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Abstract
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B. A. PASYNKOV

ON INDUCTIVE DIMENSIONS
(Presented by Academician P. S. Aleksandrov, 4 IV 1969)

All spaces considered are assumed to be normal (or, if this is specially stipulated,
completely regular).

I. The aim of this part of the note is to establish conditions under which the
inequalities

Ind𝑋1 × ⋯ × 𝑋𝑠 ≤ Ind𝑋1 + ⋯ + Ind𝑋𝑠, (*)

ind𝑋1 × ⋯ × 𝑋𝑠 ≤ ind𝑋1 + ⋯ + ind𝑋𝑠. (**)

are valid.

In works devoted to inequality (∗), an extremely restrictive and difficult-to-verify
condition of total normality (3) was usually imposed on the product 𝑋1 ×⋯×𝑋𝑠
outside the class of metric spaces (2), ensuring that in 𝑋1 × ⋯ × 𝑋𝑠 the sum
theorem for the dimension Ind holds.

The first genuinely sufficiently general and simple conditions for the validity of
inequality (∗) were obtained by I. K. Lifanov in (1). In particular, he showed
that inequality (∗) for bicompacts already holds when not the whole product
𝑋1 × ⋯ × 𝑋𝑠, but only the factors 𝑋𝑖, are totally normal. At the basis of I. K.
Lifanov’s proof lies a very interesting idea: for the validity of inequality (∗),
the sum theorem in 𝑋1 × ⋯ × 𝑋𝑠 for the dimension Ind need not hold for all
closed subsets of 𝑋1 × ⋯ × 𝑋𝑠, but only for “rectangles,”which is ensured (in
the case of bicompacts) by imposing conditions only on the factors, and not on
the whole product.

I. K. Lifanov’s work served as the stimulus for obtaining the results of the first
part of this note.

We shall say that in the space 𝑋 the finite sum theorem holds for the dimension
Ind, respectively ind, if

Ind𝐹1 ∪ 𝐹2 == max(Ind𝐹1, Ind𝐹2),
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respectively
ind𝐹1 ∪ 𝐹2 = max(ind𝐹1, ind𝐹2),

for any two boundaries 𝐹1 and 𝐹2 of open subsets in 𝑋.*

Theorem 1. If the product 𝑋1 × 𝑋2 is paracompact and is an 𝐹 -product (4),
and in the spaces 𝑋1 and 𝑋2 the finite sum theorem holds for the dimension
Ind, then formula (∗) is valid (for 𝑠 = 2).

Corollary 1. *If in the almost metrizable spaces 𝑋𝑖,** 𝑖 = 1, … , 𝑠, the finite
sum theorem holds for the dimension Ind, then formula (∗) is valid.*

Corollary 2. If in paracompacts that are complete in the sense of Čech (in
particular, in locally bicompact paracompacts, for example in bicompacts),

* The fact that it is appropriate to require the sum theorem to hold not for
arbitrary closed sets, but only for boundaries of open sets, was first noted by I.
K. Lifanov (1).
** By an almost metrizable space I mean a space admitting a perfect mapping
onto a metric space. As shown in (5), such spaces admit arbitrarily fine (in the
sense of 𝜔-mappings) perfect mappings onto metric spaces. It is shown in (6)
that the class of almost metrizable spaces coincides with the class of feathered
paracompacts (𝑝-paracompacts). In (4) it is proposed to call almost metrizable
spaces 𝑀 ′-spaces, for the class of almost metrizable spaces coincides with the
class of paracompact 𝑀 -spaces.

𝑋𝑖, 𝑖 = 1, … , 𝑠, the finite sum theorem for the dimension Ind holds, then formula
(∗) is valid.

Corollary 3. Formula (∗) is valid if, in the factors 𝑋𝑖, the finite sum theorem
holds for the dimension Ind, all the spaces 𝑋𝑖 are paracompact, and all the
spaces 𝑋𝑖, except possibly one, are locally bicompact.

Obviously, Corollaries 1 and 3 generalize Corollaries 1 and 3 from (4) and the
theorem from (1).
Theorem 2. The inequality (∗∗) is valid if, in the factors 𝑋𝑖, the finite sum
theorem holds for the dimension ind (the spaces 𝑋𝑖 are completely regular).

