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Abstract
Full Text
UDC 517.917

MATHEMATICS

K. A. KASYMOV

ASYMPTOTICS OF THE SOLUTION OF A
PROBLEM WITH AN INITIAL JUMP FOR
NONLINEAR SYSTEMS OF DIFFERENTIAL
EQUATIONS WITH A SMALL PARAMETER
AT THE HIGHEST DERIVATIVE
(Presented by Academician I. G. Petrovskii, May 7, 1969)

In the present paper we shall consider a nonlinear system of ordinary differential
equations with a small parameter, which is the direct analogue, for a single scalar
equation, of the form*

𝜀 𝑑𝑠𝑦/𝑑𝑡𝑠 = 𝑓(𝑡, 𝑦, 𝑑𝑦/𝑑𝑡, … , 𝑑𝑠−1𝑦/𝑑𝑡𝑠−1).

§ 1. Suppose we have the nonlinear system:

𝜀 𝑑𝑧/𝑑𝑡 = 𝐹(𝑧, 𝑦, 𝑥, 𝑡), 𝑑𝑦/𝑑𝑡 = 𝐺(𝑧, 𝑦, 𝑥, 𝑡), 𝑑𝑥/𝑑𝑡 = 𝐻(𝑧, 𝑦, 𝑥, 𝑡). (1)

with initial conditions

𝑥(𝑡, 𝜀) ∣𝑡=0= 𝑥0
0, 𝑦(𝑡, 𝜀) ∣𝑡=0= 𝑦0

0, 𝑧(𝑡, 𝜀) ∣𝑡=0= 𝑧0
0(𝜀), (2)

where 𝜀 > 0 is a small parameter; 𝑥0
0 and 𝑦0

0 are certain constants independent
of 𝜀; 𝑧0

0(𝜀) → ∞ as 𝜀 → 0. Assume that the right-hand sides 𝐹 , 𝐺, and 𝐻
of system (1) grow as 𝑧 → ∞ like 𝑧𝑛, 𝑧𝑚, and 𝑧𝑘, respectively, and admit the
representations

𝐹 ≡ 𝑧𝑛 [𝑓0(𝑡, 𝑥, 𝑦) + ∑
𝑖>0

𝑓𝑖(𝑡, 𝑥, 𝑦)𝑧−𝑖] ,

𝐺 ≡ 𝑧𝑚 [𝑔0(𝑡, 𝑥, 𝑦) + ∑
𝑖>0

𝑔𝑖(𝑡, 𝑥, 𝑦)𝑧−𝑖] , (3)
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𝐻 ≡ 𝑧𝑘 [ℎ0(𝑡, 𝑥, 𝑦) + ∑
𝑖>0

ℎ𝑖(𝑡, 𝑥, 𝑦)𝑧−𝑖] ,

𝑓0(𝑡, 𝑥, 𝑦) < 0, 𝑔0(𝑡, 𝑥, 𝑦) > 0, (4)

where 𝑛, 𝑚, and 𝑘 are certain real numbers satisfying the conditions:
a) 𝑘 < 𝑚 = 𝑛, 𝑛 ≥ 1;
b) 𝑛 − 1 < 𝑚 < 𝑛, 𝑘 < 𝑚;
c) 𝑘 < 𝑚 = 𝑛 − 1, 𝑛 > 1.
Then, with the corresponding choice of the singularity of the function 𝑧0

0(𝜀), as
𝜀 → 0 the solution 𝑧(𝑡, 𝜀), 𝑦(𝑡, 𝜀), 𝑥(𝑡, 𝜀) of problem (1) and (2) will tend to the
solution of the degenerate system of equations corresponding to system (1):

