connected neighborhood Oa; that its boundary is finite and such that
[Oa;] N (AU B) = a,. There exist a point ¢;; € I and a point ¢,; € I" such that
¢1; € Oa;\ Oz, and the point ¢y; € Oa; N O;2z. Join the points ¢;; and a; by an
ordered continuum L,;, and the points ¢y, and a; by an ordered continuum Ls,.
Then L; = L;UL,; is an ordered continuum, since L,; C Oa;, Ly; C Oa,. There
exists such a natural number [ that Y \ (L, U---U L;) = Q,;, where Q; € {Q,}.
It is now clear that that component of the set P, N (); which contains the point
x is contained in Oz, and it is an element of the system {N,}. The theorem is
proved.

Theorem 3. A tree-like peripherally bicompact space X has a tree-like bicompact
extension, and a unique one. The weight of this extension coincides with the
weight of X.

Lemma 2. The intersection of any number of connected closed subsets of a
peripherally bicompact tree-like space is connected or empty.

Proof. Let (| F, = F, where {F,} are connected and closed. Suppose that F'
is disconnected: F = F} U F,, F; N F, = A. Take points z; €

€ F| and x5 € F,. There exists an ordered continuum L, joining z; and x4
in F,. Among the continua {L,} there must be distinct ones, for otherwise z;
and x4, would be contained in one component of the set F. But this contradicts
Lemma 1.

Lemma 3. Let X be a tree-like space. Let the sets A,B C X be connected,
closed, and disjoint. Then there exists a point ¢ € X which separates A and B.

Proof. Denote X, = X \ A; take that connected component P of the set X 4
which contains B, B C P. The set [P]\ P consists of only one point; suppose
the contrary: a,b € [P]\ P, then there exists a point d separating a and b,
X\d=X{UX,, X;NX,=A,a€ X, be X,. But then P belongs either to
X, or to Xy; let P C X;. We have

[Pl C[X,]=X,Ud3bD.

But the set [P] contains the point b—we have obtained a contradiction. Thus,
the set [P]\ P is a singleton, [P]\ P = s.

Proceeding in the same way with X5 = X \ B, we find a connected component
Q of the set Xz containing A, A C Q, and denote [Q] \ Q = t, where t is a
point. Obviously, s € A, t € B.
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Take a point ¢ separating s and t; it separates the sets A and B. Indeed, since
P is connected and [P] is also connected and, moreover, the points s,t € [P],
the point ¢ splits the set [P], and consequently the point ¢ € P. In exactly the
same way we show that ¢ € Q. Thus the point ¢ € PN Q, i.e. ¢ ¢ AU B. The
last fact, together with all that precedes it, means that the point ¢ separates A
and B. The lemma is proved.

Proof of Theorem 3. Denote by X the set of all maximal centered systems of
connected closed subsets of a tree-like peripherally bicompact space. A maximal
centered system of connected closed subsets will here, for brevity, be called an
end. We introduce a topology on the set of ends X in the following way. The
set of ends containing as an element a closed connected set A C X is declared
closed in X and is denoted by A. Closed sets of the indicated form constitute,
by definition, a pseudobase of closed sets in X. The system {O 4}, where O, is
the set of ends having an element in X \ A, is a pseudobase of open sets in X.

By Alexander’ s lemma (?), in order to prove bicompactness of X it suffices
to prove that every centered system of closed sets from elements of the closed
pseudobase of the space X has nonempty intersection. The latter follows from
the fact that if {/ia} is a centered system of closed sets in X, then {A_} is the
same kind of system in X, and [ A, consists of all those ends which contain

(0%
the system {A_} as a subsystem, i.e. is nonempty.

The space X is tree-like. Let a = {4,} and b = {B,} be two ends in X,
i.e. two points in X. By Lemma 2 there are such A, and B, that A, N B, = A.
By Lemma 3 there exists a point ¢ € X separating the connected A, and B,,.
The end consisting of connected closed sets containing the point ¢ separates the
points a and b in X.

The natural embedding X in Xisa homeomorphism, which is proved directly
using the fact that at all points of X there are bases of connected neighborhoods
with finite boundaries.

It can be shown, using Lemma 1, that the remainder X\ X is punctiform*.
Suppose that two tree-like bicompact extensions have been found—

* A space is punctiform if it contains no connected non-singleton subsets.

extensions b; X and b, X for X, one must conclude that the natural mapping
@ : byX — b; X of one onto the other is one-to-one; otherwise it is easy to
obtain a contradiction with Lemma 2. Thus, X has a unique tree-like bicompact
extension.

The weight of X is equal to the weight of X, which follows immediately from
Theorem 1. Theorem 3 is proved.

In conclusion we formulate an unsolved problem, whose possible solution will
clarify the place occupied by tree-like bicompacts in the family of all bicompacts.
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Is every tree-like bicompact a continuous image of an ordered continuum?
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