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The theory of one-dimensional integral equations with difference kernels on a
semi-infinite interval, also called Wiener-Hopf equations (see, for example, (1)),
has been developed rather fully. For analogous multidimensional equations there
are only isolated results. Thus, in (2,3) an equation in a half-space is studied. It
is shown that, under Noetherian conditions, such an equation is unconditionally
uniquely solvable in a series of Banach spaces. In (4, %) multidimensional integral
equations with difference kernels in cones are considered. In the first of these
works, conditions are given under which the equation has a unique solution,
while in the second necessary and sufficient Noetherian conditions are indicated,
the index being equal to zero. In all the works listed it is required that the

kernel be summable over the whole space.

In the present work we shall consider equations with summability conditions
in a strip. Such equations may have an index, unlike the equations considered
in (7). Below, formulas are given for computing the number of solutions
of the homogeneous equation and the number of solvability conditions for the
nonhomogeneous one. To avoid cumbersome exposition we restrict ourselves to
the three-dimensional case, which gives a complete idea of how the investigation
is carried out in the case of an arbitrary number of dimensions.

Let II denote the strip 0 < u; < 2w, 0 < uy < 2w, —o00 < ug < 00, and let
II, be the half-strip u5 > 0. Let the kernel k(u;, uy, u3) = k(u) be given in the
strip IT and be summable,

Q= / [k(u)] du < co. (S)
I
Extend it periodically to the whole space, setting

k(uy 4 2mm, uy + 207, ug) = k(uq, ug, ug), m,n =0,+1, ...
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The equation under consideration is*

fa) = / ko —y)f)dy +gx), xell, (1)

H+

where © = (21,29,23), ¥ = (Y1,Ys2,Y3), dy = dy,dy,dys. We shall study this
equation in the following Banach spaces of complex-valued functions defined in
II,: L, is the space of measurable functions summable to the power p, p >
1; M is the space of measurable almost everywhere bounded functions; C' is
the subspace of functions f(xq,z,,23) from M, continuous at finite points and
having a limit f(z,, 2y, +00) as uy — +oo; C, is the subspace of functions
f(xy, 29, z5) from C for which

* An equation on an arbitrary rectangular half-strip parallel to one of the coor-
dinate axes is reduced to (1) by obvious changes of variables.

li .
mggﬁoo [y, 29,23) =0

For all these spaces we introduce the common notation E. The periodicity
and summability conditions on the kernel ensure the boundedness in E of the
operator

Kf= / - dy,  |K|g<Q.

The method of solving (1) consists in seeking the Fourier coefficients of the
solution f(xy, x4, z5) with respect to x;,z,. To this end we multiply (1) by

) exp[—i(mxy + nw,)]

and integrate with respect to z, x4 from 0 to 27w. As a result we obtain

2 2
funtas) =33 [ $)dy [ [ Komy)explimay b)) deydoy g ),
I, 0o Jo

Fon %

27 27
i / f(@q, 29, v3) exp[—i(mz; + nwy)] doyd,,
o

‘ —-

G (@

2m 2m
2/ / 9(x1, o, T3) exp|—i(mz + nxy)] d dw,.
0

=

Introducing the notation

27 2
Ky (1) = / / K(uy, ug, ug) expl—i(muy + nug)] duyduy — (2)
0 0
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and using the periodicity of k(u), we can write

Fon@3) = 5 | B = 15) ) expliCmys + 1)} -+ 0 (53)

+

fmn(‘TS) = /0 kmn(x3 - yS)fmn(yS) dy3 + gmn(x3)7 (3)

m,n=0,£1,42,...

Thus, to determine the Fourier coefficients of the unknown function, an infinite
system of mutually independent one-dimensional equations with difference ker-
nels has been obtained, which, in accordance with the spaces indicated above
for (1), should be considered in the spaces Cyy, C, M, L,, on the interval [0, 0o].
Since

the summability conditions on the kernels reduce to (.59).

27 2
/ / By, t, ) expl—i(mu, + nuy)] du;dus
0 0

< [T )| du,

Moreover, since by the Riemann-Lebesgue theorem (%), for almost all u,

2 2
lim / / k(uq, uq, ug) exp[—i(mu, + nuy)] duyduy = 0,
|m[+|n|—=oo Joy 0

then, applying Lebesgue’ s theorem on passage to the limit under the integral
sign, we find

lim @,,, =0.
|m|+|n|—o0

Taking into account that the numbers @,,,, give upper estimates for the norms
of the operators in (3), we infer from this the existence of such a positive number
N that, for |m|+ |n| > N, all equations (3) are uniquely solvable for arbitrary
free terms. In particular, as N one may take a number such that @,,, <1 for
|m| 4+ |n| > N. Thus the homogeneous equation (1) is equivalent to a finite
collection of homogeneous equations (3), where |m|+ |n| < N. Every solution
fmn(x3) of the homogeneous equation (3) gives a solution of the homogeneous
equation (1) by the formula

