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SECOND-ORDER EQUATIONS

(Presented by Academician A. Yu. Ishlinskii on 8 IV 1968)

1. Let an overdetermined system be given

P, (0/0x)u =0, P,(0/0x)u =0, (1)

where © = (xy,%9,23) is a point of three-dimensional space, 0/0r =
(0/0x,0/0x4,0/0x5), and P;(0/0x) and P,(0/0x) are homogeneous second-
order differential operators with constant real coefficients. The system is called
elliptic (see (1)) if

[P(E) + Py(€)? > 0 for £ 0. (2)
Let C = (211 212> be an arbitrary nonsingular matrix. The system
21 C22
crPyu+ e Ppu =0, Co1 Pyu+ o Pyu = 0 (3)

is equivalent to system (1).

Using such a transformation and a linear change of variables, we shall reduce
system (1) to canonical form.

Lemma 1. If condition (2) is satisfied, there exist such A and u that the operator
P = AP, + uP, is elliptic.

Lemma 2. There exists a coordinate system y = (yy,Ys,Ys) @ which system
(1) is equivalent to one of the following systems of equations

0%u/0y? + 8%u/dy3 = 0, 0?u/0y3 + 0%u/dy3 = 0 (4)
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or

0%u/0y? + 0%u/dy3 = 0, 0?u/0y3 = 0. (5)
The proof of Lemma 2 follows from Lemma 1 and from the possibility of simul-
taneously reducing two quadratic forms to diagonal form.

2. Consider the following boundary-value problem for system (4) in the tri-
hedral angle y; > 0, y5 >0, y3 > 0:

u(y17070> = fl(y)v u(07y270> = f2(y2)7

o

ayl (Oa 0, yS) = f4(y3)7 (6)

’U,(O, 0, y3) = f3(y3)a

where f;(t) are sufficiently smooth and decreasing functions, 1 <14 < 4.

Theorem 1. The solution of the boundary-value problem (6) for system (4) is
unique and exists under a finite number of conditions on f;, 1 <i < 4.

We seek the solution of the boundary-value problem (6) for system (4) in the

form u = Z?Zl u;, where u, are solutions in the corresponding dihedral angles

whose intersections form the trihedral angle. The solution of the system in a
dihedral angle is easily written explicitly by means of the Fourier transform.

Let u; be a solution of system (4) in the dihedral angle y; > 0, y3 > 0. We
make the Fourier transform with respect to y,. We obtain the system of ordinary
differential equations

9%, /Oy; — &1y = 0, 9%y |Oy3 — €31y = 0.

The general solution of this system, bounded for y; > 0, y; > 0, has the form

iy = g1 (&) exp(—&alyr — [€2]vs)-

Making the inverse Fourier transform with respect to £,, we obtain

1 i .
o G1(82) exp(—y11&a] — ysla| — iya&s) déy

1/°° (y1 +y3)g:(t) dt

T oo (1 +y3)2 + (Yo — 1)

U1($17JC2,1'3) =

(7)

where g (t) is an arbitrary density. In what follows we shall assume that g, (¢) =
0 for t < 0.
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Let uqy be a solution of system (4) in the dihedral angle y, > 0, y; > 0. Making
the Fourier transform with respect to y; and subtracting the second equation
in (4) from the first, we obtain the system of ordinary differential equations

0%y /Oy3 — 1Ty = 0, 0%y /Oy3 + 1Ty = 0.
The general solution of this system, bounded for y, > 0, y; > 0, has the form

iy = Go(&1) exp(—[&1|y2 + i&1y3) + G3(&1) exp(—[&; |ya — i€1Y3)-

Making the inverse Fourier transform with respect to &;, we obtain

I t)dt I t)dt
u2:—/ _ Y292 (t) _ _~_7/ . Y293(1) -, (8)
Tl ¥+ —ys =8> 7 v+ +ys—1)
where g5(t) and g5(t) are arbitrary densities, which we shall assume to be zero
for t < 0.

