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Consider the equation

m M(z;y) N(z;y) F(x;y)
Km[u] = Upy +Sgny ! |y| uyy + |y|ﬂ Uy + |y|a uy + |y|,y u=0 (Km)

in a domain D, bounded by: 1) a simple Jordan arc o, situated in the upper
half-plane and resting on the axis y = 0 at the points O(0;0), A(a,0), a > 0; 2)
the characteristics OC and AC'. Let D, and D, be respectively the subdomains
of ellipticity and hyperbolicity of the equation (K,,), OA its line of transition;
0<m<2 M,N,FecCYD); M,N € CY(D,); F <0 in D,. Particular
cases of (K,,) are the equations studied in a mixed domain

u,, +sgny - [y|"u,, =0, o<m<1 (Y (%)

Uy + Yy, + au, =0, a<l (*759); (S9)

Uy +sg0 Y- |y| "y, +aly ™, = 0, 0<m<2 m/2<a<l (%). (S2)

We shall say that for equation (K,,) in the domain D (in the domain D,), in a
certain class [K] of its solutions, maximum principle I (maximum principle IT)
holds in the following case: let u € [K] and u|pe = 0; then maxp |u| (max |u|)

is attained on o U AC' (on the characteristic AC).

§ 1. Consider the equation

Elu] = ug, + a(§n)ue +b(§nu, +c(§n)u=0 (E)
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in the characteristic triangle O,CyA, (the domain A, Oy(0;0), Cy(0;—&,),
Ao (€05 —60)s &0 > 0); a,ag, b c € COAUOHCy).

We shall say that in the domain A the coefficients of equation (E) satisfy con-
ditions (L), if: 1) a > 0 on O,Cy; 2)

a(P) > /P {200l + Bl

in A, and conditions (M), if in AUO,Cy: 1) a > Q; 2)
a@5(Q) > [ plde
PQ

Here PQ is a segment of an arbitrary characteristic 7 = const,

3
PecO,Cy, Qe ﬂzexp{/ bd{}; h = ag+ab—c = hy+hy, hy >0in A;
0

Y=Y+t 7 =-Bhy, v=-Phy c=c +tcy ¢ >0.

We shall call the function u(£;7) a solution of equation (E) of class [W], if:
Eu]=0in A, uc C?(A), ue COA), uec CHAUOLC,).

Lemma 1 (the characteristic principle of the absolute extremum for hyperbolic
equations). Let u(&;n) be a solution of equation (E) of class [Wy], u # 0 in A,
and ulp ¢, = 0. Then max, |u| cannot be attained in A, but is attained on the

characteristic 4,Cj.

1. Suppose the contrary. Let maxn |u| be attained at some point Q € A. We
write equation (E) in the form

(Buy)e + (aBu)e +7u =0

and integrate this equation over the segment PQ (P € OyCy, np = 15)-

We obtain
B(Q)u,(Q) = | ~a(P)u(@) — / (Q) — uly d — u(Q) / 5C, de | +
PQ PQ
+ /P @) i de (@) /P B0y ds (1)
B(Q)u, (Q) = —B(Q)a(Qu(Q) — / ude. @)
PQ
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By virtue of conditions (L) and (M), respectively, from (1) and (2) it
follows that
u(@)u, (Q) <0, ®3)

which is impossible.

2. Suppose that max, |u| is not attained on Ay,Cj,. Then, by the preceding
part, it is attained only on the open segment O,A, at some point Q.
Consequently, in A, in some neighborhood of the point @, there exists a
point @’ at which u # 0 and

lu(Q")| > ax |ul. (4)

Draw through the point @ a segment O(A; || Oy4y (Of € OyCy, Af €
Cy4y), and denote by A’ the open triangular domain OyCyAj. maxa, |u|
cannot be attained at a point belonging to A" U OjAJ, since, by the pre-
ceding part, at such a point one would have u - u, < 0. Hence maxx, |ul

is attained only on A)Cj, and

w(Q)| < max |u
(@) < max

which contradicts (4) and completes the proof of the lemma.

It can be shown that max, |u| is attained only on the characteristic A,Cj, if

lu(A)] < max ).

0o~o

Denote by (Ep/) equation (E) in which

a=—0/26+n)+ f(&)/IE+07, b=—0/2(6+n)+g(&n)/IE+ 07,
c=r&n)/[E+nlt, o=m/2-—m), 0<m<1, A<2(1-m)/(2—m),
p<(4—=3m)/22—m); f, (+n)fe, g, 7€ COA).

