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MATHEMATICS

I. D. CHERKASOV

EQUIVALENCE GROUPS OF LINEAR DIF-
FERENTIAL EQUATIONS OF SECOND OR-
DER
(Presented by Academician A. N. Tikhonov on 15 I 1969)

1. Let Φ be an 𝑛-dimensional arithmetic space or some domain in it; 𝑥𝛼 are
the coordinates of a point 𝑥 ∈ Φ (𝛼 = 1, … , 𝑛), and 𝐴𝛼𝛽 = 𝐴𝛽𝛼, 𝐵𝛼, 𝐶, 𝑉 , for
fixed 𝛼, 𝛽, are square matrices of order 𝑚, defined and sufficiently smooth in Φ.
Greek (Latin) indices are assumed to range from 1 to 𝑛 (𝑚), 𝜓 = (𝜓1, … , 𝜓𝑛),
𝑓, 𝐹 , 𝐷 are column vectors, which may be regarded as square matrices defined
in Φ and having 𝑚 identical columns. Let 𝜕𝛼 = 𝜕/𝜕𝑥𝛼, 𝜕𝛼𝛽 = 𝜕𝛼𝜕𝛽, 𝑢𝛽

𝛼 = 𝜕𝛼𝜓𝛽

(𝛼, 𝛽 = 1, … , 𝑛), 𝐿 = 𝐴𝛼𝛽𝜕𝛼𝛽 + 𝐵𝛼𝜕𝛼 + 𝐶. By ‖𝐴𝑟𝛼𝛽
𝑘 ‖𝑚𝑛

1 we denote the matrix
of order 𝑚𝑛, obtained by writing, instead of each element of the matrix 𝐴𝛼𝛽

(𝛼, 𝛽 fixed), a matrix of order 𝑛, making 𝛼, 𝛽 range from 1 to 𝑛. Suppose that
the determinant Δ of the matrix ‖𝐴𝑟𝛼𝛽

𝑘 ‖𝑚𝑛
1 is nonzero inside Φ, and construct

the inverse matrix ‖𝐴𝑟
𝑘𝛼𝛽‖𝑚𝑛

1 , i.e.

𝐴𝑟𝛼𝛽
𝑘 𝐴𝑘

𝑖𝛽𝛾 = 𝛿𝑟
𝑖 𝛿𝛼

𝛾 (𝑖, 𝑟 = 1, … , 𝑚; 𝛼, 𝛾 = 1, … , 𝑛).

Consider the vector differential equation

𝐿𝑓 = 𝐷 (1)

with certain additional conditions 𝐾(𝑓), ensuring the uniqueness of its solution
𝑓 for any given matrix 𝐷. In addition, there is a domain Φ′, formed by the
points 𝑥′ = (𝑥′1, … , 𝑥′𝑛), matrices 𝐴′𝛼𝛽, 𝐵′𝛼, 𝐶′, 𝐷′, conditions 𝐾′(𝑓 ′), an
operator 𝐿′, and the equation

𝐿′𝑓 ′ = 𝐷′, (1’)

in which 𝑓 ′ is the sought column vector.
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Definition 1. Equations (1) and (1′) are called equivalent if there exist
matrices 𝜓, 𝑉 , 𝐹 , 𝑊 , defined in Φ, with continuous second derivatives, such that
the equalities

𝑥′ = 𝜓(𝑥), 𝑓 = 𝑉 𝑓 ′ + 𝐹, (2)

Φ′ = 𝜓(Φ), 𝐾′(𝑓 ′) = 𝐾(𝑉 𝑓 ′ + 𝐹), 𝐴′𝛼𝛽 = 𝑊𝐴𝛾𝛿𝑢𝛼
𝛾 𝑢𝛽

𝛿 𝑉 ,

𝐵′𝛼 = 𝑊[𝑢𝛼
𝛽𝐵𝛽𝑉 + 𝐴𝛽𝛾(𝑢𝛼

𝛽𝛾𝑉 + 2𝑢𝛼
𝛽𝜕𝛾𝑉 )], (3)

𝐶′ = 𝑊𝐿𝑉 , 𝐷′ = 𝑊(𝐷 − 𝐿𝐹),

hold, and the Jacobian of the change of variables is nonzero and these formu-
las are uniquely solvable with respect to 𝑥, 𝑓 ′, and the unprimed coefficients
(𝑢𝛾

𝛼𝛽 = 𝜕𝛼𝑢𝛾
𝛽). If, instead of Φ and Φ′, neighborhoods of the points 𝑥 and 𝑥′,

respectively, filling Φ and Φ′, occur in this definition, and the second equality
in (3) is absent, then we obtain locally equivalent equations (1) and (1′).

