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MATHEMATICS

A. L. CHISTYAKOV

DEFECT INDICES OF SYMMETRIC DIFFER-
ENTIAL OPERATORS WITH POLYNOMIAL
COEFFICIENTS
(Presented by Academician I. G. Petrovskii, 16 X 1968)

Let 𝐿𝑁 be a minimal symmetric differential operator in the space of square-
integrable functions 𝐿2(𝑅𝑁), where 𝑅𝑁 is 𝑁 -dimensional Euclidean space. The
coefficients of the differential expressions are assumed to depend polynomially
on 𝑥1, 𝑥2, … , 𝑥𝑁 .

In the present paper the defect indices of the operators 𝐿𝑁 are investigated.
In particular, for ordinary differential operators of order 𝑚 (on the entire axis
−∞ < 𝑥 < ∞) conditions are obtained under which the defect indices take
the values (𝜌, 𝜌), where 𝜌 is any integer from the interval [0, 𝑚]. For operators
in partial derivatives (𝐿𝑁 , 𝑁 ≥ 2), sufficient conditions for self-adjointness are
obtained.

In studying differential operators with polynomial coefficients it proves conve-
nient to consider them in a basis of multidimensional Hermite functions. Then
the operators are realized in the form of infinite Jacobi matrices with matrix co-
efficients. The defect indices of such operators were investigated by the author
earlier (1).
§ 1. Ordinary differential operators. Let 𝑙 be a self-adjoint differential
expression of order 𝑚 on the line 𝑅1 = (−∞, ∞) of the form

𝑙 = ∑
𝑠+𝑡≤𝑚

𝑝𝑠𝑡 (𝑥 − 𝑑
𝑑𝑥)

𝑠
(𝑥 + 𝑑

𝑑𝑥)
𝑡
, (1)

where 𝑠 and 𝑡 are nonnegative integers, and the coefficients 𝑝𝑠𝑡 satisfy the re-
lations 𝑝𝑡𝑠 = 𝑝𝑠𝑡. It is clear that every differential expression with polynomial
coefficients can be put into the form (1). The minimal differential operator 𝐿
(or 𝐿1) is the closure of the operator 𝐿′, defined by the expression 𝐿′𝑓 = 𝑙𝑓 on
finite, infinitely differentiable functions.

Theorem 1. The minimal differential operator 𝐿, generated by the expression
(1), is self-adjoint if 𝑚 = 2𝑟 and
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|𝑝𝑟𝑟| >
𝑟

∑
|𝜎|=1

|𝑝𝑟−𝜎, 𝑟+𝜎|. (2)

Proof. The operator 𝐿 coincides with the operator 𝐶, the closure of the op-
erator 𝐶′ generated by the expression (1) on the linear span of the Hermite
functions 𝜓𝑛(𝑥) (𝑛 = 0, 1, …). The proof of this fact is analogous to that given
in (2), p. 299, for the Laplace operator. The corresponding matrix form of the
operator 𝐶 in the basis 𝜓0(𝑥), 𝜓1(𝑥), … has the form of a Hermitian matrix
𝐶 = {𝑐𝑘𝑖}∞

𝑘,𝑖=0 possessing the finiteness property (𝑐𝑘,𝑘+𝑗 = 0 for |𝑗| > 𝑚 = 2𝑟).
The nonzero elements of this matrix have the asymptotic behavior, as 𝑘 → ∞,

𝑐𝑘,𝑘+𝑗 = {𝑝𝑟−𝜎, 𝑟+𝜎(2𝑘)𝑟[1 + 𝑂(𝑘−1/2)], for 𝑗 = 2𝜎 (|𝜎| = 0, 1, … , 2𝑟),
𝑂(𝑘𝑟−1/2), for odd 𝑗, |𝑗| < 2𝑟. (3)

This follows from the fact that the action of the operators 𝑎 = 1√
2 (𝑥 + 𝑑/𝑑𝑥)

and 𝑎∗ = 1√
2 (𝑥 − 𝑑/𝑑𝑥) on the basis vectors is expressed by the formulas

𝑎𝜓𝑛(𝑥) = √𝑛𝜓𝑛−1(𝑥), 𝑎∗𝜓𝑛(𝑥) =
√

𝑛 + 1𝜓𝑛+1(𝑥).

