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(Presented by Academician I. G. Petrovskii on 29 IIT 1968)

In this paper* boundary-value problems are studied for equations of the form

WA(u) = P,(t,2,0/0t)u + L(t,z, D)u = h(t,z), (1)
where
0 5 0%
P, (t,m, §> U= 2 aq(t,x)u(q>, uld = e > 1;

la|<2m

is an elliptic differential operator of order 2m. The coefficients a,(t,z) and
a,(t,z) are smooth complex functions, a, = +1. In papers (?3) we considered
boundary-value problems for equations of the form (1) in a half-infinite cylinder,
and also the problem of periodic solutions with respect to ¢t. Here boundary-
value problems for equation (1) are studied in the bounded cylinder Q@ = G x

[0,T], where G C R™ is a domain with smooth boundary.

Definition. The operator 2(u) is called elliptic-parabolic (e.-p.) if, for all
real 7 € R! and € € R" such that |7| + || # 0,

as(i7)* 4 Loy, (t, z,1€) # 0,

where Lo, (t,x,i£) is the principal part of the polynomial L(t, z,i&).

For e.-p. equations the localization principle is valid. Therefore these equations
are first studied in the unbounded cylinder @Q = G x (—o0, +00), then in the
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cylinder Q@ = G X [0,00), and finally, by means of a partition of unity, in Q@ =
G x [0,T].

§ 1. The case of a self-adjoint operator. In this paragraph L(¢,x, D) =
L(z, D). Suppose there is a system of boundary conditions

Bj($7D)u|8G :0, j: 17...77'7747 (2)

where

Bj(z,D)u = Z bﬁj(x)DBu

‘ﬁ|<m7

are differential operators of orders m; < 2m — 1, defining together with the
operator L(x, D)u a self-adjoint boundary-value problem. Denote by H l{Bj}
the space of Fourier series in the eigenfunctions wy(z),w; (z), ... of this problem,
converging in the metric of H' (see (+?)).

Next, denote by H(r,l) the space of functions u(t,z) defined in the cylinder
Q = G x (a,b), with norm

b
k2, = [ (118 + Julp) a. 0
The space of Fourier series

u(t, z) = co(t)wo(w) + ¢ (H)wy () + -,

converging in H(r,l), will be denoted by H (r,1){B,}.

* A detailed exposition is being published in the journal “Izv. AN Armenian
SSR, Ser. Mathematics.”

Theorem 1. Let @ = G x R', q, = 0, 0 < ¢ < s — 1. If the operator
A(u) is e.-p. and the first eigenvalue A, of the operator L(z, D)u is positive,
i.e. Ay > 0, then it maps the space H(r,72m/s){B,} isomorphically onto the
space H(r — s, (r — s)2m/s){B;}. Moreover,

r/s

”h”r—s,(r—s)Qm/s < Cl (”u”r,r2m/s + >‘O ||UHO,O> < CQHhHT—s,(r—s)Zm/s'

We now consider equation (1) in the semi-infinite cylinder @ = G x [0,00). It
is required to find a solution of equation (1) under the initial conditions

um)(0,2) = ¢;(x), i=0,..,s—1—Fk, (4)
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where k = [s/2], if s is odd and (—1)[*/%la, > 0; k = [s/2] + 1, if s is odd and
(—1)2la, < 0; k = s5/2, if s is even.

Assume that for every A > 0 the determinant

where 41;(A\) are the roots of the algebraic equation a,u® + A = 0 such that
Re p;(A) < 0.

Theorem 2. Let Q = G x [0,00), a, =0, 0 < ¢ < s—1; let the operator A(u)
be e.-p. and let condition (5) be satisfied. Then, if the first eigenvalue A, of the
operator L(x, D)u is positive, i.e. A\; > 0, then for any function h(t,x) € H(r —
s, (r—s)2m/s){B;} and any functions ¢;(x) € H'“{B,}, l; = (r—n;)2m/s—m/s,
there exists a unique solution u(t,r) € H(r,r2m/s){B;} satisfying conditions
(2), (4). Moreover,

A(h, ) < Cy (Il pamys + N *lullon) < CoA(h, ),
where

s—1-k
A<h’ 77[}) = ||h||r—s,(r—s)2m/s + Z ||7/}i”li7 > maX(va n; + 1)
=0

We now consider equation (1) with variable coefficients a,(t, ) in the bounded
cylinder @ = G x [0,T]. It is required to find a solution under the additional
conditions

Zpiq(t,x)u@|t:0 =1, (x), 1=0,...,s—1—k, Pin, =15 (6)
q=0

n
Zrlq(t,x)u<q>|t:T = x;(x), [=0,....,k—1, Tip, = 1. (7)
q=0

Let, for sufficiently large A > 0, the following condition be satisfied.
Condition 1 (the Shapiro-Lopatinskii condition):

1) det ||,u]"l (M| #0,4,5=0,...,s =1 —k, where j1;()) are the roots of the
equation a,u® + A = 0 such that Re u;(A) < 0;

