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MATHEMATICAL PHYSICS

I. P. PAVLOTSKII

THE GIBBS ENSEMBLE AND CHAINS OF
EQUATIONS FOR CORRELATION FUNC-
TIONS OF WEAKLY RELATIVISTIC SYS-
TEMS
(Presented by Academician N. N. Bogolyubov, March 21, 1969)

In the present work we consider systems of classical (nonquantum) statistical
mechanics for whose study it is sufficient to take relativistic effects into account
only in the first approximation, i.e., one may neglect quantities of order (𝑣/𝑐)3,
(𝑣/𝑐)4, …, where 𝑣 is the velocity of a particle belonging to the system, and 𝑐
is the speed of light. Such systems will be called weakly relativistic. In order
to obtain chains of recurrent equations of N. N. Bogolyubov determining the
evolution of the correlation functions 𝐹𝑠, introduced in the monograph (1), one
should start from the Liouville equation for the distribution function in Gibbs
phase space. In relativistic theory, the states of particles are specified by giving
the set of their coordinates 𝑞, relativistically invariant momenta, and proper
times (𝜏1, 𝜏2, …). In the work of N. A. Chernikov (2), a seven-dimensional rela-
tivistic phase space of states of one particle (𝜇-space) was constructed. However,
a generalization of N. A. Chernikov’s method for constructing the Gibbs phase
space turns out to be impossible, since the state of the system can be specified
only by indicating 𝑁 proper times, where 𝑁 is the number of particles in the
system, whereas what is of practical interest is a description of the system re-
ferred to laboratory time 𝑡. Synchronization of times, if it is possible, leads to
the result that the momenta 𝑝 = 𝑑𝑞/𝑑𝑡 become noninvariant with respect to
the Lorentz transformation group. The indicated difficulty is not the only one
—a more detailed analysis of the situation is given in (3).
Phase space. Let 𝑈(𝑞) be the value of the gravitational-field potential at the
point 𝑞. Then, with accuracy up to quantities of order 𝑐−3, the metric tensor in
the four-dimensional space of events has the form

𝑔00 = 1 − 2𝑈𝑐−2; 𝑔𝑗𝑘 = −(1 + 2𝑈𝑐−2); (1)

𝑔0𝑗 = 𝑔𝑗0 = 0; (𝑗𝑘) = 1, 2, 3, 4.
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Since 𝑔0𝑗 = 𝑔𝑗0 = 0, synchronization of the times (𝜏1, 𝜏2, … , 𝜏𝑁) with the time 𝑡 is
possible. We shall assume it to have been carried out. We define the momentum
of the 𝑗-th particle as in nonrelativistic theory: 𝑝𝑗 = 𝑚(𝑑𝑞𝑗/𝑑𝑡), where 𝑚 is
the rest mass of the particle. Then Lobachevsky geometry (4) takes place in
momentum space. Let us note, incidentally, that the geometric properties of
the space of relativistically invariant momenta would turn out to be much more
complicated. The metric tensor of momentum space 𝑓𝑗𝑘 is determined by the
formulas

𝑓𝑗𝑘 = 𝑝𝑗𝑝𝑘
(1 − 𝑝2/𝑚2𝑐2) (𝑗 ≠ 𝑘), (2)

𝑓𝑗𝑗 = 1
(1 − 𝑝2/𝑚2𝑐2) (1 − 𝑝2

𝑗
𝑚2𝑐2 − 𝑝2 ) ; 𝑗, 𝑘 = 1, 2, 3.

By the general rules (5), it is not difficult to find the volume elements 𝑑𝑉𝑞 and
𝑑𝑉𝑝 in coordinate and momentum spaces, respectively:

𝑑𝑉𝑞 = 𝑑𝑥 𝑑𝑦 𝑑𝑧
(1 + 2𝑈𝑐−2)2 ≅ 𝑑𝑥 𝑑𝑦 𝑑𝑧

1 + 4𝑈−2𝑒𝑐
,

𝑑𝑉𝑝 = 𝑑𝑝1 𝑑𝑝2 𝑑𝑝3
(1 − 𝑝2/𝑚2𝑐2)2 ≅ 𝑑𝑝1 𝑑𝑝2 𝑑𝑝3

1 − 2𝑝2/𝑚2𝑐2 . (3)

Here 𝑈𝑒 is the potential of the gravitational field obtained in the “Newtonian”
nonrelativistic theory in Euclidean space.

The dimensions of momentum space are determined by the inequalities

0 ≤ 𝑝2 ≤ 𝑚2𝑐2. (4)

The phase space 𝜇𝑗 of the states of the 𝑗-th particle is obtained as the direct prod-
uct of three-dimensional coordinate space with metric (1) and three-dimensional
momentum space with metric (2). Its volume element is

𝑑𝛾𝑗 = 𝑑𝑉𝑞𝑗
𝑑𝑉𝑝𝑗

≅ 𝑑𝑥𝑗 𝑑𝑦𝑗 𝑑𝑧𝑗 𝑑𝑝1𝑗 𝑑𝑝2𝑗 𝑑𝑝3𝑗
(1 + 4𝑈−2𝑒𝑐 )(1 − 2𝑝2

𝑗 /𝑚2𝑐2) . (5)

It follows from (4) and (5) that the volume of the space 𝜇 is infinite.