0 = 𝐹( ̄𝑧, ̄𝑦, ̄𝑥, 𝑡), 𝑑 ̄𝑦/𝑑𝑡 = 𝐺( ̄𝑧, ̄𝑦, ̄𝑥, 𝑡), 𝑑 ̄𝑥/𝑑𝑡 = 𝐻( ̄𝑧, ̄𝑦, ̄𝑥, 𝑡), (5)

where ̄𝑦(𝑡) will no longer satisfy the previous initial condition ̄𝑦(0) = 𝑦0
0, but

will satisfy another initial condition, in contrast to the variable ̄𝑥(𝑡), for which
the previous condition holds:

̄𝑥(𝑡) ∣𝑡=0= 𝑥0
0, ̄𝑦(𝑡) ∣𝑡=0= 𝑦0

0 + Δ𝑦0
0, (6)

where the quantity Δ𝑦0
0 will be called the initial jump of the function 𝑦. The

existence of a finite initial jump of the function 𝑦 depends on the order of growth
of the func-

* If, for example, in (1) 𝑘 = 0 and the variable 𝑥 is an (𝑠 − 2)-dimensional
vector, while 𝑦 and 𝑧 are scalars, then system (1) is an analogue of a differential
equation of order 𝑠.
the function 𝑧0

0(𝜀) as 𝜀 → 0, and the order of growth of 𝑧0
0(𝜀), in turn, depends

essentially on the character of the nonlinearity of the right-hand side of the
system of equations (1), namely:

𝑧0
0(𝜀) =

⎧{
⎨{⎩

𝑧0
0/𝜀, 𝑚 = 𝑛, 𝑛 ⩾ 1,

𝑧0
0/𝜀1/(𝑚+1−𝑛), 𝑛 − 1 < 𝑚 < 𝑛, 𝑛 ⩾ 1,

𝑧0
0𝑒𝑐/𝜀, 𝑚 = 𝑛 − 1, 𝑛 > 1, 𝑐 > 0,

(7a)

(7b)

(7c)
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where 𝑧0
0 is some constant, and, for definiteness, we shall assume 𝑧0

0 > 0. (If
𝑧0

0 < 0, then in (3) 𝑧 must be replaced by −𝑧.)
In the present note the case (7a) is investigated; the remaining cases (7b) and
(7c) can be studied in a completely analogous way. To determine the magnitude
of the initial jump Δ𝑦0

0 we have the equation

𝑧0
0 = − ∫

𝑦0
0+Δ𝑦0

0

𝑦0
0

𝑓0(0, 𝑥0
0, 𝑦)

𝑔0(0, 𝑥0
0, 𝑦) 𝑑𝑦. (8)

To construct the asymptotics of the solution of the problem (1), (2), where 𝑧0
0(𝜀)

is expressed by (7a), we divide the interval [0, 𝑇 ] (see (1, 2)) into three zones.
In each of the three zones obtained, the system of equations (1) is solved in a
different way. In the first zone 0 ⩽ 𝑡 ⩽ 𝑡0

1, where 𝑡0
1 = 𝑂(𝜀𝑛(1−𝜎)), 𝑛 > 1, the

variable quantity 𝑧 changes from a quantity of order 𝑂(1/𝜀) to a quantity of
order 𝑂(1/𝜀1−𝜎), the variable quantity 𝑦 changes from 𝑦0

0 to ̄𝑦0
0 + 𝑂(𝜀𝜎), where

̄𝑦0
0 ≡ 𝑦0

0+Δ𝑦0
0, and 𝑥 changes from 𝑥0

0 to 𝑥0
0+𝑂(𝜀1−𝜎+𝜀(𝑛−1)(1−𝜎)+𝜀𝜎+(𝑛−𝑘)(1−𝜎)).

In the second zone 𝑡0
1 ⩽ 𝑡 ⩽ 𝑡0

2, where 𝑡0
2 = 𝑂(𝜀), the variable quantity 𝑧

changes from a quantity of order 𝑂(1/𝜀1−𝜎) to some finite quantity (as 𝜀 → 0),
and the jump for 𝑦 is small together with 𝜀. In the third zone 𝑡0

2 ⩽ 𝑡 ⩽ 𝑇 ,
the solution of the problem (1) and (2) rapidly approaches the solution of the
degenerate problem (5), (6) and subsequently remains in a small neighborhood
of the solution of the degenerate problem. Our goal now is to construct the
asymptotics only in the first two zones. In the third zone the asymptotics can
be constructed by the method of A. B. Vasil’eva (3).