The aim of the article is to investigate the equivalence conditions in the case
when the matrices 𝐿 and 𝐿′ are symmetric. If 𝜓, 𝑉 , 𝐹 , 𝑊 are regarded as given,
then the transformation (2)+(3) takes equation (1) to an equivalent equation
(1′). The set 𝐺 of all such transformations forms a group, wh-

we shall call such a group the equivalence group of equation (1). In essence, (2)
+ (3) are equations of the group 𝐺; however, even with fixed primed coefficients,
finding the elements of this group in general form is difficult. In this connection,
special groups generated by equations of the form (1) are studied (for example,
see (1)). All group properties of such equations are in one way or another derived
from tensor-invariant equivalence conditions. Such conditions were obtained in
(2) for the case 𝑚 = 𝑉 = 1, 𝐶 = 𝐶′ = 𝐹 = 0. However, for a number of reasons
evident from the text of the article, the method of (2) cannot be applied to the
general case.

2. For 𝑛 > 2, denote by 𝐴𝛼𝛽 the matrix of order 𝑚 with elements 𝐴𝑟
𝑘𝛼𝛽 (𝛼, 𝛽

fixed, 𝑘, 𝑟 = 1, … , 𝑚). Let Γ𝛾
𝛼𝛽, 𝐶𝛿

𝛼𝛽𝛾, 𝑅𝛿
𝛼𝛽𝛾, 𝑅𝛼𝛽, 𝑅 be, respectively, the

Christoffel symbols of the second kind, the tensors of conformal curvature,
curvature, Ricci, and scalar curvature, obtained from 𝐴𝛼𝛽 as from a metric
tensor

𝑢′𝛽
𝛼 = 𝜕′

𝛼𝑥′𝛽, 𝐷𝛼 = 𝐵𝛼 + Γ𝛼
𝛽𝛾𝐴𝛽𝛾, 𝐷𝛼 = 𝐷𝛽𝐴𝛼𝛽, 𝜑 = 𝑊𝑉 ,
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𝑟𝛼𝛽 = 1
𝑛 − 2 (2𝑅𝛼𝛽 − 1

𝑛 − 1𝑅𝐴𝛼𝛽) ,

𝑔 = 4𝐶 − 𝐷𝛼𝐷𝛼 − 2(∇𝛼𝐷𝛽)𝐴𝛼𝛽 − (𝑛 − 2)(𝑛 − 1)−1𝑅,

Γ𝛽
𝜀𝜔 = Γ𝛽

𝜀𝜔 + 𝑇 𝛽
𝜀𝜔, 𝑇 𝛽

𝜀𝜔 = 1
2 (𝐴𝛽𝛼𝐴𝜀𝜔𝜕𝛼𝜑 − 𝛿𝛽

𝜔𝜕𝜀𝜑 − 𝛿𝛽
𝜀 𝜕𝜔𝜑) 𝜑−1;

we shall give analogous meaning to the primed quantities. By ∇𝛼, ∇𝛼 are
denoted the symbols of covariant differentiation with respect to Γ𝛾

𝛼𝛽 and Γ𝛾
𝛼𝛽,

respectively. Form the equation

∇𝛼(𝜑−1∇𝛽𝜑) + 1
2 (∇𝛼𝜑 ⋅ ∇𝛽𝜑 − 1

2𝐴𝛼𝛽𝐴𝜔𝛾∇𝜔𝜑 ⋅ ∇𝛾𝜑) 𝜑−2 = 𝑟𝛼𝛽 − 𝑟′
𝛾𝛿𝑢𝛾

𝛼𝑢𝛿
𝛽,
(4)

as well as the algebraic system of equations

𝐴′𝛼𝛽 = 𝜑𝐴𝛾𝛿𝑢𝛼
𝛾 𝑢𝛽

𝛿 , 𝑢𝛽
𝛼𝐶𝛼

𝜔𝜂𝜀 = 𝐶′𝛽
𝛾𝜎𝛼𝑢𝛾

𝜔𝑢𝜎
𝜂𝑢𝛼

𝜀 ,

𝜑𝑔 = 𝑔′, ∇[𝛼𝐷𝛾] = 𝑢𝜏
𝛼𝑢𝜀

𝛾∇′
[𝜏𝐷′

𝜀], (5)

∇[𝛼𝑟𝛽]𝛾 = 𝑢𝛿
𝛽𝑢𝜀

𝛼∇′
[𝜀𝑟′

𝛿]𝜔𝑢𝜔
𝛾 + 𝑟′

𝛿𝜔𝑢𝛿
𝛽𝑢𝜀

𝛼𝑇 𝜔
𝜀𝛾[𝛼, 𝛽],

whose unknowns are 𝑥′𝛼, 𝑢𝛽
𝛼, 𝜑𝑟

𝑘, 𝜕𝛼𝜑𝑟
𝑘 (𝛼, 𝛽 = 1, … , 𝑛; 𝑘, 𝑟 = 1, … , 𝑚). We

shall differentiate each of the relations (5) an unlimited number of times; here
the second derivatives of 𝜑 are eliminated by means of (4), and the second
derivatives of 𝑥′𝛼 by means of the equality

𝑢𝜌
𝜀𝜔 = 𝑢𝜌

𝛼Γ𝛼
𝜀𝜔 − Γ′𝜌

𝛼𝛾𝑢𝛼
𝜀 𝑢𝛾

𝜔.

