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Let L be a linear bounded operator acting from a Banach space® X into a
Banach space Y, and let L* : X* — Y™ be the operator adjoint to L.

Consider the equation
Lz =y. (1)

If, for some y € Y, equation (1) is solvable, then, as is known,

y € (Ker L) ={y € Y| (y*,y) = 0 for every y* € Ker L*}.

Here (y*,y) is the value of the functional y* € Y* on the element y € Y, and

KerL* = {y* e Y* | L*y* = 0}.

The linear equation (1) is called normally solvable in the sense of Hausdorff (see
(1)) if this necessary condition for solvability is also sufficient.

Let now A(x) be a continuous and continuously differentiable (nonlinear) oper-
ator acting from X into Y. Consider the equation

Alz) =y, (2)

If equation (2) is solvable for some y € Y, i.e., there exists z, € X such that
A(zy) =y, then, obviously,

y— A(ry) € (Ker(A'(2))7)

Here (A’(zy))* is the operator adjoint to the linear bounded operator A’(z),
the derivative of the operator A(x) at = = x.
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Definition. Equation (2) is called normally solvable if: 1) the operator A(x)
is of class C! and is such that for every y € Y there exists an z,, a point of
minimum* of the functional |A(z) — y|; 2) from the condition

y— A(zy) € (Ker(A'())")

it follows that y = A(x).

Remark. In the case of a reflexive Banach space Y and a linear bounded
operator A : X — Y, this definition is equivalent to Hausdorff’ s definition.

In this note a theorem is proved giving a sufficient condition for the normal
solvability of equation (2). As a consequence, a theorem on the solvability of
the nonlinear equation (2) is obtained. A class of operators A(x) is described
for which the “orthogonality” condition takes the form

y € (Ker(A'(z0))") .

An extension of the operator A is considered, based on the introduction of
additional “potentials.”

Theorem 1. Let Y be a reflexive Banach space and let A be an operator of
class C' acting from the Banach space X into Y. Let A(X), the range of the
operator A, be weakly closed™ in Y.

Then the nonlinear equation (2) is normally solvable.

The proof is based on the following lemmas.

* Here and below all Banach spaces are considered over the field of real or
complex numbers.

** Everywhere in the text, by a minimum is meant an absolute (i.e., relative to
all of X') minimum.

“* Everywhere in the note, following S. Mazur, a weakly closed set is understood
to mean a set that contains all weak limits of sequences of elements of this set.

Lemma 1. Under the conditions of Theorem 1, for any y € Y the functional
f(z) = ||A(z) — y| attains its lower bound.

Let z, be a point of minimum of the functional f(z) for an arbitrarily fixed
y € Y. Introduce the notation: A, = A’(x,), RA, is the range of the linear
operator Ay, and RA, is the closure of the set RA,, vy = A(zg) — y.

Lemma 2. Let vy € RA,.
Then vy = 0.
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Proof. Suppose that v, # 0. Since v, € RA,, for § = |lvy]/2 > 0 there is
an element v; € Y such that |v; — vy < d, and the equation Agu = v, has a
solution. Take some solution u, of this equation (if the solution of this equation
is not unique), Agu, = vy, and fix it. Since |v,|| > 0, we have |juy|| > 0. Putting
r —xy = Augy, we obtain Ay(z —xy) = Av; (X is a real number).

We now counsider the differentiability condition of the operator A(z):
Alz) = Az) + Ag(x — 2¢) + w(zg, T — ),

where
le(zg, 2 — zo)[|/|lz — 20/ = 0 as |z —zo] — 0.

Since f(z) = |A(z) —y| > |A(zy) —y|, for any z € X we have

looll < lvg + Ag(x — o) + w(@g, & — ).

In particular, for x — z; = Auy we obtain
lvoll < llvg + Avy + wlg, Aug )| =
= llvg + Avg + Alvy —vg) + w(@g, Adug)| <
<L+ AL ool + AL oy = vl + (g, Aug) ]l
Since ||v; — vg| < |lvoll/2 and
oo Ntg) /1AL - Jtg| —+ 0 a5 A >0,

we have
ol < 114 Al - gl + 1AL~ lvoll + €l Al - ugll,

where e — 0 as A — 0.

The elements vy and u do not depend on A, and by assumption |vy| > 0. Put
lwoll/lvgll = Cp. Then we have

logll < 11+ X[~ lugll + 51l - lvgll + €Col Al - gl
or ([lvgf > 0)
1<|l4+ X+ 3[A|+eCy-|A|, wheree—0as A — 0.
The inequality obtained is contradictory for negative sufficiently small .

Lemma 2 is proved.

Proof of Theorem 1. Let y be an element of Y. By Lemma 1 there exists in
X an element z, a point of minimum of the functional

fx) = |A(z) =yl
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Let now
y— A(zy) = —v, € (Ker Af)*.

By a known lemma from the theory of bounded linear operators (see (2), p. 516),
we have

(Ker A3)* = RA,.
Then by Lemma 2 we obtain y = A(x,).
Theorem 1 can also be formulated as follows:

Theorem 1’. Let the conditions of Theorem 1 be fulfilled.
Then, for solvability of equation (2), it is necessary and sufficient that

y— Alzg) € (Ker(A'(z,))")",

where xz s a point of (absolute) minimum of the functional f(x) = |A(z) — y||.

