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ASYMPTOTICS OF THE SOLUTION OF A
PROBLEM WITH AN INITIAL JUMP FOR
NONLINEAR SYSTEMS OF DIFFERENTIAL
EQUATIONS WITH A SMALL PARAMETER
AT THE HIGHEST DERIVATIVE

(Presented by Academician I. G. Petrovskii, May 7, 1969)

In the present paper we shall consider a nonlinear system of ordinary differential
equations with a small parameter, which is the direct analogue, for a single scalar
equation, of the form*

ed®y/dt® = f(t,y,dy/dt, ..., d*y/dts1).

§ 1. Suppose we have the nonlinear system:

edz/dt = F(z,y,2,t),  dy/dt=G(zy,2,t),  dx/dt=H(zyuzt). (1)

with initial conditions

a(te) =20,  yte)|_=v,  zte)]_,= ) (2)

where € > 0 is a small parameter; x8 and yg are certain constants independent
of g; 29(g) — oo as € — 0. Assume that the right-hand sides F, G, and H

of system (1) grow as z — oo like 2", 2™, and z*, respectively, and admit the
representations
F=zr [fo(t,x,y) + Zfi(t,any)ﬂ} ,
>0
G=zm [go(t,x,y) + Zgi(t,ay)zi] : (3)
>0
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HEZk hO(t?l‘7y)+Zhi(taxay)Z_i )

>0

fO(tvIay) < 07 go(t,x,y) > 07 (4)

where n, m, and k are certain real numbers satisfying the conditions:
a)k<m=mn, n>1,

byn—1<m<n, k<m;

c)k<m=n—1 n>1.

Then, with the corresponding choice of the singularity of the function z3(e), as

¢ — 0 the solution z(t,¢), y(t, ), x(¢,€) of problem (1) and (2) will tend to the
solution of the degenerate system of equations corresponding to system (1):

O = F(27 g? :1_77 t)? d@/dt = G(Z_7 g? f? t)7 dii‘/dt = H(27 g? :1_77 t)? (5)

where y(t) will no longer satisfy the previous initial condition y(0) = yj, but
will satisfy another initial condition, in contrast to the variable Z(t), for which
the previous condition holds:

20| _=a g0 | = v+ el (6)
where the quantity Ay) will be called the initial jump of the function y. The
existence of a finite initial jump of the function y depends on the order of growth
of the func-

* If, for example, in (1) &k = 0 and the variable z is an (s — 2)-dimensional
vector, while y and z are scalars, then system (1) is an analogue of a differential
equation of order s.

the function 2(¢) as € — 0, and the order of growth of zJ(¢), in turn, depends

essentially on the character of the nonlinearity of the right-hand side of the
system of equations (1), namely:

20 /e, m=mn, n>1,
29(e) = 2Q/et/ A= 1 <m<n, n>1, (7a)
29ecle, m=n—1,n>1 ¢>0,
(7b)
(7c)
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where 28 is some constant, and, for definiteness, we shall assume z8 > 0. (If

20 < 0, then in (3) z must be replaced by —z.)

In the present note the case (7a) is investigated; the remaining cases (7b) and
(7¢) can be studied in a completely analogous way. To determine the magnitude
of the initial jump Ay we have the equation

0 __ y8+Ay8 fO (07 x87 y)
= [ e )
9 90(0, 2, y)

To construct the asymptotics of the solution of the problem (1), (2), where 2{(¢)
is expressed by (7a), we divide the interval [0,T] (see (1, 2)) into three zones.
In each of the three zones obtained, the system of equations (1) is solved in a
different way. In the first zone 0 < ¢t < t, where t{ = O(e"1=9)), n > 1, the
variable quantity z changes from a quantity of order O(1/¢) to a quantity of
order O(1/'77), the variable quantity y changes from y to g + O(e”), where
99 = yd+ Ay, and x changes from z to 2)+0 (e~ +e(—11=0) pgo+n=k)(1=a)),
In the second zone t9 < t < 19, where t3 = O(g), the variable quantity z
changes from a quantity of order O(1/2179) to some finite quantity (as ¢ — 0),
and the jump for y is small together with . In the third zone t3 < t < T,
the solution of the problem (1) and (2) rapidly approaches the solution of the
degenerate problem (5), (6) and subsequently remains in a small neighborhood
of the solution of the degenerate problem. Our goal now is to construct the
asymptotics only in the first two zones. In the third zone the asymptotics can
be constructed by the method of A. B. Vasil’ eva (3).

§ 2. In the first zone we make the change of variables:

t=¢"r, €z =u, n>1 9)

and the zone 0 < ¢t < t(l) passes into the zone 0 < 7 < T{), where T{) =
O(1/e™=Y7). Then the initial problem (1) and (2) is transformed into the

following one:

d , .
f =u" {fo(fnﬂ%y) + ZE%(E”T%?J)U"} :
T >0
dy _ u | go(e™T, z,y) + Zaig-(E"T z,y)ut (10)
dT 0 )y Ly s 7 y Ly ’
dr _ e kuk | hy (e, z,y) + Zsih-(snT x,y)ut
dT 0 y £~ (3 el 9
u(T, 5)‘7:0 = 28, y(T,E)’T:O =y, z(T, 5)‘7:0 = . (11)
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We seek an approximate solution of the problem (10), (11) in the form

/
U(Ta 5) = Up (T) + Z Esn+p+q(n7k)uqu(7_)’

s,P,q
y(r,e) = yo(r) + Y _ enpranhy  (7), (12)
5,9,q
’
z(7,8) = zo(T) + Z ss“p*qm*k)xqu(f).
5,P,4q

Substituting (12) into (10) and (11) and equating coefficients of like powers of
€, we obtain a sequence of differential equations for ug,,(7), Yspe(T); T, (T):

duO/dT = fO(yOaxgv 0)“87
Yo(0) =y,

dyO/dT = gO(yOa 338, 0>u37

1
7O)yqu + q)gp)m

duqu/dT = nfO(yO7 .%'87 O)u(gl_luqu + ungy(ym .’1/'8
— n 2
dyqu/dT = nYgo (y07 cha O)ual 1uqu + U gOy<yO7 3787 O)yqu + (I)(Sp>q7 (14)
3
dxqu/dT = (I)(Sp)q7 Uqu<0) = yqu(o) = xqu<0) = 07
spg» While the

(1)
spq Al

function fI’f& is expressed through w;;, ¥, 5, i+ 7 +1<s+p+q.

