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MATHEMATICS

I. Ts. Gohberg, N. Ya. Krupnik

SYSTEMS OF SINGULAR INTEGRAL EQUA-
TIONS IN WEIGHTED 𝐿𝑝 SPACES
(Presented by Academician N. I. Muskhelishvili on 27 XI 1968)

1. Let Γ be a simple smooth closed oriented curve in the plane, surrounding
the point 𝜆 = 0; let 𝑡1, … , 𝑡𝑛 be certain points on Γ; and let 𝑝, 𝛽1, … , 𝛽𝑛
be real numbers satisfying the relations

1 < 𝑝 < ∞; −1 < 𝛽𝑘 < 𝑝 − 1 (𝑘 = 1, … , 𝑛). (1)

By 𝐿𝑝(Γ, 𝜌) we denote the space 𝐿𝑝 on Γ with weight 𝜌(𝑡) = ∏ |𝑡 − 𝑡𝑘|𝛽𝑘 , and
by 𝐿𝑚

𝑝 (Γ, 𝜌) the space of vector-functions 𝜑 = (𝜑1, … , 𝜑𝑚) with components
𝜑𝑗 ∈ 𝐿𝑝(Γ, 𝜌).
Consider in 𝐿𝑚

𝑝 (Γ, 𝜌) the matrix singular integral operators

(𝐾𝜑)(𝑡) = 𝐶(𝑡)𝜑(𝑡) + 𝐷(𝑡)(𝑆𝜑)(𝑡), (𝐿𝜑)(𝑡) = 𝐶(𝑡)𝜑(𝑡) + (𝑆𝐷𝜑)(𝑡),

where 𝐶(𝑡) and 𝐷(𝑡) are matrix-functions (𝑡 ∈ Γ), and 𝑆 is the matrix operator
of singular integration

(𝑆𝜑)(𝑡) = 1
𝜋𝑖 ∫

Γ

𝜑(𝜏)
𝜏 − 𝑡 𝑑𝜏.

The operators 𝐾 and 𝐿, in the case of continuous coefficients 𝐶 and 𝐷, are
Φ-operators if and only if the determinant det(𝐶 + 𝐷)(𝐶 − 𝐷) does not vanish
anywhere on Γ. In the case of piecewise-continuous coefficients this condition,
while remaining necessary, ceases to be sufficient for 𝐾 and 𝐿 to be Φ-operators.

In the present note, for the case of piecewise-continuous coefficients 𝐶(𝑡) and
𝐷(𝑡), necessary and sufficient conditions are established under which 𝐾 and 𝐿
are Φ-operators. The results obtained are a generalization to the case of systems
of equations of the results of the authors (1) (see also (2−4)).
The operators 𝐾 and 𝐿, under the condition that the matrices 𝐶 and 𝐷 are
composed of piecewise Hölder functions satisfying a Lipschitz condition in one-
sided neighborhoods of the points of discontinuity, were studied by N. P. Vekua
(5). In particular, he obtained sufficient conditions under which the operators
𝐾 and 𝐿 are Φ-operators in certain classes of Hölder functions. Under the same
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restrictions on the coefficients 𝐶 and 𝐷, the operators 𝐾 and 𝐿 in the spaces
𝐿𝑚

𝑝 (Γ, 𝜌) were considered by B. V. Khvedelidze (6), who also obtained certain
sufficient conditions under which 𝐾 and 𝐿 are Φ-operators. In the paper of E.
Shamir (7), operators of the type 𝐾 and 𝐿 are considered for the case when the
contour Γ coincides with the real axis, while the matrices 𝐶 and 𝐷 are piecewise
differentiable and satisfy certain conditions at infinity. Under these assumptions
and the additional assumption of the nonsingularity of the matrices 𝐶 + 𝐷 and
𝐶 − 𝐷, he found necessary and sufficient conditions for the operators 𝐾 and 𝐿
to be Φ-operators in the spaces 𝐿𝑝.

Sufficient conditions for 𝐾 and 𝐿 to be Φ-operators in 𝐿𝑚
2 (Γ), in the case of

bounded measurable coefficients 𝐶 and 𝐷, were obtained by I. B. Simonenko
(8).
We note that the method of investigation presented below differs from the meth-
ods of the authors listed above.

2. Denote by Λ𝑚(Γ) the set of all matrix-functions of order 𝑚 that are piece-
wise continuous and continuous from the left on Γ. Let 𝐺(𝑡) ∈ Λ𝑚(Γ);
𝑡1, … , 𝑡𝑛 ∈ Γ are all points of discontinuity of the matrix 𝐺, and 𝜔 =
(𝑝, 𝛽1, … , 𝛽𝑛) is a vector whose coordinates satisfy relations (1).

