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1. Let there be given a quasilinear hyperbolic system satisfying the Lax condi-
tion (see below)

Ou/ot + Of (u,v)/0x = 0; ov/0t + 0p(u,v)/dz =0 (1)

and such values u_,v_; wu,,v, that there exists a continuous solution u =
a(z/t), v = d(x/t) of the problem of the decay of a discontinuity, i.e. of the
Cauchy problem

u(x,O){uJ” x>0, v(:c,O){v+’ x>0, (2)

u_, x<0; v_, x<0.

Let now uy(x) and vy(x) be continuously differentiable functions “smoothing”
the initial data (2), i.e. satisfying the condition

A, mggloouo(aj) =ug; zggloovo(x) =v,.

Then, as ¢ — 0, the functions uy(z/e) and vy(x/e) tend to the initial data (2),
and it is natural to expect that the solution u_(z,t),v.(z,t) of the system (1)
with initial conditions

ue(2,0) = ug(z/e);  v.(,0) = vy(z/e) (3)

should, as £ — 0, tend respectively to 4(z/t) and 0(x/t). We shall prove the va-
lidity of this assertion under the following additional condition on the functions

ug (@), vo (2):
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A,.

The vector ug(z), vj(x), for every x, does not vanish, is not an eigenvector of

the matrix
(fu fo )
Pu  Po

at the point ug(z),vy(z), and tends to zero as |z| — oco.

Theorem 1. If the functions ug(x),vy(z) satisfy conditions Ay and A,, then
for all t > 0, z, € > 0 there exist functions u_(x,t),v.(x,t) satisfying (1),
assuming the initial values (3), and tending as € — 0 to u(x/t) and v(x/t).

In view of the invariance of system (1) with respect to similarity transformations,
this theorem is equivalent to the following assertion:

Theorem 2. If the functions uy(x) and vy(x) satisfy conditions A, and A,
then for all t > 0, x there exist functions u(x,t),v(z,t) satisfying the system
(1) and assuming for t = 0 the values

u(@,0) = ug(x);  v(x,0) = vy(x), (4)

for any z, £ there exist the limits

T u(zg + 16,0 = A€ Jim o+ t6,) = (),

where a(z/t) and v(z/t) are the solution of the problem on the decay of a
discontinuity (2).

2. Let us outline the proof of Theorem 2. To this end we rewrite system (1)

in the Riemann invariants s(u,v) and o(u,v) (1,2)

0s/0t 4+ A(s,0)0s/0x = 0; 00 /0t + p(s,0)00/0x =0 (5)

(where A > p1). Then Lax’ s condition means that d\/9s # 0, du/do + 0, and
one may assume that

ON/0s > 0; Ou/do > 0. (6)

The Cauchy data (2) pass into the values

s(x,O){S+7 x>0, a(m,O){UH x>0, (7)
S_,
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where s, > s_ and o, > o_ (otherwise the Cauchy problem (7) will not have a
continuous solution §(x/t),d(xz/t)), and the Cauchy data (4) become functions

s(x,0) = so(x);  o(2,0) = gg(), (8)

where, by virtue of A; and A,:

B;. zglfoo so(@) = s; Igffooao(x) =04

B,. 0sy/0x > 0; 0doy/0z > 0, and (9s,/0x)% + (0o,/0z)? tends to zero as
|z] — oo.

We now consider the system

Ox /0o = A(s,0)0t/do, (9)

0x/0s = p(s,0)0t/ds,

obtained by formal inversion of system (5), and the initial data for this system,
prescribed on the curve P: s = s4(n); o = 04(n), where the functions sy (n) and
0y(n) have the form (8)

tlp =0; zlp =1 (10)

Theorem 2 follows from the following assertions:

C,. The solution t(s, o), z(s,0) of system (9) and of the Cauchy problem (10)
exists and is bounded at every point inside the triangle ABC (see Fig. 1),
bounded by the curve P and by the segments AB and BC, parallel to the axes
o and s.

C,. Inside ABC, 0t/0o > 0; 0t/0s < 0, and |0t/Jo|, |0t/0s| tend uniformly to
infinity as one approaches the segments AB and BC.

Cs. t tends to infinity as one approaches the segments AB and BC', uniformly
outside any neighborhood of the points A and C.

C,. The Jacobian

_0tox Ot Ox
 0sdo  Oo ds
does not vanish in the triangle ABC, and therefore, after inverting the functions

x(s,0), t(s,0), we obtain a single-valued and continuously differentiable solution
s(z,t), o(x,t) satisfying the initial data (8).