For uy(7), yo(7), and x4(7) the estimates

(2) ;
where ® d ®gpq are known functions of w,;;, y;5, ®;; and

up(m) = O((L+7)"V=V) g —yo(r) = O((1 + 7)),

Ty (1) = ), 0<7<7Y, (15)
hold, and for w,,(7), ¥s,,(7), and z,, (7) the estimates
(u7 y)qu =0 ((1 + T)[s(nfl)+p71+q(nfk71)]/(n71)) ;
O ((1 + 7_)[s(nfl)+p71+q(n7k71)]/(n71)) . ¢>0,
Tpy = 0 B (16)
, q=0.

Theorem 1. Every solution u,y, and z of problem (10) and (11) in the first
zone 0 < 7 < 7{ has the asymptotic expansion

Machine Translation
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N

u(r,e) =uglr) + Y e PHIRy (1) + RY,
s+p+q=1
N 2
y(re) =yolr)= . emtrranhy (o) 4+ R, (17)
s+p+q=1
N
(rie) =ap(r)+ D, ey (r) + RY,
s+p+g=1

where

(RE\II)7 Rﬁ)) -0 < Z aa(l+q+s)+(sn+p+q(n—k))(1—0)) ,
s+p+q=N+1

RE\?) -0 ( 5a(qus)Jr(anr;nJrq(nIc))(la)) ) (18)

s+p+q=N-+1

It can be verified directly that the value ¢ = ¢{ corresponds to

2(80,e) = 20(e) = O(1/e179), 0<o<1,
y(t3,e) = yi(e) = 4y + O(7), (19)

x(t?,a) _ (E(l)(éf) _ 1'8 + O(g(nfl)(lfo) + Z_:170 4 60’4’(717’(7)(170’)).

§ 3. In the second zone the system of differential equations (1) is solved under
the initial conditions (19). The change of variable 7 = (t—9) /e reduces problem
(1) and (19) to the problem:

dz/dT = F(z,y,2,t) +e1), 2(T, 5)‘7:0 =2{(e),
dy/dr = eG(z,y,z,t) +eT),  y(r,e)| _ =yi(e), (20)
dr/dr = eH(z,y,x,t + e7), 1:(7',5)|T:0 =29{(¢).
The zone 9 < ¢ < tJ passes into the zone 0 < 7 < 73, where 79 is a sufficiently
small number, but fixed as ¢ — 0.

We seek the formal solution of problem (20) in the form of a series in € with
coefficients depending not only on 7, but also on &:
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2(1,€) = 2o(T,€) + 2, (T,€) + €225 (T,8) + -,
y(Tv 5) = yO(T> 6) + 6yl(Tv 5) + 52y2(7—a 5) + (21)
x(T,e) = xo(T,€) + ex,(7,€) + 2wy (T,8) + -

In the first approximation we obtain

dzy/dT = FO(ZOay?(E)aiﬂ?(ﬁ)»t?(E))a 20(0,e) = 2(1)(5)~

Hence, taking into account Fy, = O(z{), we obtain the estimate for z,(7,¢):

1

zo(1,6) =0 T
’ (1/29(e) 1 + 7)Y

(22)

It follows directly from estimate (22) that z,(7J,¢) has a finite limit as ¢ — 0.

Substituting now (21) into (20) and equating the coefficients of identical powers
of €, we obtain a sequence of differential equations for z,(7,¢), y,(7,¢), and
z,(7,€), p > 0:

dz, _ 0k

dr 0z
dy,/dr =3 (1), y,(0,e) =0, (23)
da,/dr = &y (1), @,(0,e) =0,

1
2+ 0 (1), 2,(0,6) =0,

where <I>]<gi>(7) are already known functions of z,,y,, and =, s < p.

The estimates

2,(1,€) = O(25(0, )2y (7, €)), Y, (1,6) = O(25(0,¢)),

z,(r,6) = O (zp: zg_S(O,s)< s<ig_(;’(€) + 328(0@ )) (24)
s=1 ZO 0

hold.
In this zone the following is valid.

Theorem 2. Every solution of problem (20) in the second zone 0 < 7 < 73 has
the asymptotic expansion
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N
Are) =Y Pz (re) + Ry (re),  ylr,e) =Y ePy,(r,e) + RS (,¢),
p=0

N
z(1,e) = Z€p$p<’7'7€) + Rg\?;)(ﬂa)7 (25)

p=0

where

R%) _ O(E(N+1)o—(1—a)>7 Rﬁ) _ O<E(N+1)a)7

s=1

N+1
RE\?) -0 (Z €(N+1)a'+s(nk)(1a)> ) (26)

Remark. The method set forth above carries over directly to the case when
the variables y and x are vector quantities.

In conclusion I express my sincere gratitude to Corresponding Member of the
Academy of Sciences of the USSR L. A. Lyusternik for his constant attention
to the work.
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