To the matrix-function 𝐺(𝑡) and the vector 𝜔 we assign the continuous matrix
curve 𝑉 (𝐺, 𝜔), obtained by adding to the set of values 𝐺(𝑡) 𝑛 matrix arcs 𝑊𝑘(𝜇)
(0 ≤ 𝜇 ≤ 1), where*

𝑊𝑘(𝜇) = 𝑒𝑖𝜇𝜃𝑘 sin(1 − 𝜇)𝜃𝑘
sin 𝜃𝑘

𝐺(𝑡𝑘) + 𝑒𝑖(𝜇−1)𝜃𝑘 sin𝜇𝜃𝑘
sin 𝜃𝑘

𝐺(𝑡𝑘 + 0)

(𝜃𝑘 = 𝜋 − 2𝜋(1 + 𝛽𝑘)
𝑝 ) .

We shall call the matrix-function 𝐺(𝑡) 𝜔-regular if the curve det𝑉 (𝐺, 𝜔) does
not pass through zero. The continuous closed curve det𝑉 in the plane is oriented
so that, at points of continuity of the matrix 𝐺(𝑡), motion along the curve
det𝑉 (𝐺, 𝜔) is determined by the motion of 𝑡 along Γ in the positive direction,
while along the additional arcs it corresponds to the change of 𝜇 from 0 to 1.

Introduce the following notation: 𝐶(𝑡) + 𝐷(𝑡) = 𝐴(𝑡), 𝐶(𝑡) − 𝐷(𝑡) = 𝐵(𝑡),
𝐼 + 𝑆 = 2𝑃 , 𝐼 − 𝑆 = 2𝑄, where 𝐼 is the identity operator; then the operators
𝐾 and 𝐿 may be written in the form 𝐾 = 𝐴𝑃 + 𝐵𝑄, 𝐿 = 𝑃𝐴 + 𝑄𝐵.

Theorem 1. Let 𝐴 and 𝐵 ∈ Λ𝑚; 𝑡1, … , 𝑡𝑛 ∈ Γ are all points of discontinuity
of the matrices 𝐴 and 𝐵; 𝜌 = ∏ |𝑡 − 𝑡𝑘|𝛽𝑘 , where −1 < 𝛽𝑘 < 𝑝 − 1 (1 < 𝑝 < ∞).
In order that the operator 𝐾 = 𝐴𝑃 + 𝐵𝑄 (𝐿 = 𝑃𝐴 + 𝑄𝐵) be a Φ-operator
in 𝐿𝑚

𝑝 (Γ, 𝜌), it is necessary and sufficient that the following two conditions be
fulfilled:
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𝛼) det𝐵(𝑡 ± 0) ≠ 0 for all 𝑡 ∈ Γ;

𝛽) the matrix 𝐵−1𝐴 (𝐴𝐵−1) is 𝜔-regular.

If conditions 𝛼) and 𝛽) are fulfilled, then the index of the operator 𝐾(𝐿) is
determined by the equality

𝜘 = − ind det𝑉 (𝐵−1𝐴, 𝜔) (𝜘 = − ind det𝑉 (𝐴𝐵−1, 𝜔)) . (*)

The proof of this theorem is based on two lemmas.

Lemma 1. Let 𝑀(𝑡) and 𝑁(𝑡) be regular matrix-functions of order 𝑚, contin-
uous on Γ, and let 𝑋(𝑡) be a bounded measurable matrix-function of the same
order. In order that the operator 𝑀𝑋𝑁𝑃 + 𝑄 (𝑃𝑀𝑋𝑁 + 𝑄) be a Φ-operator
in 𝐿𝑚

𝑝 (Γ, 𝜌), it is necessary and sufficient that the operator 𝑋𝑃 + 𝑄 (𝑃𝑋 + 𝑄)
be a Φ-operator in 𝐿𝑚

𝑝 (Γ, 𝜌).
Proof. Since, for any continuous matrix-function 𝐶(𝑡), the operators 𝐶𝑃 −𝑃𝐶
and 𝐶𝑄 − 𝑄𝐶 are completely continuous in 𝐿𝑚

𝑝 (Γ, 𝜌), and the operators 𝑃𝑁 +
𝑄𝑀−1 and 𝑀𝑃 + 𝑁−1𝑄 are Φ-operators, the assertion of the lemma follows
from the following easily verified equalities:

𝑀𝑋𝑁𝑃 + 𝑄 = 𝑀[(𝑋𝑃 + 𝑄)(𝑃𝑁 + 𝑄𝑀−1) + 𝑋(𝑁𝑃 − 𝑃𝑁)+

+ 𝑀−1𝑄 − 𝑄𝑀−1],

𝑃𝑀𝑋𝑁 + 𝑄 = [(𝑀𝑃 + 𝑁−1𝑄)(𝑃𝑋 + 𝑄) + (𝑃𝑀 − 𝑀𝑃)𝑋+ (2)

+ 𝑄𝑁−1 − 𝑁−1𝑄]𝑁.

