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1°. Let a matrix of numbers be given
—-1< xE{” < 555:21 < < xﬁ") <1, n=12,.. (m)

Denote by C the set of all functions f(z) continuous on [—1,1]. By L, (f,z) we
shall denote the Lagrange interpolation polynomial of degree (n—1), constructed
for the function f(z) and the n-th row of the matrix (m).

According to the classical theorem of S. N. Bernstein—G. Fejér, there is no
matrix of nodes (m) for which, for every f € C, the relation L, (f,z) — f(x),
n — 00, holds uniformly on [—1,1].

In this connection the theorem of L. Fejér is of interest; it is formulated as
follows. Let the matrix (m) be composed of the roots of the polynomials of P.
L. Chebyshev T, (z) = cosnarccos z, i.e.

™ = cos 2k —1
ko 2n

, k=12 ..,n;n=12,.., (1)

and let H,(f) = H,(f,z) be the polynomial of degree (2n — 1), constructed
for f € C and the nodes (1), and uniquely determined by the conditions
H,(f, xscn)) = f(x;”)), H,’L(f7:r§€”)) =0,k=1,2,...,n. Then for every f € C the
relation H, (f,2) — f(x), n — oo, holds uniformly on [—1, 1].

The interpolation process {H,,(f)}> is usually called the Hermite-Fejér inter-
polation process. It was the subject of important investigations by L. Fejér and

his students.

2°. In (1) it was found that if the matrix (m) is composed of the numbers

2k —1
:L.E::jf) =—1 xganrQ) = Cos m T, =12,..,n
2 =1 n=1,2,.., (2)
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then the interpolation process {H,,(f)}5°,, constructed for f(z) = |z|, diverges
at the point = 0. Since the matrix (2) is obtained from the matrix of Cheby-
shev nodes by adding the points £ = 41 as nodes, in connection with Fejér’ s
theorem this result seems unexpected. Quite naturally there arose the question
whether there exists such a continuous function on [—1, 1] for which the process
{H,(f)}5, constructed at the nodes (2), diverges at all points of the interval
(—1,1). The answer to this question is given by Theorem 1.

Theorem 1. The interpolation process {H, (f)}5, constructed for f(z) =
1 — 22 at the nodes (2), diverges at every point of the interval (—1,1).

We outline the proof. For the nodes (2),

)
—
-
N

[1—2n%+1)(z— D)z + 1T, (z)

_ =D 1+ ©2n? 4 1)(z+ 1))z — 1)T.(z)

2
N En:f(x]) (1 N 3z(x —Qmj)> 4Ij£$ —1)*T7(x)
=1

1—a7 ) (22 —a?)(2? — 1)[T)(2;)]*

Hn+2(fa SU) =

Therefore, for f(x) =1—z2, n = 4p,

— (222 +1)x?—x2
_ .2
1 —a3)(2? —x3)

2x—1T2 ) L 4
Hn+2<f7x): (

4
J
Jj=1 (

Decomposing the fraction under the Y into partial fractions and taking into
account the symmetry of the nodes, we obtain

(1—23)T?(x) 3 0 1 < 1 3 o~ 1
H — n .
n+2(f7x) n2 Izil;lfx,—'_Z(mij)Q+1—x2j: T =,

We now use the identities:

n 1 2k —1

Yo =m2, g = CLinbi (3)

£ sin” 6,,/2 2n
T (x) <~ 1 T2(z)(1 —2?) & 1 sin 2nd cos 6
T, (z) ; T — jz: (x—x;)? 2nsinf oS
Consequently,
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sin 2nd cos 6

H, ,(f,z) =1—3cos*nf + , 2 = cosf. (4)

nsin 6

Since the process is symmetric, we may assume that 0 < x < 1. Suppose that
at z € [0,1) the process (4) converges. Then

cos? 6

. .2 _
lim sin“nf =1 — , cost =z,

n—oo 3

and this contradicts the following lemma.
Lemma. For any 6 from [0,7/2] one can find a sequence of natural numbers
ny < ng < -, Ny, — 00, k — 00, such that the equality

. .2
lim sin“n,0 =0
k—oo

holds.
Theorem 2. The interpolation process {H,,(f)}°°,, constructed for f(x) = z2

n=1»

at the nodes (2), diverges at every point of the interval (—1,1).
The proof follows from Theorem 1 and the equality

Hn+2(1 - 22’55) =1- Hn+2(z27x>'

In connection with Theorem 2 it is of interest to investigate the convergence of
the process {H,,(f)}52;, constructed at the nodes (2), for the function f(z) = .