§ 2. In the first zone we make the change of variables:

𝑡 = 𝜀𝑛𝜏, 𝜀𝑧 = 𝑢, 𝑛 > 1 (9)

and the zone 0 ⩽ 𝑡 ⩽ 𝑡0
1 passes into the zone 0 ⩽ 𝜏 ⩽ 𝜏0

1 , where 𝜏0
1 =

𝑂(1/𝜀(𝑛−1)𝜎). Then the initial problem (1) and (2) is transformed into the
following one:

𝑑𝑢
𝑑𝜏 = 𝑢𝑛 [𝑓0(𝜀𝑛𝜏, 𝑥, 𝑦) + ∑

𝑖>0
𝜀𝑖𝑓𝑖(𝜀𝑛𝜏, 𝑥, 𝑦)𝑢−𝑖] ,

𝑑𝑦
𝑑𝜏 = 𝑢𝑛 [𝑔0(𝜀𝑛𝜏, 𝑥, 𝑦) + ∑

𝑖>0
𝜀𝑖𝑔𝑖(𝜀𝑛𝜏, 𝑥, 𝑦)𝑢−𝑖] ,

𝑑𝑥
𝑑𝜏 = 𝜀𝑛−𝑘𝑢𝑘 [ℎ0(𝜀𝑛𝜏, 𝑥, 𝑦) + ∑

𝑖>0
𝜀𝑖ℎ𝑖(𝜀𝑛𝜏, 𝑥, 𝑦)𝑢−𝑖] ,

(10)

𝑢(𝜏, 𝜀)∣𝜏=0 = 𝑧0
0, 𝑦(𝜏, 𝜀)∣𝜏=0 = 𝑦0

0, 𝑥(𝜏, 𝜀)∣𝜏=0 = 𝑥0
0. (11)
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We seek an approximate solution of the problem (10), (11) in the form:

𝑢(𝜏, 𝜀) = 𝑢0(𝜏) +
′

∑
𝑠,𝑝,𝑞

𝜀𝑠𝑛+𝑝+𝑞(𝑛−𝑘)𝑢𝑠𝑝𝑞(𝜏),

𝑦(𝜏, 𝜀) = 𝑦0(𝜏) +
′

∑
𝑠,𝑝,𝑞

𝜀𝑠𝑛+𝑝+𝑞(𝑛−𝑘)𝑦𝑠𝑝𝑞(𝜏),

𝑥(𝜏, 𝜀) = 𝑥0(𝜏) +
′

∑
𝑠,𝑝,𝑞

𝜀𝑠𝑛+𝑝+𝑞(𝑛−𝑘)𝑥𝑠𝑝𝑞(𝜏).

(12)

Substituting (12) into (10) and (11) and equating coefficients of like powers of
𝜀, we obtain a sequence of differential equations for 𝑢𝑠𝑝𝑞(𝜏), 𝑦𝑠𝑝𝑞(𝜏), 𝑥𝑠𝑝𝑞(𝜏):

𝑑𝑢0/𝑑𝜏 = 𝑓0(𝑦0, 𝑥0
0, 0)𝑢𝑛

0 , 𝑢0(0) = 𝑧0
0,

𝑑𝑦0/𝑑𝜏 = 𝑔0(𝑦0, 𝑥0
0, 0)𝑢𝑛

0 , 𝑦0(0) = 𝑦0
0, (13)