Lemma 2. Every piecewise-continuous matrix-function 𝐺(𝑡) (𝑡 ∈ Γ), satisfying
at each point of discontinuity 𝑡𝑘 (𝑘 = 1, … , 𝑛) the condition det𝐺(𝑡𝑘 ± 0) ≠ 0,
can be represented in the form

𝐺(𝑡) = 𝑀(𝑡)𝑋(𝑡)𝑁(𝑡), (3)

* If 2𝛽𝑘 = 𝑝−2, then as 𝑊𝑘(𝜇) one takes the matrix segment 𝑊𝑘 = 𝐺(𝑡𝑘)(1−𝜇)+𝐺(𝑡𝑘+0)𝜇.
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where 𝑀 and 𝑁 are continuous (nonsingular) matrix-functions, and 𝑋 is a
piecewise-continuous triangular matrix-function.

Proof. Choose nonsingular constant matrices 𝑁𝑘 so that 𝑁−1
𝑘𝐺(𝑡𝑘 + 0)𝐺(𝑡𝑘 −

0)𝑁−1
𝑘 are upper triangular matrices. Let 𝑁(𝑡) be a continuous nonsingular

matrix-function on Γ, subject to the sole condition 𝑁(𝑡𝑘) = 𝑁𝑘 (𝑘 = 1, … , 𝑛).
As 𝑋(𝑡) take any nonsingular upper triangular matrix-function, continuous at
all points except the points 𝑡𝑘, at which 𝑋(𝑡𝑘 − 0) is the identity matrix and

𝑋(𝑡𝑘 + 0) = 𝑁−1
𝑘𝐺(𝑡𝑘 − 0)𝐺(𝑡𝑘 + 0)𝑁−1

𝑘 .

Then
𝐺(𝑡𝑘 + 0)𝑁−1

𝑘 𝑋−1(𝑡𝑘 + 0) = 𝐺(𝑡𝑘 − 0)𝑁−1
𝑘 𝑋−1(𝑡𝑘 − 0),

and, consequently, the matrix-function 𝑀(𝑡) = 𝐺(𝑡)𝑁−1(𝑡)𝑋−1(𝑡) is continuous
on Γ. The lemma is proved.

Proof of Theorem 1. Let det𝐵(𝑡 ± 0) ≠ 0. The matrix 𝐺 = 𝐵−1𝐴 can be
represented in the form (3). Clearly, together with the matrix 𝐺, the matrix 𝑋
is also 𝜔-nonsingular; consequently, all diagonal elements of the matrix-function
𝑋 are 𝜔-nonsingular functions. From (1) it follows that all diagonal elements
of the matrix operator 𝑋𝑃 + 𝑄 are Φ-operators in 𝐿𝑝(Γ, 𝜌). Hence it follows
immediately that 𝑋𝑃 +𝑄 are Φ-operators in 𝐿𝑚

𝑝 (Γ, 𝜌), and together with it the
operator 𝐴𝑃 + 𝐵𝑄 is also a Φ-operator in 𝐿𝑚

𝑝 (Γ, 𝜌).
Formula (*) can be derived without difficulty from the equalities (2), (3) and
the results of the work (1).
We proceed to the proof of the necessity of the conditions of the theorem. We
first show that det𝐴(𝑡±0) ≠ 0 and det𝐵(𝑡±0) ≠ 0. Suppose that the operator
𝐴𝑃 + 𝐵𝑄 is a Φ-operator and that, for at least one of the matrices (for exam-
ple, for 𝐴), this condition is not satisfied. Then it is not difficult to choose a
continuous matrix-function 𝐹(𝑡) satisfying the following conditions:

1) The norm ‖𝐹𝑃‖ is so small that the operator (𝐴 + 𝐹)𝑃 + 𝐵𝑄 is a Φ-
operator.