We shall define the Gibbs ensemble as the set of all possible systems that are
macroscopically equivalent but pairwise different microscopically at 𝑡 = 0. The
dynamical equations specifying the motions of the particles of the ensemble will
be written below.
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The Gibbs phase space will be the direct product of the spaces 𝜇𝑗:

Γ = 𝜇1 × 𝜇2 × … × 𝜇𝑁 .

Its volume element is

𝑑Γ = 𝑑𝛾1𝑑𝛾2 … 𝑑𝛾𝑁 . (6)

Dynamical equations. Starting from the Newton–Hertz equation

𝑑
𝑑𝑡

𝑚𝑣
√1 − 𝑣2/𝑐2 = F, (7)

where F = −∇𝑞𝑊 , 𝑊 is the total potential at the point where the particle
is located, we shall write the dynamical equations determining the motion of
particles in 𝜇-space and the motion of systems in Γ-space. Let F𝑒 denote the
value of the force acting on the particle in Euclidean space in the nonrelativistic
formulation of the problem. Expressing F through 𝑈𝑒 and F𝑒, and transfer-
ring from the left-hand side of (7) to the right-hand side all quantities except
𝑑(𝑚v)/𝑑𝑡 = ṗ, and then discarding terms of higher order of smallness than
(𝑣/𝑐)2, we obtain the equation

ṗ = [1 + 4𝑈−2
𝑒𝑐 − 3/2𝑣2𝑐−2]F𝑒 + 𝑜(𝑐−3). (8)

Introducing the function

𝐻 = ∑
(1≤𝑗≤𝑁)

[ 𝑝2
𝑗

2𝑚 + (1 + 2𝑈𝑒(𝑞𝑗)
𝑐2 ) 𝑊(𝑞𝑗)] (9)

and the generalized force

𝑄𝑗 = −3
2

𝑝2
𝑗

𝑚2𝑐2 F𝑒 (10)

and taking (8) into account, we arrive at the system of quasicanonical equations:

ṗ𝑗 = −𝜕𝐻/𝜕𝑞𝑗 + 𝑄𝑗, q̇𝑗 = 𝜕𝐻/𝜕𝑝𝑗. (11)

Remark. If 𝑈 = 0 everywhere, i.e. the gravitational fields are negligibly small,
then instead of (9) one should write

𝐻 = ∑
(𝑗)

(𝑝2
𝑗 /2𝑚) + ∑

(𝑗,𝑘)
Φ(|𝑞𝑗 − 𝑞𝑘|), (12)
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where Φ(|𝑞𝑗 + 𝑞𝑘|) is the interaction potential of the 𝑗-th and 𝑘-th particles.

Liouville equation. Starting from the continuity equation for the flow of
systems in phase space Γ

𝜕𝜌
𝜕𝑡 + div(𝜌𝜔) = 0, 𝜔 = (𝑞, 𝑝) = (𝑞1, … , 𝑞𝑁 , 𝑝1, … , 𝑝𝑁), (13)

where 𝜌(𝑝, 𝑞, 𝑡) is the distribution function of the Gibbs ensemble, we obtain the
Liouville equation. Since for scalar quantities the covariant derivative coincides
with the ordinary one, it follows from (11) and (13) that

𝜕𝜌
𝜕𝑡 = {𝐻; 𝜌} − ∑

(𝑗)
𝑄𝑗

𝜕𝜌
𝜕𝑝𝑗

− 𝜌 div 𝜔, (14)

where {…} are the Poisson brackets.

In calculating div 𝜔, the differentiation must be covariant, since 𝜔 is a vector
and the spaces are non-Euclidean.

We shall use the known relation

∑
𝑗

𝛿𝐴𝑎𝑗
𝛿𝑞𝑎𝑗

= 1√−𝑔 ∑
(1≤𝑎≤3)

𝜕
𝜕𝑞𝑎𝑗

(√−𝑔 𝐴𝑎𝑗) , (15)

where 𝐴 = (𝐴1𝑗, 𝐴2𝑗, 𝐴3𝑗), and

𝑔 = det ‖𝑔𝑗𝑘‖ = −(1 + 2𝑈𝑒𝑐−2)3 + 𝑜(𝑐−3). (16)

In momentum space an analogous formula holds, with

𝑓 = det ‖𝑓𝑗𝑘‖ = (1 − 𝑝2
𝑗 𝑚−2𝑐−2)−3 + 𝑜(𝑐−3). (17)

After calculations we obtain

div 𝜔 = 3
𝑚𝑐2 ∑

(𝑎,𝑗)
𝑃𝑎𝑗 (𝜕𝑈𝑒

𝜕𝑞𝑎
) + 𝑜(𝑐−3). (18)

Let us examine in more detail two cases: a) the interaction is purely gravitational
(𝑊 = 𝑈); b) the gravitational field is absent (𝑈 = 0).
Substituting (18) into (14) and performing some transformations, we arrive at
the Liouville equation in the form
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𝜕𝜌
𝜕𝑡 = {𝐻; 𝜌} − 3

