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Academician I. N. VEKUA

ON THE INTEGRATION OF THE EQUA-
TIONS OF EQUILIBRIUM OF A CYLINDRI-
CAL SHELL

The investigation of the elastic equilibrium of a thin or hollow circular cylin-
drical shell of constant thickness 2h and radius R, following the general theory
developed in (1), leads to an elliptic system of equations of the 12th order with
constant coefficients, which can be written in the following form:

pAuy + (A + )06, /0x + Adv/0x — eAdu/0x = X4,
pAuy + (A + )00, /0y + Nov/dy — e((A + 3p)du/dy + pvy) — e2puy = X,
pAv — 12(X + 2p)v + A0, + e(Adv, /Ox+
+(A + 3p)0vy /Oy + 120u) — 2 (A + 2u)v = X,
uAvy + (A + p)db,/0x — 12u(0u/dx + vy) — eXdv/0x = X,
AUy + (A + p)00,/0y — 12p(0u/0y + vy)—
—e((A 4 3u)0v/0y + 12puy) — 2 vy = X5,
pAU A+ 0y + (XU, Oz + (X + 3u)Ouy /Oy + Av) — (A + 2p)u = X,
(0, = Ouy Oz + Ouy /Oy, 0y = Ovy/Ox + Ovy /Oy, € =2h/R).

(1)
Here X, (i = 1,...,6) are prescribed functions, which are expressed in terms
of external surface and body forces; ¢ is a dimensionless small parameter. The
variables x and y are dimensionless isometric coordinates on the cylindrical
surface: ds? = 4h?(dz? + dy?): &€ = 2hx is the length of a generator, n = 2hy
is the length along the circumference of a cylinder of radius R. Thus, by a
similarity transformation with center at the point £ = 7 = 0 and modulus 1/2h,
the development of a cylinder of radius R is mapped topologically onto a domain
D of the plane of Cartesian coordinates = and y. A plate of constant thickness

equal to 1, whose middle plane is the domain D, will be called the model for
the cylindrical shell under consideration.

Fig. 1. Distribution of forces and moments on the area x = const
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Figure 1: Fig. 1. Distribution of forces and moments on the area = = const

We shall now explain the geometric meaning of the functions entering into (1):
uy +tvy, uy+tv, are tangential displacements, and u+tv is the normal deflection
of the cylindrical surface of radius R + 2ht, —% <t< % The function v(z,y)
determines the elongation (if v > 0) or shortening (if v < 0) of the transverse
fiber passing through the point (z,y) of the middle surface. In classical theory
this quantity is neglected (the Kirchhoff-Love hypothesis).

Let T,,T, be the normal stresses; S the shear stress; N;, N, the transverse
forces; M, M, the bending moments; and H the twisting moment, calculated
per unit length and applied to the areas x = const, y = const, respectively. In
addition to these quantities known from classical theory, we also consider the
forces of equilibrated transverse pairs @;, @, and the transverse force 7'. Thus,
the physical

the hypothesis on which our considerations are based differs from the classi-
cal one. For example, on an elementary area of the cross section z = const,
along with the normal and tangential forces T} and S, the transverse force Ny,
the bending and twisting moments M; and H, there also acts an equilibrated
transverse pair (@, —Q);), whose forces lie on the normal to the middle surface
and are applied at symmetrically located points (see Fig. 1). For the above-
mentioned physical quantities we have the following expressions (1:2):

Ty = (A+2p) Ouy /0x + X Ouy /0y + Av — e,
Ty = AOuy/0x + (X + 2u) Ouy /Oy + Av — e(\ + 2u)u,
S = p(Ouy /0y + Ouy/Ox), Ny = p(0u/0x + vy ),
Ny = p(0u/0y + vy + €uy), T =X+ (A +2p)v— e,

M, = %h((/\ 4 20) Duy O + A DuyJDy — EXV),
1
My = ch(A8v, /0 + (A + 241) Doy /Oy — €(A + 2p)0),
H = —éhu(avl/ay + 8U2/6$)7 Ql = é,ul 81}/8:1;7

1
Qs = gu(av/ay + €vy).

If in (1) and (2) we put € = 0, then we obtain systems of equations of elastic
equilibrium of the model plate (4).

The formulas expressing the solution of system (1) for e = 0, X, = 0 (i =
1,...,6), can be written in the form (precisely this form of notation will be used
below) (173)
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A
”:M(X‘mm)’

_Aa( A X 9 0y
ul_AA( 48(>\+M)833+8x ay)’ (3)

SN S S O QA R
uz = AA ( 48N +p) 0y Oy Oz ) '
u= AACwt Byhw)  (By= (A4 2u)/12), (1)

vy, = AA(Ow/dx — O/ dy), vy = AA(Ow/0y + 0/ 0x),

where x and v are arbitrary real solutions of the equations

Ax—kx=0, Ap-—m?*p=0 (k*=48(A+ pu)/(\+2p), m* =12); (5)

©,¢*, and w are functions satisfying the equation A*w = 0, but having the
following form:

A+ 2u 2 2 22 - 7
= ——— — —_— —_— — . 6
*x __ 7 2()\4’#) 3f >3 .
v _248(3/\+2u)(2f &) (™)
w=23g+ 229 + 229y + 729, (8)

where f, fy, 9,9, are arbitrary analytic functions of the complex argument z =
T+ 1y.