2) det|p (N # 0, 1,j = 0,....,k — 1, where p;(\) are the roots of the
equation a,u® + A = 0 such that Re ;(\) > 0.
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Theorem 3. Let condition 1 be satisfied and let A\, > 0 be sufficiently large.
Then problem (1), (2), (6), (7) is uniquely solvable, i.e. for any functions
h(t,z) € H(r —s,(r — 5)2m/s){B,}, ¥;(z) € H(”’"ipm/s’m/S{Bj}, x;(z) €
H(’"_”l>2m/s_m/3{Bj}, there exists a unique solution of this problem u(t,z) €
H(r,m2m/s){B,}. Moreover, the estimate

A(h,p,X) < Oy (Jullramgs + X *lulloo) < CoA(h, 1, %),

where
s—1—k k—1
A(ha wa X) = Hh”rfs,(rfsﬂm/s + Z ||’(/}7,'”(r7ni)2m/sfm/s + Z HXZH(rfnl)Qm/sfm/s'
=0 =0

Corollary. If condition 1 is satisfied, then problem (1), (2), (6), (7) is Fredholm,
i.e., the kernel and cokernel of the problem are finite-dimensional, and their
dimensions are equal.

§ 2. The case of the semibounded operator L(t¢,z, D)u

Suppose that the following conditions are satisfied:

I. For every fixed t € [0, T] the operator L(t,x, D)u is bounded from below, i.e.,

nf Re(L(t, x,ﬁD)u, w)
ueH?™{B;} (u, u)

Ao(t) = —00.

II. For any fixed t € [0,¢] (¢t € [T —€,T]), where ¢ > 0 is some number,
the operator L(t,z,D)u = L(0,z,D)u (L(t,z,D)u = L(T,x,D)u) is a
self-adjoint operator in the space H*"{B,}.

ITI. Condition 1 of § 1 is satisfied.

IV. The coefficients of the operator 2(u) and of the boundary operators (6), (7)
are sufficiently smooth, and moreover a,(t, 2) = a,(t), t € [0,] V[T —¢,T].

Before formulating the main theorem of this paragraph, we introduce the neces-
sary spaces. Denote by H (r,r2m/s) the space of functions u(t, z) € H(r,r2m/s)
satisfying conditions (2) and such that, if ¢(¢) € C°°[0,T] and supp ¢(t)N[0, €] #
0 or supp ¢(t) N [T' —¢,T] # 0, then p(t)u(t,r) € H(r,r2m/s){B,;}. In other
words, it is required of functions u(t,z) € H(r,72m/s) that in some neighbor-
hoods of the points t = 0 and t = T they be expandable in the eigenfunctions
of the operators L(0,z,D) and L(T,xz, D), respectively. Otherwise they are
arbitrary.

Theorem 4. If conditions I-IV are satisfied, then problem (1), (2), (6), (7) is
Fredholm. This means that for any functions h(¢,x) € H(r — s, (r — s)2m/s),
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Pi(x) € Hrmal2m/s=m/s{B A i =0,...,s—1—k, x;(x) € HUr—m)2m/s=m/s{B 3}
1 =0,...,k—1, subject to a finite number » of conditions, there exists a solution
of this problem u(t,x) € H(r,r2m/s). At the same time it is determined up to
the addition of any solution of the homogeneous problem, among which there are
exactly » linearly independent ones. If A\j = min A\y(¢), 0 < ¢ < T, is sufficiently
large, then » = 0, i.e., there is an isomorphism. Moreover, the corresponding
estimates hold.

In proving this theorem, estimates for elliptic problems with a parameter, ob-
tained in [1], are used.

§ 3. Analogue of the Dirichlet problem. Uniqueness theo-
rem. Examples

In this paragraph we consider the simplest example of problem (1), (2), (6), (7).
Namely, let

A(u) = P, (9) w+ L(z, D)u = hit, ), (8)

where

8 S
P, (&) ‘= qz:;aé%)’ aq € ct, a, = +1,

L(z,D)u is a semibounded operator of order 2m.

We seek a solution of equation (8) under conditions (2), (9),

u(0,2) = - = ul*" R0, 2) = w(T,x) = - = u*(T,z) = 0. (9)

As follows from Theorem 4, problem (8), (2), (9) is Fredholm. We shall now be
interested in the question of the unique solvability of this problem.

Theorem 5 (uniqueness). If the polynomial in 7 € R}

Rez a,(iT)? + Ay >0,

q=0

then problem (8), (2), (9) has a unique solution.

Example 1. Consider the equation

asu” + (=1)™A™u = h(t, x).
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It is required to find a solution of this equation under conditions (2) such that

u(0,2) = v (0,2) =u(T,z) =0, if a5 = —1.

w(0,z) = u(T,z) = (T,z) =0, if ag = 1.
The problem has a unique solution.

Example 2. Consider the equation of even order

u®®) 4 (=1)ymFA™y = h(t, ).
For this equation, the problem under investigation is the Dirichlet problem (in
t):
u(0,z) = - = u*1(0,2) = uw(T,z) = - = (T, z) = 0. (10)

By Theorems 4 and 5, the Dirichlet problem (10) is well posed. For an analogue
of the Dirichlet problem, see (¢,7).
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