Sufficient conditions for self-adjointness of the operator 𝐶, formulated in (1),
are expressed by the inequality

𝜇(𝑘0, 𝜆) = sup
𝑘≥𝑘0

|𝑐𝑘𝑘 − 𝜆|−1
𝑚

∑
|𝑗|=1

|𝑐𝑘,𝑘+𝑗| < 1

for some sufficiently large 𝑘0 and 𝜆 = ±𝑖. In our case, for large 𝑘 we obtain

|𝑐𝑘𝑘−𝜆|−1
𝑚

∑
|𝑗|=1

|𝑐𝑘,𝑘+𝑗| = |𝑝𝑟𝑟|−1(2𝑘)−𝑟{1+𝑂(𝑘−1/2)}
⎧{
⎨{⎩

𝑟
∑
|𝜎|=1

|𝑝𝑟−𝜎,𝑟+𝜎|(2𝑘)𝑟 + 𝑂(𝑘𝑟−1/2)
⎫}
⎬}⎭

.

Condition (2) makes it possible to choose 𝑘0 so that 𝜇(𝑘0, ±𝑖) < 1. Theorem 1
is proved.*

More precise results are obtained by means of the asymptotic method developed
by I. M. Rapoport (6) for systems of first-order difference equations having the
quasidiagonal form 𝑡𝑘+1 = (Γ𝑘 + Γ𝑘𝐷𝑘)𝑡𝑘, where Γ𝑘 is a diagonal matrix, and
the elements 𝑑𝑖𝑗(𝑘) of the matrix 𝐷𝑘 satisfy the condition

∞
∑
𝑘=0

|𝑑𝑖𝑗(𝑘)| < ∞.
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We have managed to supplement I. M. Rapoport’s results concerning the re-
duction of systems to quasidiagonal form, while computing the asymptotics of
the transformation matrix as 𝑘 → ∞. This made it possible to compute the
deficiency indices of the operator 𝐿 from the asymptotics of the roots of the
characteristic equation (as 𝑘 → ∞)

𝑚
∑
𝜎=0

𝑤2𝜎 [𝑝𝑚−𝜎,𝜎 + 𝑘−1 (𝑁𝜎𝑝𝑚−𝜎,𝜎 + 1
2𝑝𝑚−𝜎−1,𝜎−1)]+(2𝑘)−1/2

𝑚
∑
𝜇=1

𝑤2𝜇−1𝑝𝑚−𝜇,𝜇−1 = 0.

(4)

The limiting values of these roots as 𝑘 → ∞ are described by the equation

𝑚
∑
𝜎=0

𝑤2𝜎𝑝𝑚−𝜎,𝜎 = 0. (5)

Theorem 2. The minimal differential operator 𝐿, generated by expression (1)
for 𝑚 > 2, has deficiency indices (0, 𝜌), if:

1) 𝑝0,𝑚 ≠ 0;
2) the roots of equation (5) are distinct;

3) 𝑚 − 𝜌 roots of equation (4), for large 𝑘, have the estimate

|𝑤(𝑘)| ≥ 1 − 1
2𝑘 + 𝑂(𝑘−𝜏), 𝜏 > 1,

and the remaining 𝑚 + 𝜌 roots have the estimate

|𝑤(𝑘)| ≤ 1 − 𝜈𝑘−1

for some 𝜈 > 1/2.
The proof of Theorem 2 reduces to Theorem 4 of (1). For this it is necessary
to show that: 1) the quantities 𝑓𝑠(𝑘); 𝑓𝜎(𝑘) = 𝑐𝑘,𝑘+𝑚−𝜎𝑐−1

𝑘,𝑘+𝑚, 𝜎 ≠ 𝑚, and
𝑓𝑚(𝑘) = (𝑐𝑘𝑘 − 𝜆̄)𝑐−1

𝑘,𝑘+𝑚 satisfy the condition

∞
∑
𝑘=0

|𝑓𝑠(𝑘 + 1) − 𝑓𝑠(𝑘)| < ∞

and 2) the roots of equation (4) coincide (up to

accuracy

* In the case 𝑟 = 1, the operator 𝐿 is self-adjoint for arbitrary 𝑝𝑠𝑡, which follows
from conditions for self-adjointness of Carleman type (see (3−5)) and estimates
(3).
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up to 𝑂(𝑘−2), with the roots of the equation

𝑚
∑

𝑗=−𝑚
𝑐𝑘,𝑘+𝑗𝑤𝑚+𝑗 = 𝜆𝑤𝑚,

which is equivalent to the equation

2
∑
𝑠=0

𝑓𝑠(𝑘)𝑤2𝑚−𝑠 = 0.