The results formulated follow from consideration of the properties of a new
dimensional invariant:

Definition 1. We put IndΛ = −1 and Ind𝑋 ≤ 𝑛, 𝑛 = −1, 0, 1, 2, …, if in
𝑋 there exist systems 𝜎𝑖, 𝑖 = −1, 0, 1, … , 𝑛, of subsets closed in 𝑋, satisfying
the conditions: 1) the system 𝜎−1 consists only of the empty set, 𝜎𝑛 ∋ 𝑋,
𝜎𝑖 ⊆ 𝜎𝑖+1, 𝑖 = −1, 0, 1, … , 𝑛 − 1; 2) for any two nonempty closed disjoint
subsets Φ and Ψ of an element 𝐹 of the system 𝜎𝑖, 𝑖 = 0, 1, … , 𝑛, there is an
element of the system 𝜎𝑖−1 separating Φ from Ψ in 𝐹 ; 3) for any two elements
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𝐹 ′ and 𝐹 ″ of the system 𝜎𝑖, 𝑖 = 0, 1, … , 𝑛, there exists an element 𝐹 ∈ 𝜎𝑖
containing the sum 𝐹 ′ ∪ 𝐹 ″.

If in item 2) of Definition 1 the pair of closed sets Φ and Ψ is replaced by a
closed set and a point, then we obtain the definition of the dimension ind𝑋 (the
space 𝑋 in this case may be assumed completely regular).

It turns out that:

(a) Always ind𝑋 ≤ ind𝑋, Ind𝑋 ≤ Ind𝑋, ind𝑋 ≤ Ind𝑋.

(b) If in the space 𝑋 the finite sum theorem holds for the dimension Ind,
respectively ind, then Ind𝑋 = Ind𝑋, respectively ind𝑋 = ind𝑋.

(c) For any set 𝐴 ⊆ 𝑋 we have ind𝐴 ≤ ind𝑋; for any set 𝐹 closed in 𝑋 we
have Ind𝐹 ≤ Ind𝑋.

Theorem 3. If the product 𝑋 × 𝑌 is paracompact and is an 𝐹 -product, then

Ind𝑋 × 𝑌 ≤ Ind𝑋 + Ind𝑌 .

Corollary 4. For almost metrizable spaces (in particular, for paracompacts
complete in the sense of Čech, for locally bicompact paracompacts, for bicom-
pacts) 𝑋𝑖, 𝑖 = 1, … , 𝑠, the formula

Ind𝑋1 × … × 𝑋𝑠 ≤ Ind𝑋1 + … + Ind𝑋𝑠. (***)

is valid.

Corollary 5. Formula (∗ ∗ ∗) is valid if all spaces 𝑋𝑖 are paracompact and all
𝑋𝑖, except possibly one, are locally bicompact.

Theorem 4. For completely regular spaces one always has

ind𝑋1 × … × 𝑋𝑠 ≤ ind𝑋1 + … + ind𝑋𝑠.
II. This part of the note is devoted to the construction of bicompacts with

noncoinciding dimensions dim and ind by means of taking the product of
bicompacts with coinciding dimensions.

Let a compactum Φ be given. A bicompact 𝑋 ⊇ Φ will be called an envelope
of the compactum Φ if the following conditions are satisfied:

(1) There exists such a defining system of neighborhoods 𝑂𝛼 of the compactum
Φ in 𝑋, numbered by transfinite numbers 𝛼, 1 ≤ 𝛼0 ≤ 𝛼 < 𝜔(𝑐), that
𝑂𝛼 ⊇ [𝑂𝛼+1] for all 𝛼.

(2) 𝑋 has a retraction 𝑟 onto Φ.

(3) For arbitrarily large 𝛼 there exist bicompacts Φ𝛼 ⊆
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⊆ 𝑂𝛼 ∖[𝑂𝛼+1], that: a) for any point 𝑥 ∈ Φ and any 𝛼′ there exists a bicompact
Φ𝛼, 𝛼 ≥ 𝛼′, for which dim(Φ𝛼 ∩ 𝑟−1𝑥) ≥ 1; b) the mappings 𝑟 ∶ Φ𝛼 → Φ are
open.*

Theorem 5. For a swelling 𝑋 of a compactum Φ the inequality

ind𝑋 ≥ dimΦ + 1
holds.

Theorem 6. For any compactum Φ there exists a swelling 𝑋 such that:

(a) the retraction 𝑟 ∶ 𝑋 → Φ is an open mapping;

(b) dim𝑋 = max(dimΦ, 1), and hence dim𝑋 = dimΦ for dimΦ ≥ 1;
(c) ind𝑋 = Ind𝑋 = dimΦ + 1.

