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MATHEMATICS

N. RADZHABOV

SOLUTION OF PROBLEMS OF RIEMANN
AND HILBERT TYPE FOR A GENERAL-
IZED CAUCHY–RIEMANN SYSTEM WITH
A SINGULAR LINE
(Presented by Academician I. N. Vekua, 14 VIII 1968)

A systematic study of the generalized Cauchy–Riemann system

𝜕𝑢
𝜕𝑥 − 𝜕𝑣

𝜕𝑦 − 𝜇
𝑦 𝑣 = 0, 𝜕𝑢

𝜕𝑦 + 𝜕𝑣
𝜕𝑥 = 0,

2𝜕𝑤
𝜕 ̄𝑧 − 𝜇

𝑧 − ̄𝑧 (𝑤 − 𝑤̄) = 0, (1)

where 𝑧 = 𝑥 + 𝑖𝑦, 𝜕/𝜕 ̄𝑧 = 1
2 (𝜕/𝜕𝑥 + 𝑖𝜕/𝜕𝑦), and 𝑤 = 𝑢 + 𝑖𝑣, with coefficients

from ℒ𝑝(𝐷), 𝑝 > 2, was carried out in the monograph of I. N. Vekua (1). The
Hilbert problem is also studied there. The Riemann problem for the generalized
Cauchy–Riemann system with discontinuous coefficients was investigated by L.
G. Mikhailov (3). In the monograph of L. G. Mikhailov (4), the generalized
Cauchy–Riemann system with coefficients of the form 𝑎(𝑧)/𝑧, 𝑏(𝑧)/𝑧 was con-
sidered. Under additional smallness-type restrictions on 𝑎(𝑧) and 𝑏(𝑧), all the
main propositions of I. N. Vekua’s theory were transferred to this case.

In the works of I. I. Danilyuk (7,8), for equation (1) with 𝜇 = ±1, a generalized
Cauchy formula was found and the Hilbert problem was investigated in the case
where the contour consists of a finite number of curves having no common points
and no self-intersection points.

S. A. Tersenov (9,10) studied boundary-value problems of Hilbert type for a
degenerating system whose singular part, by means of a certain change of vari-
ables and replacement of the unknown functions, is reduced to system (1), the
contour being a semicircle lying in the half-plane 𝑦 ≥ 0.

In connection with the theory of 𝑝-analytic functions, G. N. Polozhii considered
a certain system with a line of degeneration on the imaginary axis, formulated

sovietrxiv.org/items/ru-196901.30195 Machine Translation

https://sovietrxiv.org/items/ru-196901.30195


several boundary-value problems of Dirichlet and Neumann type, and reduced
them to a boundary-value problem of Hilbert type.

In any domain 𝐷 that does not contain a segment of the singular line 𝑦 = 0, (1)
will be a system with analytic coefficients. Therefore it is clear that all solutions
of the class 𝐶1(𝐷) will be analytic and, in particular, infinitely differentiable.

The entire plane of the complex variable 𝑧 is divided into the left and right half-
planes 𝑆− and 𝑆+. Denote by 𝐸(𝑆+) the class of solutions of system (1) that
are continuous and symmetrically continuable through (0, ∞), i.e., such pairs
of functions 𝑢(𝑥, 𝑦) and 𝑣(𝑥, 𝑦) that satisfy system (1) in the first and fourth
quadrants and 𝑣(𝑥, 0) = 0. The class 𝐸(𝑆+) is defined analogously.

As in (14), it is easy to prove that any solutions of system (1) from the classes
𝐸(𝑆+) and 𝐸(𝑆−) for 𝜇 > 0 can be represented in the form

𝑤±(𝑧) = 2
𝐵(𝜇/2, 𝜇/2) ∫

1

0

(1 − 𝜎) 𝜑±[𝑥 + 𝑖𝑦(1 − 2𝜎)] 𝑑𝜎
[𝜎(1 − 𝜎)]1−𝜇/2 , (2)

where 𝜑+(𝑧) and 𝜑−(𝑧) are analytic functions of the complex variable 𝑧 in the
domains 𝑆+ and 𝑆−, possessing the property 𝜑±( ̄𝑧) = 𝜑±(𝑧).
Now let 𝜇 < 0. Then, using the connection between equation (1) for 𝜇 > 0 and
𝜇 < 0, it is easy to prove that any solution of (1) in the domains 𝑆+ and 𝑆−,
for which 𝑤+(𝑧)/|𝑦|−𝜇 and 𝑤−(𝑧)/|𝑦|−𝜇 are symmetrically continuable through
segments of the real axis (0, ∞) and (−∞, 0), can be represented in the form