𝑑𝑢𝑠𝑝𝑞/𝑑𝜏 = 𝑛𝑓0(𝑦0, 𝑥0
0, 0)𝑢𝑛−1

0 𝑢𝑠𝑝𝑞 + 𝑢𝑛
0 𝑓0𝑦(𝑦0, 𝑥0

0, 0)𝑦𝑠𝑝𝑞 + Φ(1)
𝑠𝑝𝑞,

𝑑𝑦𝑠𝑝𝑞/𝑑𝜏 = 𝑛𝑔0(𝑦0, 𝑥0
0, 0)𝑢𝑛−1

0 𝑢𝑠𝑝𝑞 + 𝑢𝑛
0 𝑔0𝑦(𝑦0, 𝑥0

0, 0)𝑦𝑠𝑝𝑞 + Φ(2)
𝑠𝑝𝑞,

𝑑𝑥𝑠𝑝𝑞/𝑑𝜏 = Φ(3)
𝑠𝑝𝑞, 𝑢𝑠𝑝𝑞(0) = 𝑦𝑠𝑝𝑞(0) = 𝑥𝑠𝑝𝑞(0) = 0,

(14)

where Φ(1)
𝑠𝑝𝑞 and Φ(2)

𝑠𝑝𝑞 are known functions of 𝑢𝑖𝑗𝑙, 𝑦𝑖𝑗𝑙, 𝑥𝑖𝑗𝑙 and 𝑥𝑠𝑝𝑞, while the
function Φ(3)

𝑠𝑝𝑞 is expressed through 𝑢𝑖𝑗𝑙, 𝑦𝑖𝑗𝑙, 𝑥𝑖𝑗𝑙, 𝑖 + 𝑗 + 𝑙 < 𝑠 + 𝑝 + 𝑞.
For 𝑢0(𝜏), 𝑦0(𝜏), and 𝑥0(𝜏) the estimates

𝑢0(𝜏) = 𝑂((1 + 𝜏)−1/(𝑛−1)), ̄𝑦 0
0 − 𝑦0(𝜏) = 𝑂((1 + 𝜏)−1/(𝑛−1)),

𝑥0(𝜏) = 𝑥0
0, 0 ≤ 𝜏 ≤ 𝜏0

1 , (15)

hold, and for 𝑢𝑠𝑝𝑞(𝜏), 𝑦𝑠𝑝𝑞(𝜏), and 𝑥𝑠𝑝𝑞(𝜏) the estimates

(𝑢, 𝑦)𝑠𝑝𝑞 = 𝑂 ((1 + 𝜏)[𝑠(𝑛−1)+𝑝−1+𝑞(𝑛−𝑘−1)]/(𝑛−1)) ,

𝑥𝑠𝑝𝑞 = {𝑂 ((1 + 𝜏)[𝑠(𝑛−1)+𝑝−1+𝑞(𝑛−𝑘−1)]/(𝑛−1)) , 𝑞 > 0,
0, 𝑞 = 0. (16)

Theorem 1. Every solution 𝑢, 𝑦, and 𝑥 of problem (10) and (11) in the first
zone 0 ≤ 𝜏 ≤ 𝜏0

1 has the asymptotic expansion
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𝑢(𝜏, 𝜀) = 𝑢0(𝜏) +
𝑁

∑
𝑠+𝑝+𝑞=1

𝜀𝑠𝑛+𝑝+𝑞(𝑛−𝑘)𝑢𝑠𝑝𝑞(𝜏) + 𝑅(1)
𝑁 ,

𝑦(𝜏, 𝜀) = 𝑦0(𝜏) =
𝑁

∑
𝑠+𝑝+𝑞=1

𝜀𝑠𝑛+𝑝+𝑞(𝑛−𝑘)𝑦𝑠𝑝𝑞(𝜏) + 𝑅(2)
𝑁 , (17)

𝑥(𝜏, 𝜀) = 𝑥0(𝜏) +
𝑁

∑
𝑠+𝑝+𝑞=1

𝜀𝑠𝑛+𝑝+𝑞(𝑛−𝑘)𝑥𝑠𝑝𝑞(𝜏) + 𝑅(3)
𝑁 ,

where

(𝑅(1)
𝑁 , 𝑅(2)

