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In a number of works (see, for example, (173)) the matrix element of the effec-
tive electron-electron interaction arising from phonon exchange and apparently
responsible for superconductivity in most metals was calculated. In this way,
success was achieved in a qualitative description of the phenomenon. A number
of effects, however, in principle cannot be described within the approximation of
almost free electrons used by the authors cited. Such effects include, first of all,
phenomena connected with anisotropy of the gap, with the influence of pressure
and of the type of crystal lattice on the critical temperature. In this connection
we undertook an attempt to investigate the approximation of strongly bound
electrons, bearing in mind the introduction into the theory of the atomic and
structural characteristics of the substance. In work (*) the simplest case of
the effective-mass approximation for strongly bound electrons was considered,
which made it possible to introduce into the exponent determining the critical
temperature new characteristics of the metal, namely, the ionization potential
and the radius of the electron shell of the atom.

In the present work we do not restrict ourselves to the effective-mass approx-
imation, but consider the general case of strongly bound electrons, when the
one-particle energy F) is represented by some sum over the lattice, invariant
with respect to transformations of the crystal group. This invariance makes it
possible to use the energy as a variable and to avoid the difficulties mentioned in
(%), which arise in obtaining the superconductivity criterion in the anisotropic
case.

As in (%), we shall use the Hamiltonian of the electron-phonon interaction writ-
ten in the second-quantization representation with the aid of orthogonalized
functions (%)

(I)a<$) = ZUaa/\I/a’(x)’ (1)
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where W _ (z) are atomic one-electron functions; o = {f,v,c}; f is the number
of the lattice site; v is the number of the function in the atom; ¢ is the electron
spin;

U, =0, /——(1— o) + = Z Fa0 )1 =00 0)Sara, Sara +03 (2)

S, = / U ()0, (z) do

are overlap integrals.

Following works (°~7), it is not difficult to obtain the secular equations for
pair excitations over the normal Fermi state. To terms of second order in the
electron-phonon interaction, in the case of one band the secular equations for
excitations with zero total momentum and energy E have the form

/ gkgk /
2|&, | 9(k E J(k k') —==>*—9(k’) = E0(k), 3

20| O(k ZJkk’ (k') = Ed(k).

Here

2|V(k —k —k)|*

€k + 1€ | + Wi e

Sk = Ex — Ep; J(k, k') =

) N (e, k)
_ 2 k>
V(k,p) = 4nZie N, K2

Ak [ p);

wy is the phonon frequency; ey is its polarization; Z, M, and N are, respectively,
the charge, mass, and density of the ions;

A(k | p) Zewfm k|f), Ak|f) = / D3 (r)e™  Dy(r) dr.

Using further the invariance of the energies £, under transformations of the
group, we can write the expansion of the functions J(k, k’) in crystal harmonics
\I/§ﬁ) (7 is the number of the irreducible representation; u is the row number) in
the form
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Tk, k) =" (e, ) Wit (k) witE (). (5)
JjuL

This makes it possible to seek solutions of equations (3) in the form
L L)j3 L L)j3
o) =05 OV (R), 000 =305 v (B). (6)
JjpL jpL

We next pass from summation over the momentum to integration over the energy
and introduce functions, not explicitly dependent on the angles,

ClP)(g) = / de JPEE) ST G| dupdana) 02 (€) N2 (&),

Jik1 Ly
Jato Lo
L , (L N & N Ly) p oy ar(La) fer
o= [ac (€€ 57 D G i) € N ()
Jik Ly
Joko Lo

Here

Gt | Gupiadatin) = / v (v, (), (k)do,

and N ]%)(5) are determined from the expansion

e uf/dm = >N OW) (R, ®)
JjuL

Now from equations (3) we obtain

210 (€) - @05;”(5) )

216\ (6) — C1 P (€) = B9\ (¢), 9)

which, together with definition (7), leads to the equation

¢ 2§/C2(L1>(£/)—}—Ecl(Ll)(f/)

e = / dg’ T (€, €) ,f 2o e ()
J1H Ly
Jamo Ly

(10)
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Taking into account that the interaction (4) is concentrated near the Fermi
surface, we can, as usual, replace J;m(f,f’) by Jj(-L>(07 0) = J;L)

)

and N;?(f) by N;j)(O) = N'Yand rewrite (10) in the form

e
2 2(Ly)
207 Cj
02<L) — J(L) j/l j/fé _7 1 N(_Lz)/df/ J1H1 , 11
I J jluzl:Ll< | 1H1J2 2> Jolta |£/| 45/2—E2 ( )

Jama Lo

where the integration over energy is now limited to a region of width 20, where
@ is some mean phonon energy.*

The equation (11) assumes its simplest form in the case when the density of
states on the Fermi surface is taken to be independent of the point on the Fermi

surface, which apparently is admissible in the case of some sp-superconductors.
Then

—E2 = 432 exp(—2/J;Ny), (12)

where Ny = N§,(0).

Relation (12) means that attraction in any one representation is sufficient for the
occurrence of superconductivity, and the transition temperature will be deter-
mined by the corresponding coefficient .J;. In the case when several coefficients
J; correspond to attraction, several gaps will already be needed to describe the
superconductor. It is possible that such a situation occurs in tin, ®). Tt is inter-
esting that, since the angular dependence of the gaps is different, the character
of the angular dependence of anisotropic quantities (for example, the ultrasound
absorption coefficient) will in this case change with temperature.

One may, however, not restrict oneself to the case of a density of states constant
on the Fermi surface. If in the expansions (5) and (8) one takes into account
only those basis functions of the representations which are constructed from
spherical harmonics with the lowest L, then the solution of the system (11)
presents no difficulty.

Let us give some of the simplest results for the group 7);. Suppose that only one
coefficient J; differs from zero. For j = 0 or 1, relation (12) is valid; for j = 2
we obtain

—E? = 46% exp(—2/J5,N,),

where**
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N§ + Niy — 5 (N3 + N22,—1)

o Ny + \/% <N221 +N22,—1> _N120.

If J, and J; differ from zero, then
_E? = 4R,
where

2JoJ1 (NG — Niy)
No(Jo +J1) £ /N3 (Jy — J))? + 4y J, N,

p:

In conclusion I express my gratitude to Acad. N. N. Bogolyubov for useful
discussions and interest in the work, and to E. N. Yakovlev for a number of
valuable remarks.
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* To obtain quantitative results one should use different values of &j for different
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