𝑤±(𝑧) = 2|𝑦|−𝜇

𝑖𝐵(−𝜇/2, −𝜇/2) ∫
1

0

(1 − 𝜎)𝜓±[𝑥 + 𝑖𝑦(1 − 2𝜎)] 𝑑𝜎
[𝜎(1 − 𝜎)]1+𝜇/2 , (3)

where 𝜓+(𝑧) and 𝜓−(𝑧) are analytic functions of the complex variable 𝑧 in the
domains 𝑆+ and 𝑆−.

For system (1) we pose the following boundary-value problems:

Problem R. It is required to find a solution of system (1), 𝑤±(𝑧), in the
domains 𝑆±, which for 𝜇 > 0 belongs to the classes 𝐸(𝑆±), and for 𝜇 < 0,
𝑤±(𝑧)/|𝑦|−𝜇 ∈ 𝐸(𝑆±), under the boundary conditions

𝑤+(𝑖𝑦) = 𝐺(𝑖𝑦)𝑤−(𝑖𝑦) + 𝑔(𝑖𝑦), 𝜇 > 0, (R)

𝑤+(𝑖𝑦) = 𝐺(𝑖𝑦)𝑤−(𝑖𝑦) + ̃𝑔(𝑖𝑦)|𝑦|−𝜇, 𝜇 < 0, (𝑅)

where 𝐺(𝑖𝑦), 𝐺(𝑖𝑦), 𝑔(𝑖𝑦), ̃𝑔(𝑖𝑦) are prescribed functions of points of the contour
satisfying a Hölder condition.
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Problem Γ. It is required to find a function 𝑤+(𝑧) = 𝑢+ + 𝑖𝑣+, 𝑤(𝑧) ∈ 𝐸(𝑆+)
when 𝜇 > 0, and 𝑤(𝑧)/|𝑦|−𝜇 ∈ 𝐸(𝑆+) when 𝜇 < 0, which is a solution of
system (1) in 𝑆+ and is continuously extendable to the imaginary axis, under
the boundary conditions

𝑎(𝑖𝑦)𝑢+(𝑖𝑦) − 𝑏(𝑖𝑦)𝑣+(𝑖𝑦) = 𝑐(𝑖𝑦), 𝜇 > 0, (Γ)

̃𝑎(𝑖𝑦)𝑢+(𝑖𝑦) − ̃𝑏(𝑖𝑦)𝑣+(𝑖𝑦) = ̃𝑐(𝑖𝑦)|𝑦|𝜇, 𝜇 < 0, (Γ̃)

where 𝑎(𝑖𝑦), 𝑏(𝑖𝑦), 𝑐(𝑖𝑦), ̃𝑎(𝑖𝑦), ̃𝑏(𝑖𝑦), ̃𝑐(𝑖𝑦) are prescribed real functions of points
of the contour satisfying a Hölder condition.

Solution of Problem R. Taking into account the integral representation (2)
and the condition of continuity of 𝑤±(𝑧) up to the contour, we pass in (2) to the
limit as 𝑧 → 𝑖𝑦. Making the substitution 1 − 2𝜎 = 𝜏 , we arrive at the equality

𝑤±(𝑖𝑦) = 2
2𝜇𝐵(𝜇/2, 𝜇/2) ∫

1

−1

(1 + 𝜏)𝜑±(𝑖𝑦𝜏) 𝑑𝜏
(1 − 𝜏2)1−𝜇/2 . (4)

It is easy to prove that 𝑤+(𝑖𝑦) and 𝑤−(𝑖𝑦) are boundary values of an analytic
function from the right and from the left.