𝑁 ) = 𝑂 ( ∑
𝑠+𝑝+𝑞=𝑁+1

𝜀𝜎(1+𝑞+𝑠)+(𝑠𝑛+𝑝+𝑞(𝑛−𝑘))(1−𝜎)) ,

𝑅(3)
𝑁 = 𝑂 ( ∑

𝑠+𝑝+𝑞=𝑁+1
𝜀𝜎(𝑞+𝑠)+(𝑠𝑛+𝑝+𝑞(𝑛−𝑘))(1−𝜎)) . (18)

It can be verified directly that the value 𝑡 = 𝑡0
1 corresponds to

𝑧(𝑡0
1, 𝜀) = 𝑧0

1(𝜀) = 𝑂(1/𝜀1−𝜎), 0 < 𝜎 < 1,

𝑦(𝑡0
1, 𝜀) = 𝑦0

1(𝜀) = ̄𝑦 0
0 + 𝑂(𝜀𝜎), (19)

𝑥(𝑡0
1, 𝜀) = 𝑥0

1(𝜀) = 𝑥0
0 + 𝑂(𝜀(𝑛−1)(1−𝜎) + 𝜀1−𝜎 + 𝜀𝜎+(𝑛−𝑘)(1−𝜎)).

§ 3. In the second zone the system of differential equations (1) is solved under
the initial conditions (19). The change of variable 𝜏 = (𝑡−𝑡0

1)/𝜀 reduces problem
(1) and (19) to the problem:

𝑑𝑧/𝑑𝜏 = 𝐹(𝑧, 𝑦, 𝑥, 𝑡0
1 + 𝜀𝜏), 𝑧(𝜏, 𝜀)∣𝜏=0 = 𝑧0

1(𝜀),
𝑑𝑦/𝑑𝜏 = 𝜀𝐺(𝑧, 𝑦, 𝑥, 𝑡0

1 + 𝜀𝜏), 𝑦(𝜏, 𝜀)∣𝜏=0 = 𝑦0
1(𝜀),

𝑑𝑥/𝑑𝜏 = 𝜀𝐻(𝑧, 𝑦, 𝑥, 𝑡0
1 + 𝜀𝜏), 𝑥(𝜏, 𝜀)∣𝜏=0 = 𝑥0

1(𝜀).
(20)

The zone 𝑡0
1 ≤ 𝑡 ≤ 𝑡0

2 passes into the zone 0 ≤ 𝜏 ≤ 𝜏0
2 , where 𝜏0

2 is a sufficiently
small number, but fixed as 𝜀 → 0.
We seek the formal solution of problem (20) in the form of a series in 𝜀 with
coefficients depending not only on 𝜏 , but also on 𝜀:
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𝑧(𝜏, 𝜀) = 𝑧0(𝜏, 𝜀) + 𝜀𝑧1(𝜏, 𝜀) + 𝜀2𝑧2(𝜏, 𝜀) + ⋯ ,
𝑦(𝜏, 𝜀) = 𝑦0(𝜏, 𝜀) + 𝜀𝑦1(𝜏, 𝜀) + 𝜀2𝑦2(𝜏, 𝜀) + ⋯ ,
𝑥(𝜏, 𝜀) = 𝑥0(𝜏, 𝜀) + 𝜀𝑥1(𝜏, 𝜀) + 𝜀2𝑥2(𝜏, 𝜀) + ⋯ .

(21)

In the first approximation we obtain

𝑑𝑧0/𝑑𝜏 = 𝐹0(𝑧0, 𝑦0
1(𝜀), 𝑥0

1(𝜀), 𝑡0
1(𝜀)), 𝑧0(0, 𝜀) = 𝑧0

1(𝜀).

