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MATHEMATICS

Yu. V. EGOROV

ON A PRIORI ESTIMATES

FOR FIRST-ORDER DIFFERENTIAL OPER-
ATORS
(Presented by Academician I. G. Petrovskii on 18 VII 1968)

In the present work exact necessary and sufficient conditions are obtained under
which estimates of the form

∫ |𝑢(𝑥)|2𝑒𝑄(𝑥,𝜇) 𝑑𝑥 ≤ 𝐶 ∫ ∣
𝑛

∑
1

𝑎𝑗
𝜕𝑢
𝜕𝑥𝑗

∣
2

𝑒𝑄(𝑥,𝜇) 𝑑𝑥, 𝑢 ∈ 𝐶∞
0 (R𝑛), (1)

hold, where 𝑥 = (𝑥1, … , 𝑥𝑛) ∈ R𝑛; 𝜇 = (𝜇1, … , 𝜇𝑟), 𝜇𝑗 ≥ 0; (𝑎1, … , 𝑎𝑛) is a con-
stant vector from 𝐶𝑛; 𝑄(𝑥, 𝜇) is a homogeneous real polynomial in (𝑥1, … , 𝑥𝑛, 𝜇)
of degree 𝑘; the constant 𝐶 does not depend on 𝑢 and 𝜇. The infinitely differ-
entiable scalar function 𝑢(𝑥) takes complex values.

Inequalities of this type under various assumptions on 𝑄 were studied in papers
(1−4) and others. In Chap. IV of the book (4) it is shown how, by means
of similar inequalities, existence theorems are obtained for a solution of the
equation 𝜕𝑢 = 𝑓 in the whole space.

However, in all the works known to us only the case 𝑘 = 2 has been completely
investigated. In papers (5, 6) we studied the case 𝑘 = 3. From these papers
it is also clear how inequalities of type (1) are used to study pseudodifferential
operators of principal type. For example, using the results of the present work
one can show that for the operator 𝑃 with symbol whose principal part is

𝑝0(𝑥, 𝜉) = 𝑖𝜉1 + 𝑎𝑥𝑘
1|𝜉|,

the estimate

|𝑢|1/(𝑘+1) ≤ 𝐶(𝐾)(|𝑃𝑢|0 + |𝑢|0), 𝑢 ∈ 𝐶∞
0 (𝐾) (2)
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holds (𝐾 is an arbitrary compact set in R𝑛) if and only if 𝑘 is even and 𝑎 ≠ 0,
or if 𝑘 is odd and 𝑎 < 0 (see (7)). Such an operator arises in solving the
oblique-derivative problem (see (8)).
Similarly, for the operator 𝑃 with symbol whose principal part is equal to

𝑝0(𝑥, 𝜉) = 𝑖𝜉1 + 𝜉2 + 𝑎𝑥𝑘
1|𝜉|,

estimate (2) holds if and only if 𝑘 is odd and 𝑎 < 0.

We note that estimate (1) is equivalent to the estimate

∫ |𝑢(𝑥)|2𝑒𝑡𝑄(𝑥,𝜇) 𝑑𝑥 ≤ 𝐶𝑡−1/𝑘 ∫ ∣
𝑛

∑
1

𝑎𝑗
𝜕𝑢
𝜕𝑥𝑗

∣
2

𝑒𝑡𝑄(𝑥,𝜇) 𝑑𝑥, 𝑢 ∈ 𝐶∞
0 (𝑀1),

(3)

where 𝑀1 is the ball {𝑥 ∶ ∑𝑛
1 𝑥2

𝑗 ≤ 1}; 𝑡 is a parameter varying on the half-line
1 ≤ 𝑡 < ∞; the constant 𝐶 does not depend on 𝑢, 𝜇, and 𝑡. Estimate (3) is
obtained from (1) after replacing 𝑥 by 𝑥𝑡1/𝑘, and 𝜇 by 𝜇𝑡1/𝑘.

On the other hand, the possibility of the substitution 𝑢(𝑥) = 𝑣(𝑥)𝑒− 1
2 𝑄(𝑥,𝜇)

means that estimate (1) is equivalent to an inequality of the form

∫ |𝑣(𝑥)|2 𝑑𝑥 ≤ 𝐶 ∫ ∣
𝑛

∑
𝑗=1

𝑎𝑗
𝜕𝑣
𝜕𝑥𝑗

+ 𝑃(𝑥, 𝜇)𝑣∣
2

𝑑𝑥, 𝑣 ∈ 𝐶∞
0 (R𝑛),

where 𝑃(𝑥, 𝜇) is a homogeneous polynomial of degree 𝑘 − 1 with complex coef-
ficients.

Theorem 1. If the vector (𝑎1, … , 𝑎𝑛) ≡ 𝑎 is real, then estimate (1) holds if and
only if the function 𝑄(𝑥 + 𝑎𝑡, 𝜇) of the real variable 𝑡, −∞ < 𝑡 < +∞, for any
fixed values of (𝑥1, … , 𝑥𝑛, 𝜇), is not identically a constant and has no points of
local maximum.

Theorem 2. If the vector (𝑎1, … , 𝑎𝑛) is not proportional to a real vector,
estimate (1) holds if and only if the function of the real variables 𝑠 and 𝑡,
−∞ < 𝑠, 𝑡 < +∞,

𝑛
∑

1

𝜕2𝑄
𝜕𝑥𝑗𝜕𝑥𝑘

(𝑥 + 𝑡 Re 𝑎 + 𝑠 Im 𝑎, 𝜇) 𝑎𝑗 ̄𝑎𝑘 is nonnegative (4)

and is not identically zero for any fixed values of (𝑥1, … , 𝑥𝑛, 𝜇).
In particular, it follows from Theorem 2 that estimate (1) cannot hold for odd
𝑘 if the vector (𝑎1, … , 𝑎𝑛) is not proportional to a real one. We note that in the
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case 𝑘 = 2 our conditions coincide with the conditions of Lemma 8.1.3 in the
book (3).
The proof of Theorem 1 is based on rather simple, but nontrivial, considerations
concerning the theory of functions of a real variable. The proof of Theorem 2
is more complicated. To prove the necessity of condition (4), we show that
inequality (1) implies an estimate for a certain pseudodifferential operator in
the domain 𝑀1, and condition (4) is necessary for this estimate. The proof of
sufficiency uses, in particular, the technique of repeated commutators, developed
by Hörmander in (8). An essential point in our proof is the Campbell–Hausdorff
formula.

We hope that the results of this work will make it possible to obtain exact alge-
braic conditions on the symbol of an operator (and its derivatives) determining
the operators for which an estimate of the form

|𝑢|𝑠 ≤ 𝐶(𝐾)(|𝑃𝑢|𝑠−𝑚+𝛿 + |𝑢|𝑠−1), 𝑢 ∈ 𝐶∞
0 (𝐾), 0 < 𝛿 < 1,

holds, where 𝐾 is a compact set and 𝑚 is the order of the operator 𝑃 (see (5−7)).
Moscow State University
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