Theorem 7. There exists a bicompact 𝑍 with dim𝑍 = ind𝑍 = Ind𝑍 = 2, for
which:

(a) dim𝑍 × 𝑍 = 3, Ind𝑍 × 𝑍 ≥ ind𝑍 × 𝑍 ≥ 4;
(b) there exists a compactum 𝐵 with dim𝐵 = 2 such that

dim𝑍 × 𝐵 = 3, Ind𝑍 × 𝐵 ≥ ind𝑍 × 𝐵 ≥ 4.

III. The aim of this part of the note is to introduce the inductive dimensions
𝜎 Ind and 𝜎 ind, which coincide with Ind and ind, respectively, on sufficiently
broad classes of spaces, and which outside these classes possess properties better
than those of the dimensions ind and Ind.

Definition 2. We put 𝜎 IndΛ = 𝜎 indΛ = −1. Suppose that the class of
spaces with 𝜎 Ind𝑋 ≤ 𝑛 − 1, respectively with 𝜎 ind𝑋 ≤ 𝑛 − 1, has already
been defined. We shall say that 𝜎 Ind𝑋 ≤ 𝑛, respectively 𝜎 ind𝑋 ≤ 𝑛, if the
space 𝑋 can be represented as a sum of no more than countably many such
closed sets 𝑋𝑖, 𝑖 = 1, 2, …, that for any closed set 𝐹 ⊆ 𝑋, respectively any
point 𝑥 ∈ 𝑋, and any of its (ee) neighborhoods 𝑂𝐹 , respectively 𝑂𝑥, for any
𝑖 = 1, 2, … for which 𝐹 ∩ 𝑋𝑖 ≠ Λ (𝑥 ∈ 𝐹𝑖), there exists such a neighborhood
𝑉𝑖 of the set 𝐹 ∩ 𝑋𝑖 in 𝑋𝑖, respectively of the point 𝑥 in 𝑋𝑖, that 𝑉𝑖 ⊆ 𝑂𝐹 ,
respectively 𝑉𝑖 ⊆ 𝑂𝑥, and 𝜎 IndFr𝑉𝑖 ≤ 𝑛 − 1, respectively 𝜎 indFr𝑉𝑖 ≤ 𝑛 − 1.

1) If the space 𝑋 is represented as a countable sum of closed-in-𝑋 sets 𝑋𝑖
with 𝜎 Ind𝑋𝑖 ≤ 𝑛, respectively 𝜎 ind𝑋𝑖 ≤ 𝑛, 𝑖 = 1, 2, …, then 𝜎 Ind𝑋 ≤ 𝑛,
respectively 𝜎 ind𝑋𝑖 ≤ 𝑛.

2) For a set 𝐹 closed in 𝑋, always 𝜎 Ind𝐹 ≤ 𝜎 Ind𝑋. For any subset 𝐴 of a
space 𝑋, always 𝜎 ind𝐴 ≤ 𝜎 ind𝑋.

3) Always dim𝑋 ≤ 𝜎 Ind𝑋 ≤ Ind𝑋, 𝜎 ind𝑋 ≤ ind𝑋, 𝜎 ind𝑋 ≤ 𝜎 Ind𝑋.
For the Lokuciewski bicompactum 𝐿 (7): dim𝐿𝜎 Ind𝐿 = 1 < ind𝐿 ≤
Ind𝐿. For Roy’s metric space (8) 𝜎 ind𝑅 = ind𝑅 = 0 < dim𝑅 =
𝜎 Ind𝑅 = Ind𝑅 = 1.
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4) If in a space 𝑋 the countable sum theorem holds for the dimension Ind
(ind), then 𝜎 Ind𝑋 = Ind𝑋 (𝜎 ind𝑋 = ind𝑋). Thus, for spaces with a
countable base (even for hereditarily finally compact spaces) 𝜎 ind𝑋 =
ind𝑋, and for Dowker (9), in particular metric, spaces 𝜎 Ind𝑋 = Ind𝑋.

5) For fully paracompact (10) spaces dim𝑋 ≤ 𝜎 ind𝑋 = 𝜎 Ind𝑋 ≤ ind𝑋.
Consequently, for strongly metrizable spaces (10) dim𝑋 = 𝜎 ind𝑋 =
𝜎 Ind𝑋 = ind𝑋 = Ind𝑋.

6) If a subspace 𝐴 ⊆ 𝑋 is fully paracompact, then 𝜎 Ind𝐴 ≤ 𝜎 Ind𝑋.

We shall call a set 𝐴 ⊆ 𝑋 a set of type 𝑑𝐹𝜎 in 𝑋 if 𝐴 decomposes into a
𝜎-discrete-in-𝐴 system of sets closed in 𝑋.

