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MATHEMATICS

L. E. LERER

ON THE STABILITY OF BASES OF LOCALLY
CONVEX SPACES
(Presented by Academician P. S. Novikov on 20 III 1968)

1. In the present note we give some criteria for the stability of bases (as well as
defective bases) in locally convex spaces. In doing so, we are able to indicate a
complete characterization of certain classes of bases in terms of the perturbations
admissible for them. Some applications are also given of the stability criteria
obtained to spaces of functions analytic in a disk.

Everywhere below, 𝐸 denotes a locally convex space, {𝑉𝛼} (𝛼 ∈ 𝔄) a fundamen-
tal system of absolutely convex closed neighborhoods of zero, and |𝑥|𝛼 (𝛼 ∈ 𝔄)
the corresponding system of seminorms.

A sequence {𝑥𝑗}∞
1 of vectors of the space 𝐸 is called its basis if every vector

𝑥 ∈ 𝐸 is represented uniquely in the form of a series

𝑥 =
∞

∑
𝑗=1

𝑎𝑗𝑥𝑗.

By {𝑓𝑗}∞
1 we shall denote the sequence of functionals defined by the equalities

⟨𝑥, 𝑓𝑗⟩ = 𝑎𝑗 (𝑗 = 1, 2, … ; 𝑥 ∈ 𝐸).
A basis {𝑥𝑗}∞

1 is called equicontinuous (respectively absolute) if for every
index 𝛽 ∈ 𝔄 there is an index 𝜑(𝛽) ∈ 𝔄 such that

|⟨𝑥, 𝑓𝑗⟩| |𝑥𝑗|𝛽 ≤ |𝑥|𝜑(𝛽), 𝑗 = 1, 2, …

(respectively

∞
∑
𝑗=1

|⟨𝑥, 𝑓𝑗⟩| |𝑥𝑗|𝛽 ≤ |𝑥|𝜑(𝛽)

) for every 𝑥 ∈ 𝐸.
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A basis {𝑥𝑗}∞
1 will be called a Bessel basis if for every index 𝛽 ∈ 𝔄 there is

an index 𝜑(𝛽) ∈ 𝔄 such that

∞
∑
𝑗=1

|⟨𝑥, 𝑓𝑗⟩|2|𝑥𝑗|2𝛽 ≤ |𝑥|2𝜑(𝛽)

for every 𝑥 ∈ 𝐸.

As is known, every basis of a barrelled space is equicontinuous, and every
equicontinuous basis of a nuclear space is absolute (see, for example, (1)). It is
not difficult to show that in a barrelled space 𝐸, whose topology is defined by
a family of Hermitian forms (𝑥, 𝑦)𝛼 (i.e. |𝑥|𝛼 = √(𝑥, 𝑥)𝛼), every unconditional
basis is a Bessel basis.

A sequence of vectors {𝑦𝑗}∞
1 is called 𝜔-linearly independent if the equality

∞
∑
𝑗=1

𝑐𝑗𝑦𝑗 = 0

is possible only when 𝑐𝑗 = 0 (𝑗 = 1, 2, …). Two bases {𝑥𝑗}∞
1 and {𝑦𝑗}∞

1 are
called equiva-

lent, if there exists an isomorphism 𝐴 of the space 𝐸 onto itself such that
𝐴𝑥𝑗 = 𝑦𝑗 (𝑗 = 1, 2, …).

2. To simplify the formulations, we shall henceforth assume that the semi-
norms {| ⋅ |𝛼} (𝛼 ∈ 𝔄) are norms (see Remark 2 below).