The presence in (1) and (2) of the small parameter ¢ regulates the degree of
deviation of the stress-state pattern of the circular cylindrical shell from the
corresponding state of the model plate. One may expect that, for identical
elastic characteristics and external loads, the discrepancy between them will be
a quantity of order ¢.

Despite the comparatively simple structure of system (1), formulas expressing
its general solution in explicit form have not yet been found. Therefore it is
necessary to resort to approximate methods of integration. For shallow or thin
shells it is expedient to apply the method of expanding the required solutions
in a power series with respect to the small parameter
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€. For the coefficients of these expansions we obtain a sequence of systems of
equations for the model plate with right-hand sides of a special structure. These
systems can be integrated successively in explicit form (). In this way one can
construct approximate solutions of system (1) in the form of polynomials of
arbitrary degree with respect to the parameter €. An analogous device was
applied earlier to the case of a spherical shell (%).

To illustrate the method, we shall restrict ourselves to considering approximate
solutions that depend linearly on €. This means that in all calculations we shall
neglect terms containing € to powers higher than the first. It is not superfluous
to note that such solutions, taking into account the smallness of the parameter
e, are quite sufficient for many practical applications.

For simplicity we shall assume that the shell is free from external surface and
body loads. As is known, the general problem can always be reduced to this
special case.

Seeking solutions of system (1) in the form

v=10"+ev, uy = ul + euf, Uy = uy + eub,

u=1u’+eu, vy, =09 + ev, vy = 0] + eV, 9)
we obtain that v0, u{,u9, u% 19,19 satisfies system (1) for e = 0 and X; = 0
(i=1,...,6), while v", u], uj, u’, v], v is a solution of the same system for € = 0,

but with right-hand sides of the form

X, = Aou’/ox, Xy = (A +3p) oul /0y + pul,
Xy ==X /0x — (A + 3p) 009 /0y — 12\u°,

X, =A0°/0x, X5 = (A +3p) 00°/0y + 1218,
Xg=—X0uy/0x — (X + 3p) Ouy /0y — \°.

(10)

If we now represent the functions v°, u?, u9, u® 19,09 by formulas (3) and (4),
then we shall have

Ow 0Aw
B o O 9w

9% 9w
X, = AA (—3u Gy~ (A +120B0) A — 3 52 4 12>\w> . (1)

B 195% A2 0Ap
Xa= A4 ()\ax_/\+2u Oz )’

sovietrxiv.org/items/ru-196901.26579 Machine Translation


https://sovietrxiv.org/items/ru-196901.26579

B o pA ox Jp  AA+3p) 0Ap Op*
XS_AA<<>\+3M 4(A+,u)>8y+12ué9y A+2u 9y +12M8x ’

) %y  0%x 2uX 0%p  u(5A+6p) 9%
Xe=MA\|—"——* |2 S5+ |- — - "—""7—— — —
48(\+ p) ox2  Oy? A+ 24 0x2 A+2u  Oy?

By means of rather lengthy, but essentially simple calculations, one can verify
(see (*)) that system (1) for e = 0 and with right-hand sides of the form (11)
admits a particular solution of the form

24(\+3p) 920

U= AL ; 12
v 3N+2u  Oxdy +alepw; (12)
SO O [ pu—2x 0% 1 (0%
-9 = — L,.o»— — —(2—3B,A
th 82{3)\+2y ey~ g ap M T Q| 5 — (223504
(13)
ao ABA+5p)  Px  3p Px  p B 482<p*
200+ )N+ 2p) 022 A +2u Oy2 A +2u v Oz Oy
L2 PDp A+ 6 PAy  PPAyT ”
A+2u Oz2 A+2u  Oy? 0xdy ’
b it _22 AR +p)  Px | A+3updPx
U202 1200+ ) (A 4 2p) 922 T X+ 24 Oy?
I 0% p* 1IN+ 12 0%y
Sp—24 _
+)\+2u ( 4 8x8y> +Z< 3A+2u 6:1:8y+
3\ 0% 0?Ap*
L 12A — AA 12 15
+m<( )\+2u> )3x8y+ Ox2 )}’ (15)

where L, denotes a particular solution of the equation Aw — k*w = g (see (4));

o 2
P:< 24\ +3(/\ u)) s, +( 24\ A+QAA)’

A+ 2u I 02 A+2u 1
Q = (—2+3B,A) KGN (A — ByAA); (16)
oy:  p
24N 0% A8\ +p) 0 N PA AA+3p) PPA

SN+ 20022 A+2u 0y p(A+2u) 022 p(A+2p) 9y
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(20/0z = 0/0x +i0/0y, 20/0z = 0/dx —id/dy).

It is now not difficult to see that the sought functions (9) have the form

v=00+¢e(0+9), u; = u? +e(ty +1q), uy= ug + (g + Uy), (17)

w=w’+e(@+a), vy=1+e(0 +0), vo=15+e(l+ D),

where 9, @y, Uy, @, U1, Uy are an arbitrary solution of the homogeneous system of
equations for the model plate.

Approximate solutions of the form (17) can be used to solve various boundary-
value problems. Formulas (17) make it possible to reduce the solution of
boundary-value problems for cylindrical shells to two one-type boundary-value
problems of elastic equilibrium of a model plate.
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