2) On Γ one can find an arc 𝑡′𝑡″(= 𝛾) such that 𝐴(𝑡) is continuous on 𝛾,

det(𝐴 + 𝐹)(𝑡′ + 0) ≠ 0, det(𝐴 + 𝐹)(𝑡″ − 0) ≠ 0,

and
det(𝐴 + 𝐹)(𝑡0) = 0,

where 𝑡0 is some point on 𝛾.
Let 𝑌 (𝑡) be some continuous matrix-function coinciding with 𝐴 + 𝐹 on 𝛾 and
nonsingular from Γ ∖ 𝛾; then 𝐴 + 𝐹 can be represented in the form of a product

𝐴 + 𝐹 = 𝑍𝑌 , 𝑍 ∈ Λ𝑚.
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Since (𝐴 + 𝐹)𝑃 + 𝐵𝑄 is a Φ-operator, it follows from the equality

(𝐴 + 𝐹)𝑃 + 𝐵𝑄 = (𝑍𝑃 + 𝐵𝑄)(𝑃𝑌 + 𝑄) + 𝑍(𝑌 𝑃 − 𝑃𝑌 )
that 𝑃𝑌 + 𝑄 is a Φ+-operator, and this contradicts the fact that det𝑌 (𝑡0) = 0.
We show that the matrix 𝐵−1𝐴 is 𝜔-nonsingular. The matrix 𝐵−1𝐴 can be
represented in the form (3). Since 𝐵−1𝐴𝑃 + 𝑄 is a Φ-operator, 𝑋𝑃 + 𝑄 is
also a Φ-operator. Hence we already obtain (using the results of the work (1))
that 𝑋 (and therefore also 𝐵−1𝐴) is an 𝜔-nonsingular matrix-function. For the
operator 𝐾 the theorem is proved. It is proved analogously for the operator 𝐿
as well.

Theorem 2. Let 𝐴(𝑡) and 𝐵(𝑡) ∈ Λ𝑚(Γ); 𝑡1, … , 𝑡𝑛 (∈ Γ) are all discontinuity
points of the matrices 𝐴 and 𝐵;

𝜌 = ∏ |𝑡 − 𝑡𝑘|𝛽𝑘 (−1 < 𝛽𝑘 < 𝑝 − 1; 1 < 𝑝 < ∞).
In order that the operator 𝐾 = 𝐴𝑃 + 𝐵𝑄 (𝐿 = 𝑃𝐴 + 𝑄𝐵) be a Φ-operator
in 𝐿𝑝(Γ, 𝜌), it is necessary and sufficient that the following two conditions be
fulfilled:

𝛾) det𝐴(𝑡 ± 0)𝐵(𝑡 ± 0) ≠ 0 for all 𝑡 ∈ Γ;

𝛿) for each eigenvalue 𝜆(𝑘)
𝑗 of the matrix

𝐴−1(𝑡𝑘 + 0)𝐵(𝑡𝑘 + 0)𝐵−1(𝑡𝑘)𝐴(𝑡𝑘) (𝐵(𝑡𝑘 + 0)𝐴−1(𝑡𝑘 + 0)𝐴(𝑡𝑘)𝐵−1(𝑡𝑘))

the relation
𝛽𝑘 ≠ 𝑝𝛼(𝑘)

𝑗 − 1 (𝑗 = 1, … , 𝑚; 𝑘 = 1, … , 𝑛)
holds, where

𝛼(𝑘)
𝑗 = (arg𝜆(𝑘)

𝑗 )/2𝜋 (0 ≤ 𝛼(𝑘)
𝑗 < 1).

The formulated theorem obviously follows from Theorem 1 and the following
easily proved lemma.

Lemma 3. In order that the matrix 𝐺(𝑡) (∈ Λ𝑚(Γ)) be 𝜔-nonsingular, it is
necessary and sufficient that the following two conditions be satisfied:

1∘. det𝐺(𝑡 ± 0) ≠ 0 for all 𝑡 ∈ Γ.
2∘. For each eigenvalue 𝜆(𝑘)

𝑗 of the matrix 𝐺−1(𝑡𝑘 + 0)𝐺(𝑡𝑘) the relation

𝛽𝑘 ≠ 𝑝𝛼(𝑘)
𝑗 − 1 (𝑗 = 1, … , 𝑚; 𝑘 = 1, … , 𝑛),

holds, where
𝛼(𝑘)

𝑗 = (arg𝜆(𝑘)
𝑗 )/2𝜋 (0 ≤ 𝛼(𝑘)

𝑗 < 1).
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3. As in (1−3), the results obtained above can be generalized to the general
case when Γ consists of a finite number of closed and open contours.

The results of the present note carry over to the operators 𝐾 and 𝐿 acting in
certain symmetric spaces (see (3)). From the theorems of this note one natu-
rally derives necessary and sufficient conditions for the operator corresponding
to a system of Wiener—Hopf equations (a discrete analogue) with piecewise-
continuous symbol to be a Φ-operator in 𝑙𝑚2 (ℎ𝑚

𝑝 ).
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