C;. The functions s(z, + &t, t) and o(zy + &t,t) as t — oo tend to:
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Fig. 1 and Fig. 2

Figure 1: Fig. 1 and Fig. 2

(o), ifpls_o)> & (11)
(s_,o0),  where p(s_,00) =& if p(s_ o) <€<p(s_,0.);  (12)
(sy0r)s i pls_,o,) < €< A(s_,0,): (13)

(50,04), where A(sg,0,) =&, if Ms_,0,) <& < A(s,,0,); (14)

(84,04), if A(s;,0,) <§, (15)

i.e., to the solution §(x/t),d(xz/t) of the problem of decay of the discontinuity
(7) (see (1,2)).

3. Let us outline the proof of assertions C;—C,. At any interior point D of
the triangle ABC, the solution x(s, o) and t(s, o) of the system (9) and of
the Cauchy problem (10) depends only on the Cauchy data on the arc EH
(where ED and DH are characteristics of equation (9), i.e., straight lines
parallel to the o- and s-axes). And since on this arc z and ¢ are bounded
together with their derivatives with respect to s and o,

Fig. 1 Fig. 2
these quantities are also bounded at the point D, whence C; follows.

Let us prove that at D

ot/dc > 0; ot/ds < 0. (16)

These inequalities hold on the arc EH (which follows from B,), and therefore
hold in some neighborhood of FH. Replacing, if necessary, the point D by
some point D’ inside EDH, we may assume that the inequalities (16) hold
inside FDH. Let us prove that they also hold at the point D. Eliminating x
from equations (9), we obtain:

0%t  ONOt  Ouot
A =W5506 T 9590 9005 (17)
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and, putting y = 9t/00, we obtain for y the ordinary differential equation on
the segment H D

dy O\ Opdt

Here the right-hand side is nonpositive (since du/do > 0, while 9t/0s, negative
inside EDH, is nonpositive on DH). Therefore, integrating (18) from the point
H to D, it is easy to obtain the estimate

y(D) = 0t(D) /9o > (D) dt(H)/do > 0, (19)

where ®,(D) depends on the values of A—p and 9\/0s on the interval HD and
is uniformly bounded below in the triangle ABC.

Analogously to (18), one obtains the equation for z = 9t/Js:

dz %_ o\ Ot

()\_N)%_Zaa = T 95 00 (20)

integrating which along the segment E'D and taking into account that the right-
hand side in (20) is also nonpositive, we obtain

2(D) = (D) /ds < &, (D) Ot(E)/ds < 0. (21)

If we now use (19) and (21) to estimate the right-hand sides in (20) and (18) and
again estimate y(D) and z(D), then, since as E — A and H — C the quantities
|0t/0s], |0t/Oc]| at the points E and H tend to infinity, we obtain the proof of
C,, and therefore also of C}.

Assertion C, follows at once from inequality (16) and equation (9):

oo _osor . otor
- 9sdo  Is o M(‘)s@a

4. It suffices to prove Cy for the case £ = 0, to which one easily passes from
arbitrary & by the change of independent variables ' = z — £, t' =t.

We shall restrict ourselves to proving formula (12); expressions (11) and (13)—
(15) are proved similarly. This means that we consider the case when on the
segment AB i changes sign. It is necessary to prove that, for fixed x and t — oo,
the trajectories s(x,t), o(x,t) tend to the point E, on the segment AB at which
w=0.

Denote by L and K the level lines A = 0 and p = 0, respectively; evidently, K
passes through the point E;, while L may be absent (see Fig. 2). Since in the
triangle ABC
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0s 1 oo -1

or (A —p)ot/0o >0 dr  (A—p)0ot/os >0, (22)
it follows from equations (5) that the relative disposition of the directions of the
trajectories s(z,t), o(x,t) and of the axes s,o must be, in the various regions
into which the curves L and K divide ABC, as shown in Fig. 2. From C| it
follows that as ¢ — oo the point s(z,t),o(x,t) must tend to the broken line
ABC. Therefore each trajectory s(z,t), o(x,t) tends, as t — 0o, to some limit
5(z),0(x). And since from C, and (22) it follows that ds/0x and do/dx tend
uniformly to zero as t — oo, this limit must not depend on x and must coincide
with the point E, which proves Cs.

It is clear that if one returns from the Riemann invariants s(u,v), o(u, v) to the
variables u, v, then Cy becomes Theorem 2.
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