Thus, problem (R) reduces to the following Riemann problem of the theory
of analytic functions. It is required to find a pair of analytic functions Φ+(𝑧)
and Φ−(𝑧) from the domains 𝑆+ and 𝑆−, when on the imaginary axis they are
connected by the condition

Φ+(𝑖𝑦) = 𝐺(𝑖𝑦)Φ−(𝑖𝑦) + 𝑔(𝑖𝑦), (5)

where Φ+(𝑖𝑦) = 𝑤+(𝑖𝑦), Φ−(𝑖𝑦) = 𝑤−(𝑖𝑦).
Using the known theorem on the solvability of the conjugation problem for
analytic functions (2,5), we find Φ+(𝑧) and Φ−(𝑧). Passing to the points of the
contour, we determine 𝑤±(𝑖𝑦). Inverting the integral representations (4), as in
(13), we find:

𝜑±(𝑖𝑦) = 𝐵(𝜇/2, 𝜇/2)
𝐵(1 − 𝛽, 𝛽) [ 𝑑

𝑑𝑦 ∫
𝑦

0

𝐺±
1 (𝜂) 𝜂 𝑑𝜂

(𝑦2 − 𝜂2)𝛽 + 𝑖
𝑦

𝑑
𝑑𝑦 ∫

𝑦

0

𝐺±
2 (𝜂) 𝜂 𝑑𝜂

(𝑦2 − 𝜂2)𝛽 ] , (6)

where

𝐺±
1 (𝑦) = 2𝑚−1+2𝛽

𝛽(1 + 𝛽) … (𝛽 + 𝑚 − 1) (1
𝑦

𝑑
𝑑𝑦 )

𝑚
(𝑦2(𝑚+𝛽)−1𝑢±(𝑦)) , (7)
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𝐺±
2 (𝑦) = 2𝑚−1+2𝛽

𝛽(𝛽 + 1) … (𝛽 + 𝑚 − 1) (1
𝑦

𝑑
𝑑𝑦 )

𝑚
(𝑦2(𝑚+𝛽)−1𝑣±(𝑦)) , (8)

𝑚 = [𝜇/2] is the integer part and 𝛽 = {𝜇/2} is the fractional part of 𝜇/2,

𝑢±(𝑦) = Re Φ±(𝑖𝑦), 𝑣±(𝑦) = Im Φ±(𝑖𝑦). (9)

Then 𝜑±(𝑧) is found by the Cauchy formula.

Thus, the following has been proved.

Theorem 1. Let 𝜒 = Ind 𝐺(𝑖𝑦) and 𝑤±(∞) ≠ 0; let the functions 𝐺(𝑖𝑦), 𝑔(𝑖𝑦) ∈
𝐶 [𝜇/2]+1

𝛼 , −∞ < 𝑦 < ∞, possess the properties 𝐺(−𝑖𝑦) = 𝐺(𝑖𝑦), 𝑔(−𝑖𝑦) =
𝑔(𝑖𝑦). Then for 𝜒 > 0 the homogeneous and nonhomogeneous problems (R) are
unconditionally solvable, and their solution depends linearly on 𝜒 + 1 arbitrary
real constants. For 𝜒 < 0 the homogeneous problem is not solvable. The
nonhomogeneous problem for 𝜒 < 0 is uniquely solvable, moreover for 𝜒 = −1
unconditionally, and for 𝜒 < −1 only under the fulfillment of −𝜒 − 1 conditions

∫
𝑖∞

−𝑖∞

𝑔(𝜏) 𝑑𝜏
𝜒+(𝜏)(𝜏 + 1)𝑘 = 0, 𝑘 = 2, 3, … , 𝜒, (10)

where 𝑤+(𝑧) and 𝑤−(𝑧) are given by formula (2), where 𝜑±(𝑧) are determined
from an integral of Cauchy type with density 𝜑±(𝑖𝑦) = 𝜑±(𝑡); 𝜑 is determined
from (6), (7), (8), (9), and the functions Φ±(𝑧) are solutions of the conjugation
problem (5) in the theory of analytic functions. In (10), 𝜒+(𝜏) is the limiting
value of the canonical function of problem (5).

Remark 1. Using the integral representation (3) and the boundary condition
(𝑅), we reduce the solution of problem (𝑅) to the solution of problem (R).