f(xy, 29, 5) = fn(x3) expli(ma; + nxy)], which is verified by direct substitu-
tion into (1). Conversely, from the very procedure of passing from equation (1)
to system (3) it follows that the Fourier coefficients f,,,,(x3) of every solution
of (1) satisfy (3). It is also clear that solutions of the homogeneous equation
(1) formed from linearly independent solutions of a single equation (3), and so-
lutions constructed from functions determined by different equations (3), are
linearly independent.
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Thus, the study of the homogeneous equation (1) is completely reduced to the
study of a finite collection of equations (3) for |m| + |n| < N, and this latter
study is carried out on the basis of the results of (1).

As for the nonhomogeneous equation (1), here, after finding the solutions of the
system (3), we must still show that they indeed form the sequence of Fourier
coeflicients of some function from E. We shall give an indirect proof of this fact.

Let N be the positive number chosen in the manner indicated above. Introduce
for consideration the following sets of functions: E} is the set of all functions
f(xy, 29, 25) € E for which the Fourier coefficients f,,,,(z3) are equal to zero
for |m| + |n| > N; E¥ is the set of those functions f(x,,z,,75) € E for which

It is not difficult to verify that Ey and EV are closed in E, i.e., they are Banach
spaces, and every element f € FE is representable in the form

f:fN+fN7 fNEEN7 fNGENa

and this representation is unique. Further, from the periodicity of the kernel it
follows that the subspaces E and E™V are invariant with respect to the operator
K. Therefore equation (1) can be written in the equivalent form

In=Kfn+9n; (44)

=K +g". (45)
Here equation (4,) is equivalent to the finite part of system (3) for |m|+|n| < N,
while equation (4,) corresponds to the remaining part of this system.

We assert that equation (4,) is uniquely solvable in E™V for any free term. To
be convinced of this, it suffices to note that:

a) each equation (3) for |m|+ |n| > N is uniquely solvable for arbitrary free
terms;

b) the operator K can be approximated in norm by the operators

Ky f= [T S s — g5 explilmle, — ) + nloy — )]} (y) dy;

+ Iml+Inl<N,

¢) the operators K n, are annihilation operators on the subspaces EN1; there-
fore, on the subspaces EN1| for sufficiently large Ny, | K| < 1.
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Thus, the entire picture of the solvability of equation (1) in E is completely
determined by the properties of equation (4,) in Ey.

Bearing in mind the application to the equivalent equation (4,) of the finite
collection of equations (3) for |m| + |n|] < N and of the results from (1), we
intro-

we introduce the following notation:

H,,, (1) :/ K (ug) explitug] dus :/k(ul,ug,ug) exp i(tug—muy —nuy) du,
—o00 11

—00 <t < o0;

|m|+|n|<N

o0

1
Amn = _Indfoo<t<oo Gmn (t> = _%{arg Gmn (t) —00?

ny = E Ao n_=-— E Ko -

%‘"LTL>0 %’"L7L<O
Im|+|n|<N [m|+[n|<N

Now, taking into account the reasoning carried out above and applying to equa-
tions (3), for |m| + |n| < N, the results from (1), we obtain the following
theorems on the solvability of equation (1).

Theorem 1. Let, in equation (1), the kernel k(uy, uy, ug) be periodic in uy, u,y,
satisfy the summability condition (S), and let G(t) # 0, —oo < ¢ < oo. Then:

a) the homogeneous equation has exactly », linearly independent solutions,
the same in all spaces of the series F;

b) for the solvability of the nonhomogeneous equation it is necessary and
sufficient that »_ solvability conditions of the form

/ (o)) dz =0,  j=1,2,.. %
TI

+

hold, where {¢;(z)} is a basis of solutions of the homogeneous equation trans-
posed to (1).

Theorem 2. Let k(uq,uq,uq) satisfy the conditions of Theorem 1. Then, if
G(t) = 0 for at least one value of t, —0o < t < 00, the operator I — K is neither
a ¢- nor a ®, -operator in E.
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Remark 1. Since all solutions of the transposed homogeneous equation belong
to Ey, it is sufficient to check the solvability conditions for functions

gn(@) = D Gunl@s) expli(may +nay)).
[m|+|n|<N

Remark 2. Along with the spaces C, and C, one could also consider other
subspaces of M, for example the space of functions continuous at finite points
of the half-strip II_, the space of functions f(z;,x,,x3) continuous at finite
points and having, as £3 — 0o, a limit independent of z, x5, etc.

Remark 3. If, instead of the half-strip II,, one considers the strip II, then,
provided the condition G(t) # 0 is fulfilled, the integral equation will always be
uniquely solvable.
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