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TIONS

(Presented by Academician A. N. Tikhonov on 6 III 1969)

The present paper is devoted to the construction of rapidly convergent iterative
processes for solving nonlinear systems of difference equations and is concep-
tually connected with the works (178), in which a more detailed bibliography
can also be found. One of the main results of this paper is the derivation, for
difference analogues of the first boundary-value problem in a parallelepiped for
strongly elliptic systems in partial derivatives with power nonlinearity, of an
iterative method that makes it possible to find the solution of the difference
analogue with accuracy ¢ in O(NIn N|Ineg|) arithmetic operations (N is the
total number of unknowns).

1. Let w = {h} be some set in a Banach space, containing a sequence converg-
ing to 0, but 0 ¢ w. For each h € w we define: H is a finite-dimensional real
Hilbert space of dimension N with scalar product (1, ) and |4 = (1, 1)/?;
B is a linear self-adjoint and positive operator mapping H into H; H B is
a Hilbert space differing from H by the definition of the scalar product:

(i,0) g, = (i, 9) 5 = (B, 0),

iy = (i, @) p;
L is some nonlinear operator mapping H into H; S(a;r) = {0 : |[o—1i| 5 <
r}, r > 0; here and in what follows we indicate the dependence on h € w
of the concepts used by means of a dot over the corresponding symbols.

Definition 1. We shall say that w,H,L,B are connected by the relation
CO(1,7) if on [0,7] there exist bounded functions 6,(¢), —d;(¢), nondecreasing
as t decreases, such that d, > 0 and, for all ||Z]|z < r, the inequalities

So(IZ Il < (L(a+ 2) — L(4), 2), (1)

|BH(L(a+ 2) — L(@)) 5 < 6, (12 )21 (2)

sovietrxiv.org/items/ru-196901.39072 Machine Translation


https://sovietrxiv.org/items/ru-196901.39072

Definition 2. We shall say that w,H,B, L are connected by the relation
Cl(u,r) if for any || 5 < r there exists

lim o ' (L(a+ (1 +a)2) — L(a+ 2)) = L' (u + 2)#,

a—0

L’(4+ 2) is a linear operator continuous with respect to Z, and there exist
on [0, 7] bounded functions o (t), —o,(t), —o,(t), nondecreasing as t decreases,
such that oy(r) > 0 and the inequalities hold:

o215 < (Li(a+ 2)2,2) < oy (I2]5)I2]3, 3)

|51 Ly (i + £)2lF < o120 512 5, (4)

where L/ (4 %), L;C(u +2) are, respectively, the symmetric and skew-symmetric
parts of the operator L’ (4 + 2) in H.

Theorem 1. Suppose that w, H, B, L are connected by the relation C°(1,7) or
Cl(u,r) with functions d4(t), 6,(t), 54(t), 741(t), 55(t), and

B=B(E-1y,)", (5)
where T, is a linear self-adjoint operator in the space ny and ||TM||,§ <g<l,
F is the identity operator. Then w, H, B, L are connected

with respect to, respectively, C%(4,r”) or C*(u,r’), with the functions dy(t) =
So(t)(1—=q), 8,(t) = 6,(t')(1 + q)?, 0(t) = oo (t')(1 — q), o,(t) = 1 (t')(1 + q),
ay(t) = 3 (1) (L + ) ' =r(1—q) 2 ¢ = t(1+q)'°.

Theorem 2. Let w, H, B, L be related by the relation C°(w,r) or C(u,7),
12l <7, v >0, and v < 2(0(r) + oy (r))~* in the case Ct(i,r). Then

|£ =B~ (L(i+ 2) — L(@))]|, < p(0)]Z] 55 (6)
where p(v) for the case C°(u,r) or C(1,7) has, respectively, the form

() = pr(3) = (1= 248, (r) +420,(r) ", (7)

p(v) = pr(v) = {1 — 2y[og(r) + oy (1)) + 77

m’yin pr(y) = prlyr) <1, m,yiﬂ prr(Y) = prr(yr) <1 9)
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It follows from Theorem 2 that, for 4° € S(1,7) and a suitable choice of 7, the

functions @**! obtained from the iterative process

Bkt = Bk — ~, (L(a*) — L(w)) (10)

converge to .

2. We present some of the studied types of nonlinear systems of difference
equations for which the results of Sec. 1 are applicable. Let Q be a bounded
domain in the space x = (x,2,,...,2,); hy > 0 the mesh step in z; h =
(hy,hgy ey hy); w={h:max,h, < hg, hg>0};i = (iy,iq,...,14,) a vector with
integer components; z; = (iyhy, iyhy, ..., i,,n); Q = {z; : 2; € Q}; H a Hilbert
space of mesh vector-functions u = (g, tg, ... , Uy ), defined on Q and equal to
zero outside €2;

N
(i, 0) = hyhg by DY () (), il = (i),

r=1 ’I'7EQ

Let {a} be the space of vectors a = (ay, ..., a,,), where o are natural numbers,
la] = Z:Zl ay, and let the operators B and P be defined in H by