Remark 2. Consider system (1) in the upper half-plane. In this case one may
pose boundary-value problems of type (R) and (𝑅) on that part of the imaginary
axis which lies in the upper half-plane. By continuing the boundary conditions
and the solutions of the given equation into the lower half-plane, the solution
of these problems is reduced to the solution of problems (R) and (𝑅).
Solution of problem Γ. Proceeding in the same way as in the solution of
problem (R), we reduce problem (Γ) to the determination of an analytic function
in the right half-plane from the boundary condition

𝑎(𝑖𝑦)𝑢(0, 𝑦) − 𝑏(𝑖𝑦)𝑣(0, 𝑦) = 𝑐(𝑖𝑦) (0 < 𝑦 < ∞), (11)

where 𝑤+(𝑖𝑦) = Φ+(𝑖𝑦), Φ+(𝑖𝑦) = 𝑢(0, 𝑦) + 𝑖𝑣(0, 𝑦). Solving this problem and
returning to problem (Γ), we obtain the following theorem.
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Theorem 2. Let 𝑎2(𝑖𝑦) + 𝑏2(𝑖𝑦) ≠ 0, 𝜒 = Ind 𝑎(𝑖𝑦) − 𝑖𝑏(𝑖𝑦)
𝑎(𝑖𝑦) + 𝑖𝑏(𝑖𝑦) , and let the

functions 𝑎(𝑖𝑦), 𝑏(𝑖𝑦), 𝑐(𝑖𝑦) belong to the class 𝐶 [𝜇/2]+1
𝛼 and satisfy the conditions

𝑎(−𝑦) = 𝑎(𝑦), 𝑏(−𝑦) = −𝑏(𝑦), 𝑐(−𝑦) = 𝑐(𝑦). Then for 𝜒 > 0 the homogeneous
and nonhomogeneous boundary-value problems (Γ) are unconditionally solvable,
and their solution depends on 𝜒/2+1 real constants. For 𝜒 < 0 the homogeneous
problem is not solvable. The nonhomogeneous problem is solvable under the
fulfillment of −𝜒 − 1 solvability conditions of the form

∫
𝑖∞

−𝑖∞
(𝑡 − 1

𝑡 + 1)
𝑘 𝑔(𝑡) 𝑑𝑡

(𝑡 + 1)2𝜒+(𝑡) = 0, 𝑘 = 0, 1, 2, … , 𝜒 − 2,

where the solution is given by formula (2), and 𝜑+(𝑧) is found from an integral
of Cauchy type with density 𝜑+(𝑖𝑦), which is determined by formulas (6), (7),
(8), (9), where Φ+(𝑧) is a solution of problem (11) in the theory of analytic
functions.

Remark 3. Substituting the integral representation (3) into the boundary
condition (Γ̃), we reduce the solution of problem (Γ̃) to the solution of a problem
analogous to (Γ).
Remark 4. Consider system (1) in the first quadrant 𝑆+

1 . On 𝑆+
1 one may pose

boundary value problems analogous to problems (Γ) and (Γ̃). Extending the
solution of system (1), 𝑤(𝑧), and the boundary functions to the fourth quadrant,
we reduce the solution of these problems to problems of type (Γ) and (Γ̃).
Remark 5. For the Euler–Poisson–Darboux equations

Δ𝑢 + 𝜇
𝑦

𝜕𝑢
𝜕𝑦 = 0

with 𝜇 > 0, we pose the problem

𝑎(𝑖𝑦) (𝜕𝑢
𝜕𝑥)

𝑥=0
+ 𝑏(𝑖𝑦) (𝜕𝑢

𝜕𝑦 )
𝑥=0

= 𝑐(𝑖𝑦) (�)

in the class 𝐶2(𝑆+) (11). The following result has been obtained concerning the
solvability of this problem.

Theorem 3. Suppose 𝑎2(𝑖𝑦) + 𝑏2(𝑖𝑦) ≠ 0, the functions 𝑎(𝑖𝑦), 𝑏(𝑖𝑦), 𝑐(𝑖𝑦)
belong to the class 𝐶 [𝜇/2]+1

𝛼 , and satisfy the conditions 𝑎(−𝑖𝑦) = 𝑎(𝑖𝑦), 𝑏(−𝑖𝑦) =
−𝑏(𝑖𝑦), 𝑐(−𝑖𝑦) = 𝑐(𝑖𝑦). Then for 𝜒 > 0 the homogeneous and nonhomogeneous
problems (Γ) are unconditionally solvable, and their solution depends on 𝜒/2+2
arbitrary real constants. For 𝜒 < 0 the homogeneous problem is not solvable.
The nonhomogeneous problem is solvable when −𝜒 − 1 solvability conditions
are fulfilled; moreover, the solution is given by an explicit formula.
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