Both required conditions follow from a more exact formula for the matrix ele-
ments 𝑐𝑘,𝑘+𝑗 than that indicated in formula (3), and from condition 1).

An obvious consequence of this theorem is the following assertion.

Theorem 3. The minimal differential operator L, generated by expression (1)
for 𝑚 = 2𝑟 (𝑟 > 1), is self-adjoint if 𝑝0,𝑚 ≠ 0, the roots of equation (5) are
distinct and 𝑚 of them lie inside the unit circle, while the remaining 𝑚 lie
outside it.

The most difficult case in the asymptotic method is when equation (5) has
multiple roots on the unit circle. Such a problem is solved below for operators
of a special form. In doing so, necessary and sufficient conditions are obtained
for the self-adjointness of the operator L.

Theorem 4. The minimal differential operator L, generated by the expression

ℎ𝑟 (𝑥 − 𝑑
𝑑𝑥)

2𝑟
+ ℎ0 (𝑥 − 𝑑

𝑑𝑥)
𝑟

(𝑥 + 𝑑
𝑑𝑥)

𝑟
+ ℎ𝑟 (𝑥 + 𝑑

𝑑𝑥)
2𝑟

(𝑟 > 1),

is self-adjoint if and only if |ℎ0| > 2|ℎ𝑟|. For |ℎ0| ≤ 2|ℎ𝑟| this operator has
defect indices (2𝑟, 2𝑟).
§ 2. Differential operators in partial derivatives. Let 𝑙𝑁 be a self-adjoint
differential expression of order 𝑚 (in the space 𝑅𝑁) of the form

𝑙𝑁 = ∑
𝑠+𝑡≤𝑚

∑
𝑛1+⋯+𝑛𝑁=𝑠

∑
𝑞1+⋯+𝑞𝑁=𝑡

𝑝𝑠𝑡(𝑛1, … , 𝑛𝑁 ∣ 𝑞1 … 𝑞𝑁)×

× (𝑥1 − 𝜕
𝜕𝑥1

)
𝑛1

⋯ (𝑥𝑁 − 𝜕
𝜕𝑥𝑁

)
𝑛𝑁

(𝑥1 + 𝜕
𝜕𝑥1

)
𝑞1

⋯ (𝑥𝑁 + 𝜕
𝜕𝑥𝑁

)
𝑞𝑁

, (6)

where the coefficients are connected by the relations

𝑝𝑠𝑡(𝑛1, 𝑛2, … , 𝑛𝑁 ∣ 𝑞1, 𝑞2, … , 𝑞𝑁) = 𝑝𝑡𝑠(𝑞1, 𝑞2, … , 𝑞𝑁 ∣ 𝑛1, 𝑛2, … , 𝑛𝑁).

We introduce the minimal operators generated by the differential expressions**

𝑎∗
𝑘 = 1√

2
(𝑥𝑘 − 𝜕

𝜕𝑥𝑘
) , 𝑎𝑘 = 1√

2
(𝑥𝑘 + 𝜕

𝜕𝑥𝑘
) . (7)
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As is not difficult to see, every expression of the form (6) can be reduced to the
form

𝑙𝑁 = ∑
𝑠+𝑡≤𝑚

𝑁
∑
𝜉1=1

⋯
𝑁

∑
𝜉𝑠=1

𝑁
∑
𝜂1=1

⋯
𝑁

∑
𝜂𝑡=1

𝑣𝑠𝑡(𝜉1, … , 𝜉𝑠 ∣ 𝜂1, … , 𝜂𝑡)𝑎∗
𝜉1

⋯ 𝑎∗
𝜉𝑠

𝑎𝜂1
⋯ 𝑎𝜂𝑡

,

(8)
where the functions 𝑣𝑠𝑡 are symmetric separately in the parameters 𝜉𝑖 and 𝜂𝑖.
The relation between the coefficients 𝑝𝑠𝑡 and 𝑣𝑠𝑡 is given by the formula

𝑝𝑠𝑡(𝑛1, 𝑛2, … , 𝑛𝑁 ∣ 𝑞1, 𝑞2, … , 𝑞𝑁) 2 1
2 (𝑛1+⋯+𝑛𝑁+𝑞1+⋯+𝑞𝑁) =

= (𝑛1 + ⋯ + 𝑛𝑁)!(𝑞1 + ⋯ + 𝑞𝑁)!
𝑛1!𝑛2! ⋯ 𝑛𝑁 ! 𝑞1!𝑞2! ⋯ 𝑞𝑁 ! 𝑣𝑠𝑡(1, … , 1⏟

𝑛1

, … , 𝑁, … , 𝑁⏟
𝑛𝑁

∣ 1, … , 1⏟
𝑞1

, … , 𝑁, … , 𝑁⏟
𝑞𝑁

).

