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1. Let ® be an n-dimensional arithmetic space or some domain in it; % are
the coordinates of a point z € ® (a = 1,...,n), and A% = AP~ B® O, V, for
fixed «, B, are square matrices of order m, defined and sufficiently smooth in ®.
Greek (Latin) indices are assumed to range from 1 to n (m), ¢ = (¥, ..., 9"),
f,F, D are column vectors, which may be regarded as square matrices defined
in ® and having m identical columns. Let 8, = 9/0x%, 8,5 = 0,05, ul, = 9,0°
(0,8=1,...,n), L =A""9,5+ B*9, + C. By |A7*#|mm we denote the matrix
of order mn, obtained by writing, instead of each element of the matrix A%
(o, B fixed), a matrix of order n, making «, 8 range from 1 to n. Suppose that
the determinant A of the matrix HAZO‘ﬁ |7 is nonzero inside ®, and construct
the inverse matrix | Ay glI7"", ie.

AzaﬁAi’cﬂ’Y:Csf(s'? (i,’l“z 1o ,m; a,'y:L...,n).

Consider the vector differential equation

Lf=D (1)
with certain additional conditions K (f), ensuring the uniqueness of its solution
f for any given matrix D. In addition, there is a domain ®’, formed by the

points 2’ = (2’ ...,2'™), matrices A’*? B’® C’ , D’, conditions K'(f’), an
operator L/, and the equation

Ly =n, (1)

in which f’ is the sought column vector.
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Definition 1. Equations (1) and (1’) are called equivalent if there exist
matrices ¥, V, F, W, defined in ®, with continuous second derivatives, such that
the equalities

o =yY(x), f=Vf+F, (2)
' =y(@), K(f)=KV[f +F), A= WAV‘;u?;us,
B = W[ug BV + AP (ug,V + 2u50,V)], (3)

C’'=WLV, D =W(D-LF),

hold, and the Jacobian of the change of variables is nonzero and these formu-
las are uniquely solvable with respect to x, f’, and the unprimed coefficients
(ulﬁ = (’)aug). If, instead of ® and ®’, neighborhoods of the points x and z’,
respectively, filling ® and ®’, occur in this definition, and the second equality
in (3) is absent, then we obtain locally equivalent equations (1) and (1').

The aim of the article is to investigate the equivalence conditions in the case
when the matrices L and L’ are symmetric. If ¢, V, F, W are regarded as given,
then the transformation (2)+(3) takes equation (1) to an equivalent equation
(1”). The set G of all such transformations forms a group, wh-

we shall call such a group the equivalence group of equation (1). In essence, (2)
+ (3) are equations of the group G; however, even with fixed primed coefficients,
finding the elements of this group in general form is difficult. In this connection,
special groups generated by equations of the form (1) are studied (for example,
see (1)). All group properties of such equations are in one way or another derived
from tensor-invariant equivalence conditions. Such conditions were obtained in
(?) for the casem =V =1, C = C’ = F = 0. However, for a number of reasons
evident from the text of the article, the method of (?) cannot be applied to the
general case.

2. For n > 2, denote by A, the matrix of order m with elements A};aﬁ (o, 8
fixed, k,7 = 1,...,m). Let ' 4, Ogﬁ’v’ Riﬁ’w Rz, R be, respectively, the
Christoffel symbols of the second kind, the tensors of conformal curvature,

curvature, Ricci, and scalar curvature, obtained from A, 5 as from a metric

tensor
uf =0.2'", D*=B*+Tg A", D, = DA, =WV,
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1 1
Taﬂ:n72 (QRaﬁ_nilRAa6>7

g=4C —D,D* —2(V,Dg)A*? — (n—2)(n—1)"'R,

=B

st - F?w + Tgwa TEﬁW = <A/8aAewaaQ0 - 558530 - 558&)90) Qpil;

N =

we shall give analogous meaning to the primed quantities. By V,, V, are

denoted the symbols of covariant differentiation with respect to FZY P and fl 8
respectively. Form the equation

1 1 )
va(wilvﬁW) + 5 (VO/QO : v[i(p - §AaﬁAw’vagp ! v'y@) 9072 = Taﬁ - T—Y(Suz/tug”
(4)

as well as the algebraic system of equations

A'oB = g@A"Y‘Su?;uf7 ungan = C;gaulu;'lug,
— p—
Y9 = 9/7 v[aD’y] = ugu'syv[TD:g]? (5)

J— p——
ViaTgly = ugug Vs ug + v, ubus T o, B,

whose unknowns are ', u2, ¢, 0,0k (o, =1,...,n; k,r =1,...,m). We
shall differentiate each of the relations (5) an unlimited number of times; here
the second derivatives of ¢ are eliminated by means of (4), and the second
derivatives of 2’“ by means of the equality

—Q
b _ P P o, Y
Usw = Ual'y, — Layudud.

Denote by (R) the algebraic system of equations that includes (5) and the equal-
ities obtained from (5) in the described way.

Theorem 1. If A’A #+ 0, equations (1) and (1') are locally equivalent with
symmetric matrices V., W if and only if there exists a solution of the system (R)
for which the matriz ¢ is symmetric,

Wl I7 ekl # 0,

and the matriz
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1

Aa
2

[Dius, — D, + (1 —n/2)¢10,¢] (a=1,...,n)

is moreover potential. When these conditions are fulfilled, the matrices V,W
are written explicitly in the form V = V,exp {fK Aadasa}, W =V~ and F is
a solution of the equation LF = D — W=1D’. Here V,, is a constant symmetric
matriz, and K is a piecewise smooth curve in ® connecting the fized point x,
with the variable point x (xq,x € D).

3. If V= F or ¢ = F, then the formulation of Theorem 1 can be modified
so that a certain departure from tensorial form, introduced by -

the following equation in (5), is excluded (E = [§¥|7). If n = 2, then the
equivalence conditions are to some extent simpler; however, they cannot be
derived from the case considered.

Let now n = 1. Introduce the notation:
2t =2, Al =A, B'=B, A= Al T = Fh, D' = D, 0, = 0/0x,

L=A8,,+Bo,+C, g=A"'DD+2AV,(A™'D)—4C.

We shall differentiate the equations indefinitely

A pA
VAT R/elA

) 2o am VWA |10y || — me o
Vi VA = M{ o L Blelome B |
(6)

eliminating the derivatives of u! and d;;¢ by means of the equalities

I _ , 3
up = VA lplA, One=Agp—g) +T0e+ 9 (O19).

Assuming A > 0, A’ > 0, denote the union of all equations by (R).

Theorem 2. The equations Lf = 0 and L'f’ = 0 are equivalent if and only
if the algebraic system (R) has a solution x’,p, 0,0, |¢| > 0, for which & =
(@), K'(f') = K(Vf).

If we introduce the notation

vV, WA
p= QVA—lal A, q:A_lg—2V112WLAF—(2vA_1V1 2\/K)27
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then the following will hold.

Corollary. The equation Lf = 0, by the formulas (2) + (3), is reduced to the
form H'0y,f" =0, where H' is a constant nonsingular matriz, if and only if q
is a diagonal matriz and the equation of Riccati type Oyy + iyz +py =4q has a
solution defined in .

Theorems 1, 2, and also the corollary can be applied to the problem of explicitly
constructing solutions of elliptic and hyperbolic equations and systems of second
order.
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