Similarly, the solution us in the dihedral angle y; > 0, yy > 0 is written in the
form

1 [ t)dt 1 [ t)dt
u3:f/ _ Y294(t) 2_~_7/ . Y295(t) . (9)
) oo Y3+ (Y3 —y1 —t) ™) oo Y+ (yYs +y — 1)

We note that the kernels of the second terms in (8) and in (9) are the same;
therefore we seek the solution of boundary-value problem (6) for system (4) in
the form

1y Fys)gn(t)dt L[~ Yoo (t) dt
u(y) = — 2 5t~ 2 2
TJy (Y1 +y3)?(ys —1t) TJy Yi+(yp—ys—1)

1 / T yags(t)dt 1 / T ygat)dt
+= 5 += 5 :
Th vt tys—1)? Tl oyt (Ys—y —1)?
Substituting expression (10) into the boundary conditions (6) and assuming
9;(0) =0, 1 <i <4, we obtain a system of 4 integro-differential equations for
determining the unknown densities g;(t), 1 < ¢ < 4. Application of the Mellin
transform (see (2,3)) reduces this system to an algebraic one, whence follows
the existence of a sufficiently smooth solution of boundary-value problem (6) for
system (4), provided only that f;, 1 <i < 4, satisfy a finite number of conditions.

It is not difficult to verify that the solution of boundary-value problem (6) for
system (4) is unique.

(10)

Let us note that, analogously to problem (6), one can consider problem (6")
with boundary conditions
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u(y;,0,0) = f1(y1), u(0,y2,0) = f5(ys), (67)

u(0,0,y3) = f3(y3), Ou/0y5(y1,0,0) = f4(yy)-

3. Let ABCDA’B’C’D’ be a parallelepiped with edges parallel to the coordi-
nate axes (see Fig. 1). In this case the boundary conditions are prescribed as
follows: on the edges AA” and CC” one must prescribe the values of u(y) and
Ou/dyy; on the edges BB’ and DD’ no boundary condition is prescribed, and
on all the remaining edges the value wu(y) is prescribed. Thus, the boundary
conditions have the form

3u/3y1| u|

(11)

aarveer = Nt), apspcscpepa = J2();

ul ul

AA’+CC’ :f3<t)7 A'B'+B'C’'+C’'D’+D’ A’ :f4<t)

Fig. 1
The functions f;(t) are assumed to be sufficiently smooth on each edge.

Theorem 2. The solution of boundary-value problem (11) for system (4) in
the class H, (s > 2) is unique and exists provided a finite number of conditions
on f;, 1 <i< 4, are satisfied.

We prove that if in the boundary conditions (11) f; = 0, ¢ = 1,...,4, then the
solution of system (4) is identically equal to zero in the parallelepiped. Consider
u(y) on the face AA’D’D. We obtain a mixed problem for a hyperbolic equation
in a rectangle; hence u(y) on this face is equal to zero. Similarly we obtain that
u(y) is equal to zero on BB'C’C. On the faces ABCD and A’B'C'D’ we
have the Dirichlet problem for the Laplace equation in a rectangle; hence on
these faces as well the solution is equal to zero. Now take any point in the
parallelepiped and pass through it a plane parallel to A’B’BA. In this section
we obtain the Dirichlet problem for the Laplace equation in a rectangle, with
the value of u(y) on the boundary of the rectangle equal to zero. Consequently,
the solution is equal to zero in this section.

The proof of existence is carried out analogously to the case of a trihedral
angle. The solution of boundary-value problem (11) is sought in the form of
a sum of solutions of system (4) in dihedral angles formed by the faces of the
parallelepiped ABCDA’B’C’D’. Substituting this solution into the boundary
conditions (11), we obtain a system of integro-differential equations for the
unknown densities. With the aid of the Mellin transform this system can be
reduced to Fredholm equations of the second kind, whence follows the solvability
of the boundary-value problem provided a finite number of conditions on the
right-hand sides of the boundary conditions are satisfied.
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4. Let us briefly consider a simpler case, when system (1) reduces to system (5).
Let system (5) also be considered in the parallelepiped ABCDA’B’C’D’. The
general solution of system (5) has the form