Theorem 3. The process {H,(f)}5°,, constructed for f(x) = z at the nodes
(2), diverges at all points of (—1,1) except x = 0.

We outline the proof. For f(x) = x the identity holds

n+1

Rn(x) =T— Hn+2(f’$) = Z(.’IJ - SC]QL%(.’E),

k=0

where {L,(x)} are the fundamental Lagrange polynomials of the nodes (2). Af-
ter elementary transformations we obtain that

. . .2
R, (z) = 51n27;Zs1n9 B 3 cos 025111 0 cos? nb. (5)

Hence, with the aid of the lemma formulated earlier, it follows that the process
diverges at every point  # 0 of (—1,1). The convergence of the process for
x = 0 is obvious, since for z = 0 the right-hand side of (5) is equal to zero.

sovietrxiv.org/items/ru-196901.22025 Machine Translation


https://sovietrxiv.org/items/ru-196901.22025

3°. The results of item 2° show that extending the Chebyshev nodes by adding
the points z = 41 as nodes substantially worsens the behavior of the Hermite-
Fejér interpolation process. The question arises: does this situation occur for
every system of nodes? From the following theorems it is clear that this is not
always so.

Theorem 4. The interpolation process {H,, (f)}2° 2

> 1, constructed for f(x) =x
at the nodes

x5€"+2> =coskn/(n+1), k=0,1,....,(n+1); n=12.., (6)

converges uniformly on [—1,1]. Moreover,

[Hypo(f, ) — 22 < 4/(n+1). (7)

We outline the proof. For the nodes (6),

Hn+2(fa .T) == Uﬁ(l’){f(]_)

m+1)2) 4 [1— <1+ %n(n+2)) (x—l)} (z +1)2

+@ [1+(1+§n(n+2)) ($+1>} (x—1)2

+jzn;f(xj) (1_ x?wil(x_xj)> @2:;)2 }

(z) = sin(n + 1)0/sin 6, x = cosd.

It is obvious that it suffices to prove the theorem for f(x) = 1 — 2. In this case

2
(1—22)%U2(x) z": 1+ zz; — 227

(n+1)2 (x—z;)% ®)

Hn+2(f7 .’IZ‘) =
7j=1

Hence, after elementary transformations using the differential equation for the
Chebyshev polynomials of the second kind, we obtain

H, ,(f,z)= sin® nf — 2n sin nf cos(n + 1)0sin 0 + n? sin’ 9] ,

1
e

x = cos 6. (9)

Estimate (7) follows immediately from (9).
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Remark. From (8) and (9) follows the identity

" 14 cosf,cosf —2cos? 0,
. 2 J J
S 1 9 =
sin(n +1) . (cos — cos0);)?

Jj=1

innd sinnf > gm
29 sinn . 1 ( ) e '
n "3 cos(n +1)0 + g ) 0; = cos i

Putting here 6 = /2 and n = 2m, we obtain

2m
1
=4 1).
JZ:; cos? jm/(2m + 1) m(m +1)

This identity is an analogue of the well-known identity (3) of M. Riesz (?).

o0

Theorem 5. The interpolation process {H, (f)}52,, constructed for f(x) = x
at the nodes (6), converges uniformly on [—1,1]. Moreover,

|H,2(f, ) — | < 1/n.

The proof follows from the identity

r—H, o(f,z)= (cos@sin’(n +1)0 — (n 4 1)sin2(n + 1)8sin6).

1
2(n+1)2

This theorem should be compared with the result of G. Szegé ([4], p. 349),
according to which the Hermite-Fejér process constructed for f(z) = x at the

nodes
n

k
{COS il } , n=12,..,
n+1J

diverges at the point x = 1.

Theorem 6. The process {H, (f)}2,, constructed for f(x) = |x| at the nodes

n=1’
(6), converges at the point x = 0. Moreover,

|H,,»(f,0)] < Clnn/n.

This theorem should be compared with the result in ([1]), according to which
the Hermite-Fejér process constructed for f(z) = |z| at the nodes (2) diverges
at the point x = 0.
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