Lemma 2. For equation (E,),‘{L), the assertion of Lemma 1 is valid if the length
of the segment Oy A, is sufficiently small.

The proof follows from the fact that conditions (L) are satisfied if the length of
the segment Oy A4, is sufficiently small.

We note that, under the change of variables

2 2
e 2 (_aN(2-m)/2 e 2 aN2-m)/2
E=a—5—— (=) == (=y) ;
equation (K,,) is transformed into an equation of the form (E), and the triangle
OAC into a triangle of type A.
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§ 2. We shall call a function u(z;y) a solution of equation (K,,) of class [W] if:
K,,[uj=0 in D,UD,, ucC®D,uD,), ucC9(D),
u € CV(D\ OA).
Theorem 1. For equation (K,,) in the domain D (in the domain D,), in the

class [W] of its solutions there holds the maximum principle I (the maximum
principle—

IT), if the length of the transition line is sufficiently small and 0 < m < 1,
B<l—m/2,a<1l—m,v<1—3m/4

Proof. Let u(z;y) be an arbitrary solution of equation (K,,) of class [W],
ulge = 0 and u # 0 in D. Then, by the sufficient smallness of the transition
line, by Lemma 2, maxp, |u| is attained on AC, and maximum principle IT is
proved.

Let maxz |u| be attained in D,. Consequently, it is attained on AC.

Let maxy |u| be attained in D;. Then, by the known property of elliptic equa-
tions, it is attained on ¢ U OA, and, if on OA, then, by the preceding, also
on AC. Thus, maxp |u| is attained on ¢ U AC, and the theorem is completely
proved.

Theorem 2. For equation (K,,) in the domain D (in the domain D), in
the class [W] of its solutions, mazimum principle I (maximum principle (II)) is
valid if its coefficients are such that the coefficients of the corresponding equation
of the form (E) satisfy in A the conditions (I) or (M).

The proof is analogous to Theorem 1 and follows from Lemma 1.

We note that in Theorem 2 the requirement of continuity on the characteristic
AC of the coefficients of equation (K,,) and of the first partial derivatives of

m

the functions M (x;y) and N(x;y) is superfluous.
Corollary of Theorem 2. For an arbitrary length of the transition line, for

equation (X,,) with 0 < m < 2 and for equation (S%,) with 0 < m < 2, & < m/2,
in the class [W] maximum principles I and II are valid.

§ 3. Suppose a one-to-one correspondence has been established between all
points of the characteristic AC' and some set of points £ C ¢; @, and Q, are
arbitrary corresponding points (Q, € F, Q, € AC), E;, = ¢ \ E, and at each
point belonging to the set E, the arc ¢ has a normal.

Problem ®. Find a solution u(x;y) of equation (K,,) of class [WW] from the
data:

L. U|E1 = ¥1- 2. Ou/on|g = p,. 3. ulge = . 4. u(@Qq)—u(Qz) = g(Qq)-
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Here ¢, 4,1, g are functions continuous on the indicated parts of the boundary
of the domain D; n is the interior normal. Boundary condition 4 defines a
“curvilinear jump of compaction” (7®).

Theorem 3. For equation (K,,), under the conditions of Theorems 1 and 2,
the solution of problem ® is unique.

Suppose the contrary. Let u(z;y) be a solution of problem ® for equation (K,,),
satisfying homogeneous boundary conditions, but « # 0 in D. By homogeneous
boundary condition 3, maxp |u| is attained on ¢ U AC. Taking into account
homogeneous boundary conditions 1 and 2, we obtain that maxz |u| cannot be
attained on & and, consequently, is attained on AC. But then, by homogeneous
boundary condition 4, it is attained on &, which, as has already been shown, is
impossible. The contradiction obtained proves the theorem.

Corollary of Theorem 3. For equations (3,,) and (S%,), under the conditions
of the corollary to Theorem 2, the solution of problem ® is unique.

We note that for equation (S7), when o < 0, there exists and is unique a solution
of the Dirichlet problem in the class of functions continuous in D and having a
continuous derivative with respect to y on the transition line (4).

Remark 1. We have considered maximum principles I and IT with data on the
characteristic OA. These principles are formulated analogously with data on
the characteristic AC. For their proof, in equation (F) one should interchange
the roles of the variables ¢ and . Maximum principles I and II with data on
the characteristic AC hold for equation (K,,,) under the conditions of Theorem
1 and for equations (%,,) and (S2,) under the conditions of Theorem 2.

The author expresses his gratitude to S. P. Pul’ kin and the participants of his
seminar for discussion of the results presented above.
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