Theorem 1. Let {𝑥𝑗}∞
1 be a basis of the complete* space 𝐸, satisfying one of

the following conditions:

I. {𝑥𝑗}∞
1 is an equicontinuously continuous basis.

II. {𝑥𝑗}∞
1 is an absolute basis.

III. {𝑥𝑗}∞
1 is a Bessel basis.

Then for any index 𝛽 ∈ 𝔄 there exists an index 𝛾 ∈ 𝔄 such that every sequence
{𝑦𝑗}∞

1 satisfying, respectively, one of the following conditions:

1)
∞

∑
𝑗=1

|𝑥𝑗 − 𝑦𝑗|𝛼
|𝑥𝑗|𝛽

< ∞ (𝛼 ∈ 𝔄),
∞

∑
𝑗=1

|𝑥𝑗 − 𝑦𝑗|𝛾
|𝑥𝑗|𝛽

< 1;

2) the set {𝑥𝑗 − 𝑦𝑗
|𝑥𝑗|𝛽

}
∞

1
is bounded and

𝑥𝑗 − 𝑦𝑗
|𝑥𝑗|𝛽

∈ 𝑉𝛾 (𝑗 = 1, 2, …);

3)
∞

∑
𝑗=1

|𝑥𝑗 − 𝑦𝑗|2𝛼
|𝑥𝑗|2𝛽

< ∞ (𝛼 ∈ 𝔄),
∞

∑
𝑗=1

|𝑥𝑗 − 𝑦𝑗|2𝛾
|𝑥𝑗|2𝛽

< 1,
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is a basis of 𝐸, equivalent to {𝑥𝑗}∞
1 .

Remark 1. If the system of neighborhoods of zero {𝑉𝜑(𝛼)} (𝛼 ∈ 𝔄) is fun-
damental, then Theorem 1 remains valid for every sequence {𝑦𝑗}∞

1 satisfying,
respectively, one of the following conditions:

1∘.
∞

∑
𝑗=1

|𝑥𝑗 − 𝑦𝑗|𝜑(𝛼)
|𝑥𝑗|𝛼

≤ 𝑞𝛼 (𝑞𝛼 < 1; 𝛼 ∈ 𝔄);

2∘. |𝑥𝑗 − 𝑦𝑗|𝜑(𝛼) ≤ 𝑞𝛼|𝑥𝑗|𝛼 (𝑞𝛼 < 1; 𝛼 ∈ 𝔄; 𝑗 = 1, 2, …);

3∘.
∞

∑
𝑗=1

|𝑥𝑗 − 𝑦𝑗|2𝜑(𝛼)
|𝑥𝑗|2𝛼

≤ 𝑞𝛼 (𝑞𝛼 < 1; 𝛼 ∈ 𝔄).

Theorem 1 admits the following converse.

Theorem 2. Let {𝑥𝑗}∞
1 be a basis of the space 𝐸, and suppose that for each

index 𝛽 ∈ 𝔄 there exists an index 𝛾 ∈ 𝔄 such that every sequence {𝑦𝑗}∞
1

satisfying one of conditions 1), 2), 3) of Theorem 1 is a basis of 𝐸. Then the
basis {𝑥𝑗}∞

1 satisfies, respectively, one of conditions I, II, III of Theorem 1.

3. Theorem 3. Let {𝑥𝑗}∞
1 be a basis of the complete space 𝐸, satisfying

one of conditions I, II, III of Theorem 1. Then for any index 𝛽 ∈ 𝔄 there
exists an index 𝛾 ∈ 𝔄 such that every 𝜔-linearly independent (or complete)
sequence {𝑦𝑗}∞

1 satisfying, respectively, one of the following conditions:

1′)
∞

∑
𝑗=1

|𝑥𝑗 − 𝑦𝑗|𝛼
|𝑥𝑗|𝛽

< ∞ (𝛼 ∈ 𝔄);

2′) the set {𝑥𝑗 − 𝑦𝑗
|𝑥𝑗|𝛽

}
∞

1
is bounded and

𝑥𝑗 − 𝑦𝑗
|𝑥𝑗|𝛽

∈ 𝑉𝛾 for 𝑗 ≥ 𝑗0;

3′)
∞

∑
𝑗=1

|𝑥𝑗 − 𝑦𝑗|2𝛼
|𝑥𝑗|2𝛽

< ∞ (𝛼 ∈ 𝔄),

is a basis of 𝐸, equivalent to {𝑥𝑗}∞
1 .