Denote by (ℝ) the algebraic system of equations that includes (5) and the equal-
ities obtained from (5) in the described way.

Theorem 1. If Δ′Δ ≠ 0, equations (1) and (1′) are locally equivalent with
symmetric matrices 𝑉 , 𝑊 if and only if there exists a solution of the system (ℝ)
for which the matrix 𝜑 is symmetric,

|𝑢𝛽
𝛼|𝑛1 |𝜑𝑟

𝑘|𝑚1 ≠ 0,

and the matrix
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𝐴𝛼 = 1
2 [𝐷′

𝜀𝑢𝜀
𝛼 − 𝐷𝛼 + (1 − 𝑛/2)𝜑−1𝜕𝛼𝜑] (𝛼 = 1, … , 𝑛)

is moreover potential. When these conditions are fulfilled, the matrices 𝑉 , 𝑊
are written explicitly in the form 𝑉 = 𝑉0 exp {∫𝐾 𝐴𝛼𝑑𝑥𝛼}, 𝑊 = 𝜑𝑉 −1, and 𝐹 is
a solution of the equation 𝐿𝐹 = 𝐷 − 𝑊 −1𝐷′. Here 𝑉0 is a constant symmetric
matrix, and 𝐾 is a piecewise smooth curve in Φ connecting the fixed point 𝑥0
with the variable point 𝑥 (𝑥0, 𝑥 ∈ Φ).

3. If 𝑉 = 𝐸 or 𝜑 = 𝐸, then the formulation of Theorem 1 can be modified
so that a certain departure from tensorial form, introduced by ⋯

the following equation in (5), is excluded (𝐸 = ‖𝛿𝑘
𝑖 ‖𝑚

1 ). If 𝑛 = 2, then the
equivalence conditions are to some extent simpler; however, they cannot be
derived from the case considered.

Let now 𝑛 = 1. Introduce the notation:

𝑥1 = 𝑥, 𝐴11 = 𝐴, 𝐵1 = 𝐵, 𝐴11 = 𝐴−1, Γ = Γ1
11, 𝐷1 = 𝐷, 𝜕1 = 𝜕/𝜕𝑥,

𝐿 = 𝐴𝜕11 + 𝐵𝜕1 + 𝐶, 𝑔 = 𝐴−1𝐷𝐷 + 2𝐴∇1(𝐴−1𝐷) − 4𝐶.

We shall differentiate the equations indefinitely

𝐴′
𝑚√Δ′ = 𝜑𝐴

𝑚√|𝜑|Δ
, ∇′

1
2𝑚√Δ′ = 2𝑚√|𝜑| {∇1

2𝑚√Δ
2𝑚√Δ

+ |𝜑|−1𝜕1|𝜑| − 𝑚𝜑−1𝜕1𝜑
2𝑚 } ,

(6)

eliminating the derivatives of 𝑢1 and 𝜕11𝜑 by means of the equalities

𝑢1
1 = 2𝑚√Δ′/|𝜑|Δ, 𝜕11𝜑 = 𝐴−1(𝑔𝜑 − 𝑔′) + Γ𝜕1𝜑 + 3

4𝜑−1(𝜕1𝜑)2.

Assuming Δ > 0, Δ′ > 0, denote the union of all equations by (R).
Theorem 2. The equations 𝐿𝑓 = 0 and 𝐿′𝑓 ′ = 0 are equivalent if and only
if the algebraic system (R) has a solution 𝑥′, 𝜑, 𝜕1𝜑, |𝜑| > 0, for which Φ′ =
𝑥′(Φ), 𝐾′(𝑓 ′) = 𝐾(𝑉 𝑓).
If we introduce the notation

𝑝 = 2𝑚√Δ−1𝜕1
2𝑚√Δ, 𝑞 = 𝐴−1𝑔 − 2∇1

∇1
2𝑚√Δ

2𝑚√Δ
− ( 2𝑚√Δ−1∇1

2𝑚√Δ)2,
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then the following will hold.

Corollary. The equation 𝐿𝑓 = 0, by the formulas (2) + (3), is reduced to the
form 𝐻′𝜕11𝑓 ′ = 0, where 𝐻′ is a constant nonsingular matrix, if and only if 𝑞
is a diagonal matrix and the equation of Riccati type 𝜕1𝑦 + 1

4 𝑦2 + 𝑝𝑦 = 𝑞 has a
solution defined in Φ.

Theorems 1, 2, and also the corollary can be applied to the problem of explicitly
constructing solutions of elliptic and hyperbolic equations and systems of second
order.

Nizhny Tagil
Pedagogical Institute

Received
3 X 1968
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