Hence, taking into account 𝐹0 = 𝑂(𝑧𝑛
0 ), we obtain the estimate for 𝑧0(𝜏, 𝜀):

𝑧0(𝜏, 𝜀) = 𝑂 ⎡⎢
⎣

1
((1/𝑧0

1(𝜀))𝑛−1 + 𝜏)1/(𝑛−1)
⎤⎥
⎦

. (22)

It follows directly from estimate (22) that 𝑧0(𝜏0
2 , 𝜀) has a finite limit as 𝜀 → 0.

Substituting now (21) into (20) and equating the coefficients of identical powers
of 𝜀, we obtain a sequence of differential equations for 𝑧𝑝(𝜏, 𝜀), 𝑦𝑝(𝜏, 𝜀), and
𝑥𝑝(𝜏, 𝜀), 𝑝 > 0:

𝑑𝑧𝑝
𝑑𝜏 = 𝜕𝐹0

𝜕𝑧 𝑧𝑝 + Φ(1)
𝑝 (𝜏), 𝑧𝑝(0, 𝜀) = 0,

𝑑𝑦𝑝/𝑑𝜏 = Φ(2)
𝑝 (𝜏), 𝑦𝑝(0, 𝜀) = 0,

𝑑𝑥𝑝/𝑑𝜏 = Φ(3)
𝑝 (𝜏), 𝑥𝑝(0, 𝜀) = 0,

(23)

where Φ(𝑖)
𝑝 (𝜏) are already known functions of 𝑧𝑠, 𝑦𝑠, and 𝑥𝑠, 𝑠 < 𝑝.

The estimates

𝑧𝑝(𝜏, 𝜀) = 𝑂(𝑧𝑝
0(0, 𝜀)𝑧0(𝜏, 𝜀)), 𝑦𝑝(𝜏, 𝜀) = 𝑂(𝑧𝑝

0(0, 𝜀)),

𝑥𝑝(𝜏, 𝜀) = 𝑂 (
𝑝

∑
𝑠=1

𝑧𝑝−𝑠
0 (0, 𝜀) ( 𝑧𝑠

0(𝜏, 𝜀)
𝑧𝑠(𝑛−𝑘)

0 (𝜏, 𝜀)
+ 𝑧𝑠

0(0, 𝜀)
𝑧𝑠(𝑛−𝑘)

0 (0, 𝜀)
)) . (24)

hold.

In this zone the following is valid.

Theorem 2. Every solution of problem (20) in the second zone 0 ≤ 𝜏 ≤ 𝜏0
2 has

the asymptotic expansion
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𝑧(𝜏, 𝜀) =
𝑁

∑
𝑝=0

𝜀𝑝𝑧𝑝(𝜏, 𝜀) + 𝑅(1)
𝑁 (𝜏, 𝜀), 𝑦(𝜏, 𝜀) =

𝑁
∑
𝑝=0

𝜀𝑝𝑦𝑝(𝜏, 𝜀) + 𝑅(2)
𝑁 (𝜏, 𝜀),

𝑥(𝜏, 𝜀) =
𝑁

∑
𝑝=0

𝜀𝑝𝑥𝑝(𝜏, 𝜀) + 𝑅(3)
𝑁 (𝜏, 𝜀), (25)

where

𝑅(1)
𝑁 = 𝑂(𝜀(𝑁+1)𝜎−(1−𝜎)), 𝑅(2)

𝑁 = 𝑂(𝜀(𝑁+1)𝜎),

𝑅(3)
𝑁 = 𝑂 (

𝑁+1
∑
𝑠=1

𝜀(𝑁+1)𝜎+𝑠(𝑛−𝑘)(1−𝜎)) . (26)

Remark. The method set forth above carries over directly to the case when
the variables 𝑦 and 𝑥 are vector quantities.

In conclusion I express my sincere gratitude to Corresponding Member of the
Academy of Sciences of the USSR L. A. Lyusternik for his constant attention
to the work.
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