7) If the space 𝑋 is a 𝜎-discrete sum of closed sets 𝐹𝛼 with 𝜎 Ind𝐹𝛼 ≤ 𝑛,
respectively 𝜎 ind𝐹𝛼 ≤ 𝑛, then also 𝜎 Ind𝑋 ≤ 𝑛, respectively 𝜎 ind𝑋 ≤ 𝑛.

* This requirement can be weakened. Moreover, swellings can, of course, be
constructed not only for compacta, but also for arbitrary bicompacta Φ, taking
1 ≤ 𝛼0 ≤ 𝛼 ≤ 𝜔𝜏 with 𝜏 = 𝑚(Φ).

8) If a normal subset 𝐴 ⊆ 𝑋 has type 𝑑𝐹𝜎 in 𝑋, then 𝜎 Ind𝐴 ≤ 𝜎 Ind𝑋.

9) If 𝑋 has a point-finite covering by open sets 𝑂𝛼 with 𝜎 Ind𝑂𝛼 ≤ 𝑛, then
also 𝜎 Ind𝑋 ≤ 𝑛.

Definition 3. We shall write loc𝜎 Ind𝑋 ≤ 𝑛 if for every point 𝑥 ∈ 𝑋 there
exists a neighborhood 𝑂𝑥 with 𝜎 Ind[𝑂𝑥] ≤ 𝑛.
10) Always loc𝜎 Ind𝑋 ≤ 𝜎 Ind𝑋. If the space 𝑋 is weakly paracompact, then

loc𝜎 Ind𝑋 = 𝜎 Ind𝑋.

11) If a closed covering {𝐹𝛼} of the space 𝑋 is locally countable, then

𝜎 ind𝑋 ≤ sup
𝛼

𝜎 ind𝐹𝛼,

and if, in addition, the space 𝑋 is weakly paracompact, then

𝜎 Ind𝑋 ≤ sup
𝛼

𝜎 Ind𝐹𝛼.

12) Always
𝜎 ind𝑋 × 𝑌 ≤ 𝜎 ind𝑋 + 𝜎 ind𝑌 .

For an 𝐹 -product 𝑋 × 𝑌 , always

𝜎 Ind𝑋 × 𝑌 ≤ 𝜎 Ind𝑋 + 𝜎 Ind𝑌 .

13) For a closed mapping 𝑓 of a normal space 𝑋 onto a weakly paracompact
space 𝑌 , always

dim𝑋 ≤ dim 𝑓 + 𝜎 Ind𝑌 .
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IV. Theorem 8. For a paracompactum 𝑋, always

Ind𝑋 ≤ (dim𝑋 + 1) loc Ind𝑋 ≤ (loc Ind𝑋 + 1) loc Ind𝑋.

If loc Ind𝑋 = 1, then also Ind𝑋 = 1.
Theorem 9. If Ind𝑋 < ∞ for a paracompactum 𝑋 and Ind𝑌 < ∞ for a locally
bicompact paracompactum 𝑌 , then also Ind𝑋 ×𝑌 < ∞. Moreover, for any two
numbers 𝑛 = 0, 1, 2, … and 𝑚 = 0, 1, 2, … there exists a number 𝑘 = 𝑘(𝑛, 𝑚)
such that, as soon as Ind𝑋 ≤ 𝑛 for a paracompactum 𝑋 and Ind𝑌 ≤ 𝑚 for a
locally bicompact paracompactum 𝑌 , then

Ind𝑋 × 𝑌 ≤ 𝑘(𝑛, 𝑚).

Theorem 10. For any 𝑛 = 0, 1, 2, … and 𝑚 = 0, 1, 2, … there exists a number
𝑘 = 𝑘(𝑛, 𝑚) such that

ind𝑋 × 𝑌 ≤ 𝑘(ind𝑋, ind𝑌 ) ≤ 𝑘(ind𝑋 − 1, ind𝑌 ) + 𝑘(ind𝑋, ind𝑌 − 1) + 2,

with 𝑘(0, 𝑛) = 𝑘(𝑛, 0) = 𝑛 (𝑋 and 𝑌 are regular)∗.

Note added in proof. V. Filippov has shown that

ind𝑋 × 𝐼 ≤ ind𝑋 + 1

for a bicompactum 𝑋 and an interval 𝐼 . In connection with this result one can
show that

ind𝑋 × 𝑌 ≤ ind𝑋 + 𝑛
for an arbitrary space 𝑋 and a space 𝑌 that can be mapped onto a metrizable
space 𝑅 with dim𝑅 ≤ 𝑛 by a decomposing mapping. If the space 𝑌 itself is
metrizable, then

ind𝑋 × 𝑌 ≤ ind𝑋.
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