u(y) = ©1(Y1,Y2)Ys + P2(Y1,Y2)s

where ¢; and ¢, are arbitrary harmonic functions of two variables. Conse-
quently, the boundary conditions for system (5) may be prescribed as follows:

u’ u (12)

agrBescpipa = 11, wmiporrepipa = 120)

or else

ul du/dy,| (13)

aBsBosepspa — J1(); aB+Borepipa — f2(t)-

It is obvious that the solution of boundary-value problem (12) for system (5), as
well as the solution of boundary-value problem (13) for system (5), exists and
is unique.

5. We now consider the more general case, when system (1) is considered in a
convex polyhedron M of fairly general form.

Definition. We shall call the face x;z, of the dihedral angle z; > 0, =3 > 0
elliptic if the system

Pl(*l.fh *ian )\> =0, P2<*i§17 *ifz, )\) =0 (14)

has no nonzero solutions for &; and &, real and not simultaneously equal to zero.
From the fact that both faces are elliptic it follows that, if \; and A, satisfy the
system

Pl()‘h —i&s, )‘2) =0, Pz()\h —i&s, )‘2) =0, (15)

then Re Ay # 0 and Re A\, # 0.

Three cases may occur: a) among the solutions of system (15) there is no pair
with negative real parts; b) among the solutions there is one pair for which
ReA; # 0 and Re A, # 0; c¢) among the solutions there are two pairs with
negative real parts. The first case corresponds to the fact that no boundary
conditions need be prescribed on the edge of the dihedral angle. In the second
case one boundary condition must be prescribed on the edge of the dihedral
angle, and in the third case two boundary conditions. In the second case, the
boundary operator B(0/0x,,0/0x,,0/0x4) is subject to a condition of Shapiro-
Lopatinskii type
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B(Ay, i€, Ay) # 0 for & #0. (16)

In the third case, when system (15) has two pairs of solutions Ay, A, and pq, fi5
with negative real parts, the condition of Shapiro-Lopatinskii type imposed on
the boundary operators B; and B, has the form

Bi(Ay, =15, Ay) By (pq, —i&y, Mz)

det . }
B, ()\1 , =18, )\2) B, (/ha —1&, MQ)

#0 for & #0. (17)

Let

n
r=Jr,
i=1

be the skeleton of the polyhedron M. Suppose that each face of M is elliptic. Let
the edges I'; be numbered so that on I';, for 1 < ¢ < n,, one boundary condition
must be prescribed; for ny +1 < i < ny + ny, two boundary conditions must be
prescribed; and for ny; +ny + 1 <4 < n; + ny + ng, nothing need be prescribed.
Obviously, n = n, 4+ n, + ng. The boundary-value problem for system (1) in the
polyhedron M has the form

Biu|, = h;(t), 1<i<ng +ny; (18)

Bi+n2u|ri = hipn,(t), Ny +1<i<ng+ny, (19)

where B, are differential operators of order m;, 1 <¢ < n; + 2n,.

Theorem 3. Let system (1) be elliptic. Let M be a convex polyhedron with
elliptic faces. Require that the operators (18), (19) satisfy the Shapiro-Lopatin-
skii condition of the form (16), (17). Let my = maxm;, 1 < i < ny + 2n,,
and let s be an integer, s > my + 1. Suppose that h;(t) € H,_,, ;. Then,
for almost all polyhedra M with the properties indicated above, and upon ful-
fillment of a finite number of conditions on h,(t), there exists a solution of the
boundary-value problem (18), (19) for system (1).

The boundary-value problem (18), (19) for system (1) has a finite number of
linearly independent solutions in H,(M).

The proof of existence is carried out analogously to the case of a parallelepiped.
An a priori estimate in H, is also proved for the solution of the boundary-value
problem (1), (18), (19), whence it follows that there exists only a finite number
of linearly independent solutions of the homogeneous system.
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