BU'E (Blula"-aBN’dN)? Brur = (_1)mTZésmrasmruT’ (11)
s=1

P(i) = (P (i), ..., Py(1),

Pi)y=X Y (=Dl [0,  (2,0%) + 0%a, ,(x,0°W)] , (12)

lal<m,

where 58, 0, are the left and right differences with respect to x; 9> = 5? P onr
m, > 1; B € {a}; a,, depend, generally speaking, on x and all %4, (0%,),
|8l <my, 1 <1< N;Xisanumber;let = {(r,a) : m,—|a] >n/2, 1 <r < N},
w* = {(T,Oé) ; |a| < my, (7“701) ¢ '(/}7 1 <r< N}7 and dr,a,l,ﬁ<|tz7y|’|7z,7‘)
denote the sum of terms of the form Hkﬁ [ty || T [PE, where v € {a},
(k,v) € ¥*, and g, , > 0, py, ., > 0 are such that, for u,, vy, z;, € Wt 1<k <
N, the functions <H’w |D’Yuk|‘1kwv|D’Yvk\pM) |D%z,.| € Ly(S2), by virtue of the
inequalities-

of Holder and embedding theorems of S. L. Sobolev. Continuous functions of

t, 7, monotonically increasing in ¢, 7, will be denoted by x(¢,7); x(0,0) = 0;
K,, K are constants.
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Theorem 3. Let alla, , € P be such that for any K, > 0, when

(ln,l@)ax maX(|tlﬂ| |7 5|> <K,

there is a K(K,) such that

|ty o (@t 5+ 71 5) — Ay o (3,1 5)] < K(K;) Z 171,51 Ay, (127
LB

). (13)

Then there exist x4 (t,7), Xo(t,T) such that, for u € S(v,r), u+ 2z € S(v,r),

|(P(u+2) = P(u), 2)] < [Mxq (lulg 1213)121%, (14)

1, . . .
(B (P(u+z)—P(u), Plu+z)—P) < APxa(lulz l21p)121%  (15)

Theorem 4. Let all derivatives Oa, (7,1, 5)/0t, 5 be continuous in the space
(z,t, 5) and, when

(lr%z)mx max( |, ﬂ| |7 5|) < Ky,

da,.
i ') (16)

Then there exist X3(t, T), Xa(t, 7) such that, for u € S(v,r), u+z € S(v,7),

(@t 5+ 7 5)| < K(Ko)d, o0 5(I

(Pl (u+ 2)z, 2)| < xs(lullg, l215)1215%;

1
(B Pi(u+2)z, Pi(ut2)2) < xy(lulz l213)l20% (17)
where P’ (u+ 2)z = (P2, ..., Px.),

N
0
=\ Z 1)lel { Z aa (z,0%u; + 0°2)0° 2+
la|<m,. I=1|B|zm, tl B
N a - o
+3‘*Z atr’a (2, 0% +0°2)0°% ¢ , (18)
=1 |6l=m, '8

P’(u + 2)z is the Gateaux differential for P(u + z), while P (u+ z), P (u+ 2)
are the symmetric and skew-symmetric parts in H of the operator P’ (u+ 2).

Theorem 5. Let

Au= (Ayu, Ayy),  Lw) = Aut Plu), (19)
where
N _
A=Y DI10% 37 by s (@) + 0% Y by 5(2)0% |
=1 |a\§mr |Bl<m, [B|<my,
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w, H, B, A are related by the relation C°(u,r) (C1(u,r)), and the conditions of
Theorem 3 (4) are fulfilled.*

Then, for any r > 0, there is a Ag(r) > 0 such that, for |\ < A, w,H,E, L are
also related by the relation CO(u,r) (Ct(u,r)).

Theorem 6. Let the conditions of Theorem 5 be fulfilled, |\ < Ay, Q be an
n-dimensional parallelepiped, and for solving the equation

L(u) = f (20)

the iterative process (10) with

Bu= (Byuy, ..., By,N), B = Bl<E*TM,l)7la HTM,1||§ <g¢<1,(21)

u
is used

where E is the identity operator, TMJ is the error-reduction operator in the
variable-directions method (see (#3)), u® € S(u,7), and ~ is defined from (9).

Then, in order to obtain the estimate

n+1

[u*t =il < efu® —ilz (22)

it is sufficient to expend

| Inming h|
O <|1n5|88
hihg...h,

arithmetic operations; if n = 2, all m; = 1, and T, corresponds to the iterative
process (), then, with the corresponding choice of , to obtain (22) it is sufficient

to expend
1
1
o(metzz)

3. The types of nonlinear systems presented in Sec. 2 occur in the numerical
solution of many important applied problems, for example nonlinear problems
of the theory of elasticity (see ()). Difference schemes for them can be chosen
so that the potentiality of the differential operator is preserved, and therefore in
(4) one may take o4(t) = 0. For such problems v in Theorem 6 may be chosen
on the basis of the method of steepest descent (see (°)).

operations.

Nonpotential difference operators arise, for example, in the approximation of
nonlinear problems in the theory of thin plates (see ('°)). Difference schemes
for them can be chosen so that (P(u),u) = 0. This makes it possible to obtain a
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priori estimates and existence theorems (see, for example, (1!)); for the problem
from (1°) the following system may serve as such a scheme:

e (A + Ag)?w; — Ayw; Ay Fy — Ayw; Ay F; + 0, 05w;0,0,F; + 9, 05w,0,0, F, :( fi)7
23

co(Ay + Ay)°F, — 5152101'(5152“}1' + 010,w;) + Ayw;p 1T Ayw; +
1 _ . .
+ Aw;p2T 5 Ajw; — 5(81321”1‘ — 0105w;) (hyOy Ayw; + hy Oy Ayw;) — (24)
R+ h3

Al/zwiAlAQwi =0, x; € Q,

where w; = w(z,), A, = 0,0, 9y = Y/3(0,40,), Tyt = Yo (w(a,)+w(w;+hy,s)),
Tfswi = 1/2(U}(.Z',L> + w<mz - hses )a €1 = (170)a €o = 07 1)7
1
Ay jpw; = (w(x; + hyey + hoey) — 2w(x;) +w(z; — hiey — hyey)).

h? + h3

Equations (23), (24) approximate the equations from (1°) with accuracy O(h? +
h3). The constructions presented are applicable also to more general boundary-
value problems.
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