* It is not difficult to show that Theorem 1 is a consequence of Theorem 3.

** In quantum mechanics of systems with a variable number of particles, these
operators are called creation and annihilation operators. They satisfy the Bose
commutation relations [𝑎𝑗, 𝑎∗

𝑘] = 𝑎𝑗𝑎∗
𝑘 −𝑎∗

𝑘𝑎𝑗 = 𝛿𝑘𝑗, [𝑎𝑗, 𝑎𝑘] = [𝑎∗
𝑗, 𝑎∗

𝑘] = 0, where
𝛿𝑘𝑗 is the Kronecker symbol.

The following two assertions are proved on the basis of Theorem 1 from the
paper (1).

Theorem 5. The minimal differential operator L𝑁 , generated by expression (8)
(where 𝑎∗

𝑘 and 𝑎𝑘 are defined by formulas (7)), is self-adjoint under the following
set of conditions:

1) 𝑚 = 2𝑟;
2)

𝑣𝑟𝑟(𝜉1, 𝜉2, … , 𝜉𝑟 ∣ 𝜂1, 𝜂2, … , 𝜂𝑟) = 𝑣𝑟(𝜉1, … , 𝜉𝑟)𝛿𝜉1𝜂1
𝛿𝜉2𝜂2

⋯ 𝛿𝜉𝑟𝜂𝑟
;

3)

2
𝑟

∑
𝜎=1

𝐾𝑟−𝜎,𝑟+𝜎 < min
𝜉1,…,𝜉𝑟

𝑣𝑟(𝜉1, … , 𝜉𝑟),

where 𝐾𝑠𝑡 is the norm of the operator

𝒦𝑠𝑡𝜑𝜂1…𝜂𝑡
=

𝑁
∑
𝜂1=1

⋯
𝑁

∑
𝜂𝑡=1

𝑣𝑠𝑡(𝜉1, … , 𝜉𝑠 ∣ 𝜂1, … , 𝜂𝑡)𝜑𝜂1…𝜂𝑡
.

For example, the operator L𝑁 generated by the expression
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𝑁
∑
𝑘=1

𝑟
∑
𝑙=−𝑟

𝑑(𝑙)
𝑘 (𝑥𝑘 − 𝜕

𝜕𝑥𝑘
)

𝑟+𝑙
(𝑥𝑘 + 𝜕

𝜕𝑥𝑘
)

𝑟−𝑙
+𝑃2𝑟−1 (𝑥1, … , 𝑥𝑁 , 𝑖 𝜕

𝜕𝑥1
, … , 𝑖 𝜕

𝜕𝑥𝑁
) ,

is self-adjoint provided that 𝑑(𝑙)
𝑘 = ̄𝑑(−𝑙)

𝑘 , 𝑃2𝑟−1 is a polynomial of degree 2𝑟 − 1
with real coefficients, and

min
𝑘

𝑑0
𝑘 > 2

𝑟
∑
𝑙=1

max
𝑘

|𝑑(𝑙)
𝑘 |.

Theorem 6. The minimal differential operator L2, generated by the expression

− 𝜕2

𝜕𝑥2 + 𝑥2 + 𝑥 [𝑖𝑑1
𝜕
𝜕𝑦 + 𝜑1(𝑦)] − 𝛾 𝜕2

𝜕𝑦2 + 𝑖𝑑2
𝜕
𝜕𝑦 + 𝜑2(𝑦),

is self-adjoint if 𝛾 > 0, 𝑑1,2 are real numbers, and the functions 𝜑1,2(𝑦) belong
to 𝐿2(𝑅1).
I express my sincere gratitude to F. A. Berezin, who drew my attention to the
indicated circle of questions.

Institute of Organoelement Compounds
Academy of Sciences of the USSR

Received
16 X 1968
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