From Theorem 1 there follows directly a theorem on the solvability of equation
(2).
Theorem 2. Let Y be a reflexive Banach space and let A, an operator of class

C', act from a Banach space X into Y. Let A(X), the range of the operator A,
be weakly closed in'Y .

Then, if Ker(A’(x))* = {0} for every x in X, equation (2) is solvable for every
yinY.

Remark. This theorem (in the case of a reflexive Banach space Y') generalizes
the well-known theorem on the solvability of a linear equation (1). In the case

of a linear operator L, the weakly closed range of the operator L coincides with
the closed (strong) range of the operator L.

The “orthogonality” condition y — A(z) € (Ker(A’(z))*)* has a form different
from the corresponding condition for the case of a linear operator.

Let us define a class of operators A(x) for which the “orthogonality” condition
takes the form y € (Ker(A’(x))*)*, i.e., for which A(z) € (Ker(A4'(x))*)*.

Theorem 3. In order that A(x) € (Ker(A’(z))*)*, it is sufficient and, if the
linear operator A’(z) (for fixed x) has a closed range, necessary that there exist
a mapping ®(z) from X into X such that the operator A(z) of class C! has the
form

Alx) = A'(z) - (z). (3)

Remark. The last relation for an operator A(x) of class C! is equivalent to
the following:

Az) = iA(ert(I)(z)) , (4)
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where t is a real number.

Proof. Sufficiency. We have

(", A(x)) = (", A(x) - () = (A"(2))"y", @(x)).

Therefore, if y* € Ker(A’(x))* (z fixed), we obtain
(y*, A(z)) = 0, i.e. A(x) € (Ker(A'(x))*)*.

Necessity. Let A(x) € (Ker(A’(z))*)*. Since the range of the linear operator
A’(z) (x fixed) is closed and the element A(z) belongs to (Ker(A’(x))*)*, by
Banach’ s theorem (see (®), p. 284) the equation A’(x)-h = A(x) is solvable
with respect to h. Denoting the solution h, depending on z, by ®(z), we obtain
the second assertion of the theorem.

Remark. It is clear from the proof that the mapping ®(z) is, generally speaking,
not uniquely determined.

Let us note that a positively homogeneous operator A(x), A(kr) = k*(x)
(k> 0, a > 0), of class C! satisfies the condition of Theorem 3. Indeed, it is
enough in relation (4) to put ®(z) = z/a.

From Theorems 1 and 3 we obtain the following theorem.

Theorem 4. Suppose that the conditions of Theorem 1 are fulfilled and the
operator A(z) admits the representation (3).

Then, for the solvability of equation (2) it is necessary and sufficient that
y € (Ker(A’(z4))*)*, where z, is a point of (absolute) minimum of the functional

flx) = |A(z) =yl

In those cases when the range of the operator A does not coincide with the space
Y, the operator A can be extended by additionally introducing a Banach space
Z—a space of “potentials.” In the theory of boundary-value problems such an
extension corresponds to the introduction of additional potentials (see (*)).

Let A be an operator of class C' acting from a Banach space X into a Banach
space Y, and let B be an operator of class C! acting from a Banach space Z
into Y, with B(0) = 0. Consider the Banach space X x Z, for example, with
norm |(z,2)|| = ||| + |z|, and define the extension 2 : X x Z — Y of the
operator A by the formula 2(z, z) = A(x,0) + A(0, z), where 2A(z,0) = A(z),
(0, z) = B(z). For the derivative 2’(z, z) we have

A (z,2) - (u,w) = A’(z) - u+ B’(2) - w. The linear operator

(A (z, 2))* (for fixed x, z) has kernel Ker(2'(z, 2))*, determined by the relation

Ker('(z, z))* = Ker(A'(x))* NKer(B’'(z))*.

Applying Theorem 2, we obtain

sovietrxiv.org/items/ru-196901.28390 Machine Translation


https://sovietrxiv.org/items/ru-196901.28390

Theorem 5. Let Y be a reflexive Banach space. Let
2: X x Z — Y be an operator of class C?, defined by the relation A(z, z) =
A(z) + B(z), and suppose that it has in Y a weakly closed range.

Then, if Ker(A'(x))* N Ker(B’(z))* = {0} for all (z,2) in X x Z, the equation
A(z) + B(z) = y is solvable for every y in Y.

A sufficient condition for the weak closedness of the range of the operator A is
contained in the following lemma.

Lemma 3. Let X be a reflexive Banach space. Let the operator A: X — Y be
defined on all of X and be weakly closed (i.e., from z,, — z, weakly in X and
A(z,) — y, weakly in Y as n — oo it follows that y, = A(z,)), and such that
for every bounded set G C A(X) there exists a bounded set  C X such that
A(QQ) =G.

Then A(X), the range of the operator A, is weakly closed in Y.

In conclusion the author expresses gratitude to Prof. M. 1. Vishik for discussion
of the work.
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