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Let L, be a minimal symmetric differential operator in the space of square-
integrable functions L,(RY), where RY is N-dimensional Euclidean space. The
coefficients of the differential expressions are assumed to depend polynomially
Ol Ty, Ly, ..., T

In the present paper the defect indices of the operators L, are investigated.
In particular, for ordinary differential operators of order m (on the entire axis
—00 < = < o0) conditions are obtained under which the defect indices take
the values (p, p), where p is any integer from the interval [0, m|. For operators
in partial derivatives (L,, N > 2), sufficient conditions for self-adjointness are
obtained.

In studying differential operators with polynomial coefficients it proves conve-
nient to consider them in a basis of multidimensional Hermite functions. Then
the operators are realized in the form of infinite Jacobi matrices with matrix co-
efficients. The defect indices of such operators were investigated by the author
earlier (1).

§ 1. Ordinary differential operators. Let | be a self-adjoint differential
expression of order m on the line R! = (—o0, 00) of the form

t

() .

s+t<m

where s and ¢ are nonnegative integers, and the coefficients p,, satisfy the re-
lations p,, = P,. It is clear that every differential expression with polynomial
coefficients can be put into the form (1). The minimal differential operator L
(or L,) is the closure of the operator L’, defined by the expression L’ f = [f on
finite, infinitely differentiable functions.

Theorem 1. The minimal differential operator L, generated by the expression
(1), is self-adjoint if m = 2r and
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|prr| > Z ‘prfa,r+0'|' (2)

lo|=1

Proof. The operator L coincides with the operator C', the closure of the op-
erator C” generated by the expression (1) on the linear span of the Hermite
functions ¢, (z) (n = 0,1,...). The proof of this fact is analogous to that given
in (2), p. 299, for the Laplace operator. The corresponding matrix form of the
operator C' in the basis 9y(x),9;(x),... has the form of a Hermitian matrix
C = {cx;}75—o possessing the finiteness property (cy ;,; = 0 for [j[ > m = 2r).
The nonzero elements of this matrix have the asymptotic behavior, as k — oo,

Pro rio(2k)7[L+ O(K71/2)], for j =20 (lo] =0,1,...,2r),
ck,k+j = 7;_1/2 . . (3)
O(k ), for odd j, |j] < 2r.

This follows from the fact that the action of the operators a = %(m +d/dx)

and a* = %(z — d/dz) on the basis vectors is expressed by the formulas

a, (x) =V, (),  a",(x) = Vn+ 1, (2).

Sufficient conditions for self-adjointness of the operator C, formulated in (1),
are expressed by the inequality

1k, A) = sup [, — AT eyl < 1
k=ko lil=1

for some sufficiently large k, and A = £i. In our case, for large k& we obtain

|Ckk7>\‘71 Z |Ck,k+j| = |prr|71(21@)77”{1‘}’0(]{371/2)} { Z |pr—a,r+a|(2k>r + O(le/Q)} )

lil=1 lo|=1
Condition (2) makes it possible to choose k, so that u(ky,+i) < 1. Theorem 1
is proved.*

More precise results are obtained by means of the asymptotic method developed
by 1. M. Rapoport (%) for systems of first-order difference equations having the
quasidiagonal form ¢, = (I';, + I',pk)t,, where ' is a diagonal matrix, and
the elements d;;(k) of the matrix Dy, satisfy the condition

> Jd;; (k)] < oo
k=0
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We have managed to supplement I. M. Rapoport’ s results concerning the re-
duction of systems to quasidiagonal form, while computing the asymptotics of
the transformation matrix as k& — oo. This made it possible to compute the
deficiency indices of the operator L from the asymptotics of the roots of the
characteristic equation (as k — 00)

m 1 m
szg |:pmfa,0' + k71 (Na'pmfa',a + §pm7071,071>:| +(2k)71/2 Z w2uilpmﬁu1#*1 =0.
o=0 n=1

(4)

The limiting values of these roots as k — oo are described by the equation

i WPy s = 0. (5)
o=0

Theorem 2. The minimal differential operator L, generated by expression (1)
for m > 2, has deficiency indices (0, p), if:

1) pO,m 7& 07
2) the roots of equation (5) are distinct;

3) m — p roots of equation (4), for large k, have the estimate

1
> I —T
lw(k)| > 1 % + Ok ), T>1,

and the remaining m + p roots have the estimate
lw(k)] <1—vk™!
for some v > 1/2.
The proof of Theorem 2 reduces to Theorem 4 of (!). For this it is necessary

to show that: 1) the quantities f,(k); f,(k) = ¢;kpm—oChsm> 0 F M, and

fn(k) = (¢ — A)Ch 1 Satisfy the condition
Dok +1) = fi(k)] < o0

k=0

and 2) the roots of equation (4) coincide (up to

accuracy

* In the case r = 1, the operator L is self-adjoint for arbitrary p,,, which follows
from conditions for self-adjointness of Carleman type (see (37°)) and estimates

(3).
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up to O(k~2), with the roots of the equation

m
m+7 _— Y, ,m
E Chp ot W0 = \w™,
J=—m

which is equivalent to the equation

> fkyuwrrs =o.

