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We consider a closed convex hypersurface F' in (n + 1)-dimensional Euclidean
space, satisfying the equation

Sk(Rla"'7Rn):Sk(y)v (1)

where S}, is the elementary symmetric function of the principal radii of curvature
of the hypersurface at a point with exterior normal v, and S, (v) is a prescribed
function of the unit vector v. The problem is to estimate the principal radii of
curvature of the hypersurface in terms of the function S,. In the case k = n
such an estimate was obtained in the author’ s paper (1).

Denote

and call the quantity p, (v) the mean radius of normal curvature of the hyper-
surface F' at the point with exterior normal v.

Theorem. For the radii of normal curvature of a closed convex hypersurface F
the estimate

R< rr)gf(ﬁk(x) — (X)),

holds, where the differentiation of p, is performed along the arc of the great
circle vy issuing from the point X on the unit sphere QQ, and the mazimum is
taken over all points X of the sphere and over all directions ~ from this point.
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Proof. Let H be the support function of the hypersurface F'. Then the principal
radii of curvature R, are the roots of the polynomial

P(R) = ||H;; + Ro;;| = 0,

where H;; are the second derivatives of H on the unit sphere. Put

h(zq, Zgy ey ) = H(T1,Tgy o, Ty, 1).

Then, taking into account the homogeneity of the function H, the derivatives H,;
can be expressed in terms of the derivatives of the function h, and the equation
P(R) = 0 for the principal radii of curvature, after elementary transformations,
is represented in the form

Ay +R oAby 2R
e
where

P(R) - Rn+1 + San + A + STLR'

The coefficients S, of the polynomial P(R) are elementary symmetric functions
of the principal radii of curvature,

Sp(R,..R,)= Y R, R, .R,.
intig

As was shown in (1), one can introduce a coordinate system 1, ..., z,, such that
the function

w=hy (14t 44 a7)2/(L+ af + -+ 7))

at the point O : z; = 2y = -+ = z,, = 0 attains an absolute maximum, and this
maximum is equal to the largest radius of normal curvature of the hypersurface
F. Thus the problem reduces to estimating this maximum. At the point O

hii

—R.

79

hij=0fori#j; w;=hy; =0; (4)
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wyy = (hyy)1 +3R; <0, wy = (hyy)y + Ry <0, > 1. (5)

Let us compute the derivative S;, = dS,/dz, at the point O. It is the coefficient
of the polynomial P’ = dP/dx,. We have

P'=) "R(R,+R)..(R;_ + R)(R;,, + R) ... (R, + R)hj,.

Here the summation is over ¢ > 1. But since hj; = 0, it may be assumed that
the summation extends over all values of i from 1 to n. The coefficient of R"*
in the polynomial P’ has the form

Sllc-&-l = Z h;isliw

where S} is the elementary symmetric function of the variables Ry, ..., R,_{, R;.{, ...

Noting that Si = d5,.,,/0R;, we obtain

, , 08
S = E hiiaik RH
['hus,

S; =dS,, if dR, =hl,. (6)

We now compute the second derivative Sy with respect to the variable z; at the
point O. For this we differentiate the polynomial P with respect to z; twice.
Omitting the corresponding calculations, we give the value of the coefficient Sj,
that interests us:

Sy =801 (hyy)y + (k+2)S; — 28, + 287 5 (hj;h); — hi?),

' Y57

where S,Zﬂ 5 is the elementary symmetric function of the variables R, R,,...,
except for R, and R;. For simplicity of notation, the summation sign will
henceforth be omitted.

Taking into account the inequalities (5), after simple transformations we obtain

Sy < —Ri(n—k+1)S,_, + kS, + 251?;2(]1/”” —hif).

W' jg

We strengthen this inequality by dropping the term —h; ]2 Then
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S¢ < —Ry(n—k+1)S)_, + kS, + 25 ,hl;1 (7)

ity

Note that

Sy hih = d%S,, if dR; = k]

11'%57 119

and use the concavity of the function (S,)'/* in the variables R, (). We have

d2(s}'") <o.

Hence

o= (-] 49 - ()

Now inequality (7) is strengthened as follows:

1

S]?/
S,

Hence

R o< kS), + (1 —1/k)S2, /S, — S
1= (n—k+1)S,_, ’

Noting that

S, 1/(k—1) 5, 1/k
(CL“) ><Gk> ’

from (8) we finally obtain the required estimate

1/k 167"
R (5) (5
— \Ck Ck
Differentiation with respect to x; at the point O may be replaced by differenti-

ation along the arc of a great circle issuing in the direction of the axis x;. The
theorem is proved.
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