* The space 𝐸 is called complete if every fundamental sequence converges in
it.
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For Theorem 3 there is a remark analogous to Remark 1. Let us note that
Theorems 1 and 3, in the case of uniformly continuous bases, are certain gener-
alizations of known results of M. G. Krein, D. P. Milman, and M. A. Rutman
(2)* (see also (3), pp. 628–629).
We shall give one more criterion for the stability of an absolute basis, which in
some cases (for example, in a Montel space) is more convenient than the criteria
given above.

Theorem 4. Let {𝑥𝑗}∞
1 be an absolute basis in a bornological space 𝐸. If {𝑦𝑗}∞

1
is an 𝜔-linearly independent (or complete) sequence and for some 𝛽 ∈ 𝔄 the set

{𝑥𝑗 − 𝑦𝑗
|𝑥𝑗|𝛽

}
∞

1

is precompact, then {𝑦𝑗}∞
1 forms a basis of 𝐸, equivalent to {𝑥𝑗}∞

1 .

Remark 2. Theorems 1–4 carry over to the case when there is no continuous
norm in the space 𝐸. In this case, if 𝑅(𝛽) = {𝑗 ∶ |𝑥𝑗|𝛽 = 0}, then conditions 1)–
3), 1′)–3′) should be extended only to the indices 𝑗 ∉ 𝑅(𝛽), while for 𝑗 ∈ 𝑅(𝛽)
one should put 𝑦𝑗 = 𝑥𝑗.

Let us note that the general criterion of V. D. Milman for the symmetric stability
of minimal and basic sequences (see (6)) also admits a certain generalization to
a locally convex space**.

Let us also note that Theorems 1 and 3 carry over to the case of defective bases
(see (5)).
4. Here we give some applications of the results obtained to the problem of
quasipower bases in the space 𝐴𝑅 of functions analytic in the disk |𝑧| < 𝑅. In
so doing, generalizations of certain results of K. M. Fishman and G. M. Sas’ko
(8) are obtained.

Consider the system of functions ℎ𝑘(𝑧) = 𝑧𝑘 + 𝑔𝑘(𝑧) (𝑘 = 0, 1, 2, …), where

𝑔𝑘(𝑧) =
∞

∑
𝑛=0

𝑎𝑛𝑘𝑧𝑛 (𝑘 = 0, 1, 2, …).

From the results of §§ 2 and 3 of the present note the following theorems follow
directly.

Theorem 5. Let the system of functions {𝑔𝑘(𝑧)}∞
0 (𝑔𝑘(𝑧) ∈ 𝐴𝑅; 𝑘 = 0, 1, 2, …)

satisfy the following condition: there exists a number 𝜌 (0 < 𝜌 < 𝑅) such that
for every 𝑟 (𝜌 < 𝑟 < 𝑅) there is a constant 𝐶(𝑟) for which the inequality

sup
𝑛

|𝑎𝑛𝑘| 𝑟𝑛 ≤ 𝐶(𝑟)𝜌𝑘 (𝑘 = 0, 1, 2, …)
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holds.

If, in addition, one of the following conditions holds:

a)

sup
𝑘

∞
∑
𝑛=0

|𝑎𝑛𝑘|𝜌 𝑛−𝑘 < 1;

b) the system {ℎ𝑘(𝑧)}∞
0 is 𝜔-linearly independent (or complete) in 𝐴𝑅, then

the system {ℎ𝑘(𝑧)}∞
0 forms a quasipower basis in every 𝐴𝑟 (𝜌 < 𝑟 ≤ 𝑅).

Theorem 6. Let the system of functions {𝑔𝑘(𝑧)}∞
0 (𝑔𝑘(𝑧) ∈ 𝐴𝑅, 𝑘 = 0, 1, …),

for which

𝑞(𝑟) = sup
𝑘

∞
∑
𝑛=0

|𝑎𝑛𝑘| 𝑟 𝑛−𝑘 < ∞ (𝑅1 < 𝑟 < 𝑅),

satisfy one of the following conditions: 𝑎′) 𝑞(𝑟) < 1 (𝑅1 < 𝑟 < 𝑅);

* In a somewhat different direction, the results of M. G. Krein, D. P. Milman,
and M. A. Rutman are generalized to the case of countably normed spaces in
the paper (4).
** As has recently become known to us, certain results on the stability of bases
in locally convex spaces had previously been established by V. D. Milman (an
indication of this is given in (7)).
b′) the system {ℎ𝑘(𝑧)}∞

0 is 𝜔-linearly independent (or complete) in at least one
̄𝐴𝑟 and

lim
𝑁→∞

sup
𝑘

∞
∑
𝑛=𝑁

|𝑎𝑛𝑘| 𝑟 𝑛−𝑘 < 1 (𝑅1 < 𝑟 < 𝑅).