2
s=0

Both required conditions follow from a more exact formula for the matrix ele-
ments c;, ., ; than that indicated in formula (3), and from condition 1).

An obvious consequence of this theorem is the following assertion.

Theorem 3. The minimal differential operator L, generated by expression (1)
for m = 2r (r > 1), is self-adjoint if py ,, # 0, the roots of equation (5) are
distinct and m of them lie inside the unit circle, while the remaining m lie
outside 1t.

The most difficult case in the asymptotic method is when equation (5) has
multiple roots on the unit circle. Such a problem is solved below for operators
of a special form. In doing so, necessary and sufficient conditions are obtained
for the self-adjointness of the operator L.

Theorem 4. The minimal differential operator L, generated by the expression
d 2r d r d r . d 2r
- - — - 1
h, (ac dz) + hy (x dx) <x+dx) +h, (x+dx) (r>1),
is self-adjoint if and only if |hg| > 2|h.|. For |hy| < 2|h,| this operator has
defect indices (2r,2r).

§ 2. Differential operators in partial derivatives. Let [ be a self-adjoint
differential expression of order m (in the space RY) of the form

In= Z Z Z Pot(nys sy [ qqoan) X

sH<m ny+tetny=s q+otqy=t
o\ o \™ 9 \& g\
(an) lvean) Gean) (eean) - @
where the coefficients are connected by the relations

pst(n17n27"' N | q1,92, aQN) :T)ts<q17QQa 4N | Ny, Mg, anN)

We introduce the minimal operators generated by the differential expressions**

1 9 1 9
akzﬁ xk_aixk s ak:ﬁ xk—’_aixk . (7)
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As is not difficult to see, every expression of the form (6) can be reduced to the
form

N N N N
AR IDIED DD DED BEMHN A AT
stt<m =1 L=1m=1 n,=1

(8)
where the functions v, are symmetric separately in the parameters & and 7.
The relation between the coefficients p,, and vy, is given by the formula

pst(n17n27 ey My | q1,92; - an> 2%(n1+”'+n1\1+q1+"'+‘h\r> =
! |
_ (e )t N LN L e N ),
nl'nzlanqllq2qu| s
L3 ny a qV‘N—

* Tt is not difficult to show that Theorem 1 is a consequence of Theorem 3.

** In quantum mechanics of systems with a variable number of particles, these
operators are called creation and annihilation operators. They satisfy the Bose
commutation relations [a;, a;] = a;a; —aja; = 0y;, [aj,a;] = [a}, a;] = 0, where
dy; is the Kronecker symbol.

The following two assertions are proved on the basis of Theorem 1 from the
paper (1).

Theorem 5. The minimal differential operator L 5, generated by expression (8)
(where aj, and a;, are defined by formulas (7)), is self-adjoint under the following
set of conditions:

1) m = 2r;
2)

Opp (&1, €05 & [ M5 s o) = 0, (&5 ’£r>6£1n15€2772 .“657"777‘;
3)

r
QZKrfa,rJrO' < gmin ’Ur(gla agr)v

o—1 1505&p

where K, is the norm of the operator

N N
"]Cst@nl.”nt = Z Z ’Ust<§17 T | M- ’nt)(pnl...m'

m=1 =1

For example, the operator L generated by the expression
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N r r+l r—I
W(, 9 9 9 .9
Z Tdk (xk axk) (xk—k axk) +Py, <m1,...,ajN,za$1,...,zaxN ,

k=11l=—

is self-adjoint provided that d;f) = J,(;l), P,,_; is a polynomial of degree 2r — 1
with real coefficients, and

T
: (1)
m’gnd,?: > 2;ml?x|dk |

Theorem 6. The minimal differential operator L, generated by the expression

0 0 0 a9
—am Tt [zdlafy +<P1(y)] R +1d2a*y +e2(y);

is self-adjoint if 7 > 0, d; 5 are real numbers, and the functions ¢, ,(y) belong
to Ly(RY).

I express my sincere gratitude to F. A. Berezin, who drew my attention to the
indicated circle of questions.
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Note: Figure translations are in progress. See original paper for figures.
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