2𝑚2𝑐2 𝐷, (19)

where

𝐷 =

⎧{{
⎨{{⎩

∑
(𝑖,𝑗)

𝜕
𝜕𝑝𝑗

[𝑝2
𝑗

𝜕Φ𝑖𝑗
𝜕𝑞𝑗

𝜌] , in case a),

∑
(𝑖,𝑗)

𝜕Φ𝑖𝑗
𝜕𝑞𝑗

𝑝2
𝑗

𝜕𝜌
𝜕𝑝𝑗

, in case b).
(20)

Chains of Bogoliubov equations. From equations (19), (20), by a straight-
forward generalization of N. N. Bogoliubov’s reasoning, one can obtain equations
for the 𝑠-particle correlation functions 𝐹𝑠. An essential point in the reasoning is
the assumption that the functions 𝜌 tend to zero on an infinitely distant sphere
in the space Γ. The equations have the form

𝜕𝐹𝑠
𝜕𝑡 = {𝐻𝑠; 𝐹𝑠}+1

𝑣 ∬ 𝑑𝛾𝑠+1
⎧{
⎨{⎩

∑
(1≤𝑗≤𝑠)

Φ𝑗,𝑠+1; 𝐹𝑠+1
⎫}
⎬}⎭

− 3
2𝑚2𝑐2 𝐸(𝐹𝑠, 𝐹𝑠+1), (21)

where

𝐸(𝐹𝑠, 𝐹𝑠−1) = ∑
(1≤𝑗≤𝑠)

𝜕
𝜕𝑝𝑗

[𝑝2
𝑗 (𝜕𝑊𝑠

𝜕𝑞𝑗
𝐹𝑠 + 1

𝑣 ∫ 𝜕Φ𝑗,𝑠+1
𝜕𝑞𝑗

𝐹𝑠+1 𝑑𝛾𝑠+1)] . (22)

in case a), and

𝐸(𝐹𝑠, 𝐹𝑠+1) = ∑
(1⩽𝑗⩽𝑠)

[𝑝2
𝑗 (𝜕𝑊𝑠

𝜕𝑞𝑗

𝜕𝐹𝑠
𝜕𝑝𝑗

+ 1
𝑣 ∬ 𝑑𝑦𝑠+1

𝜕Φ𝑗,𝑠+1
𝜕𝑞𝑗

𝜕𝐹𝑠+1
𝜕𝑝𝑗

)] (23)

in case b).

In formulas (21)—(23) the following notation has been used: 𝑣 = lim(𝑉𝑞/𝑁);
𝑉𝑞, 𝑁 → ∞ (not to be confused with velocity); 𝑊𝑠 = ∑(1⩽𝑖,𝑗⩽𝑠) Φ𝑖𝑗; 𝐻𝑠 is given
by formula (9), with 𝑁 in it replaced by 𝑠.

For example, the equation for 𝐹1 in the case of a purely gravitational interaction
is as follows:

𝜕𝐹1
𝜕𝑡 = −𝑝1

𝑚
𝜕𝐹1
𝜕𝑞1

+1
𝑣 ∬ 𝑑𝑦2{Φ12; 𝐹2}− 3

2𝑚2𝑐2
1
𝑣

𝜕
𝜕𝑝1

(𝑝2
1 ∫ 𝑑𝑦2

𝜕Φ12
𝜕𝑞1

𝐹2) . (24)
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To obtain solutions of equations (21), it is expedient to represent 𝐹𝑠 in the form
of the series

𝐹𝑠 = 𝐹 0
𝑠 + 1

𝑐2 𝐹 1
𝑠 + … (25)

The equation for 𝐹 0
𝑠 is obtained from (21) if one sets there 𝐸(𝐹𝑠, 𝐹𝑠+1) = 0,

while the equation for 𝐹 1
𝑠 has the form:

𝜕𝐹 1
𝑠

𝜕𝑡 = {𝐻𝑠; 𝐹 1
𝑠 } + 1

𝑣 ∬ 𝑑𝑦𝑠+1
⎧{
⎨{⎩

∑
(1⩽𝑗⩽𝑠)

Φ𝑗,𝑠+1; 𝐹 1
𝑠+1

⎫}
⎬}⎭

− 3
2𝑚2𝑐2 𝐸(𝐹 0

𝑠 , 𝐹 0
𝑠+1).

(26)

The equation for 𝐹 0
𝑠 , except for the fact that the integration is performed in

non-Euclidean space, differs from the classical equations of N. N. Bogolyubov
for nonideal systems. If all 𝐹 0

𝑘 are known, then 𝐸(𝐹 0
𝑠 , 𝐹 0

𝑠+1) is also known.
Thus, the problem has been reduced to solving equation (26) with the known
function 𝐸(𝐹 0

𝑠 , 𝐹 0
𝑠+1). It makes no sense to seek 𝐹 2

𝑠 , 𝐹 3
𝑠 , …, since this would lead

to exceeding the accuracy with which we are solving the problem.

In conclusion I express my deep gratitude to N. N. Bogolyubov for discussion
of the work.

Received
18 III 1969
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