Then the system {ℎ𝑘(𝑧)}∞
0 forms a quasipower basis in each 𝐴𝑟 (𝑅1 < 𝑟 ≤ 𝑅).

We indicate some consequences of the theorems presented above.

Corollary 1. Let

ℎ𝑘(𝑧) = 𝑧𝑘 + 𝑓 (𝑘)(𝑧) (𝑘 = 0, 1, 2, …),

where

𝑓(𝑧) =
∞

∑
𝑛=0

𝑎𝑛
𝑛! 𝑧𝑛,
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and suppose that for some 𝜌 > 0 there exists a constant 𝐶 such that

|𝑎𝑛| ≤ 𝐶𝜌𝑛 (𝑛 = 0, 1, 2, …).

If, in addition, the system {ℎ𝑘(𝑧)}∞
0 is 𝜔-linearly independent (or complete) in

𝐴𝑟 for some 𝑟, or if 𝐶 ≤ 𝑞𝑒−𝜌2 (𝑞 < 1), then the system {ℎ𝑘(𝑧)}∞
0 forms a

quasipower basis in each 𝐴𝑟 (𝑟 > 𝜌).
Corollary 2. Let 𝑓(𝑧) = ∑∞

𝑛=0 𝑎𝑛𝑧𝑛 (∈ 𝐴𝑅), and let {𝜉𝑘}∞
0 be a numerical

sequence for which one of the following conditions is satisfied:

1)

|𝜉𝑘|
∞

∑
𝑛=0

|𝑎𝑛|𝑟𝑛 ≤ 𝑞(𝑟)𝑘! (𝑞(𝑟) < 1, 0 < 𝑟 < 𝑅, 𝑘 = 0, 1, 2, …);

2) 𝑎0 ≠ −𝑘!/𝜉𝑘, and condition 1) is fulfilled for each 𝑟, beginning with some
index 𝑘 = 𝑘(𝑟).

Then the system

ℎ𝑘(𝑧) = 𝑧𝑘 + 𝜉𝑘 ∫
𝑧

0
∫

𝑧

0
⋯ ∫

𝑧

0
𝑓(𝑧) (𝑑𝑧)𝑘 (𝑘 = 0, 1, 2, …)

forms a quasipower basis in each 𝐴𝑟 (0 < 𝑟 ≤ 𝑅).
Corollary 3. Let 𝑓(𝑧) = ∑∞

𝑛=0 𝑎𝑛𝑧𝑛 (∈ 𝐴𝑅), and let {𝜉𝑘}∞
0 and {𝜆𝑘}∞

0 be
numerical sequences for which

𝑚 = max
𝑘

|𝜉𝑘| < 𝑅; |𝜆𝑘| ≤ 𝐶𝜌𝑘 (𝑘 = 0, 1, 2, …)

for some 𝜌 (0 < 𝜌 < 𝑅/𝑚).
If the system ℎ𝑘(𝑧) = 𝑧𝑘 + 𝜆𝑘𝑓(𝜉𝑘𝑧) (𝑘 = 0, 1, 2, …) is 𝜔-linearly independent
(or complete) in 𝐴𝑅/𝑚, or if

𝐶
∞

∑
𝑛=0

|𝑎𝑛|(𝑚𝜌)𝑛 < 1,

then it forms a quasipower basis in each 𝐴𝑟 (𝜌 < 𝑟 < 𝑅/𝑚).
The author expresses his gratitude to A. S. Markus and K. M. Fishman for
valuable discussions of the results presented above.

Kishinev State University

Received
15 III 1968
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