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1. In considering questions connected with the construction of normal algo-
rithms, it is often necessary to indicate a general method of construction,
for every alphabet, of a normal algorithm associated with this alphabet
by a certain relation. Such are, for example, the methods of constructing
the reversing and doubling algorithms given in A. A. Markov’ s mono-
graph (71) (II. § 4.12, I1. § 4.13). The reversing and doubling algorithms
for words in an n-letter alphabet constructed in accordance with these
instructions have complexity (length of representation) of order n?. The
question arises: can every general method of constructing a normal algo-
rithm over an n-letter alphabet be replaced by another method that gives
the desired algorithm with complexity depending linearly on n; in partic-
ular, can one indicate a method of construction, for an n-letter alphabet,
of a universal algorithm of complexity of order n (the universal algorithm
i, constructed by E. S. Orlovskii in (74), has complexity of order n?)?
Below this question is considered in a precise formulation.

2. Since we shall be speaking only about normal algorithms, we agree to
regard the terms algorithm and normal algorithm as synonyms.

Following A. A. Markov (72), by the representation of an algorithm 2 in an
alphabet not containing the letters a, 3, vy, we shall mean the word 2’ which is
obtained if, in the scheme of the algorithm 2, in all simple substitution formulas
the arrow is replaced by the letter «, in all final substitution formulas the word
— - is replaced by the letter 3, at the end of each formula the letter - is
appended, and the resulting words are written one after another in the order in
which the corresponding formulas occur in the scheme 2.

By the complexity of the algorithm 2 we shall mean the length of the word 2.
We shall denote the complexity of the algorithm 2l by the symbol 2(3.

We shall consider natural numbers as words in the one-letter alphabet | (("1),
I.§3.13).

By the symbol $3X we shall denote the algorithm whose scheme is obtained from
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the closure scheme of the algorithm R, if every final substitution formula of the
form U — -V is replaced by the formula U — xV and then every substitution
formula of the form — V is replaced by the formula ¢ — eV (("1), IIL. § 2.2,
I1L. § 3.2.1).

3. Let us fix a sequence a4, a,,...,a,,... of pairwise distinct letters, and let
the letters a, b, a, 3,7, 9 be pairwise distinct and distinct from the letters
of this sequence. We form a sequence of alphabets A,, putting 4, &

A’ An-‘rl <j Anan+1'

For every word X formed from the letters «, 8,7, a4,...,a,, ..., its translation

[X7] is defined in the following way: [a” & aba, [8™ & ab?a, [y" & ab3a, [a] &
ab3*ia (i > 1), [XET 2 [XT][€7 (€ is one of the letters a, B,7,aq, ... ,a,,, ...).

The notation of an algorithm 2( in any one of the alphabets A,, can be defined
as the translation of the word 21°. We shall denote the notation of the algorithm
2A by {2}. Whatever the natural number n and the algorithm 2( in the alphabet
A, may be, {21} is a word in the alphabet ab.

A word @ in the alphabet ab will be called a word of type 3 if there can be
specified a natural number n and an algorithm 2 in the alphabet A,, such that

Q~&Aj.

For every word @ of type 3, define the number N(Q) to be the greatest of the
numbers j (j > 0) such that the word b7 occurs in Q. For every word Q of type
3 and for every natural number j > N(Q), by (Q, j) we denote the algorithm in
the alphabet A; whose notation is the word Q.

By a constructive sequence of normal algorithms (c.s.n.a.) we shall mean any
normal algorithm 2{ that transforms any natural number into some word of type

3.

4. Theorem 1. For every natural number n an algorithm #{, over the al-
phabet A, abafvd can be constructed satisfying the following conditions:

1) For any word P in the alphabet A, and for any algorithm 2 in A,,,

S (Ao P) ~ A(P);

2) If P is a word in the alphabet A,, 7 > n, and 2 is an algorithm in the
alphabet A; that transforms every word in A, to which it is applicable
also into a word in the alphabet A,,, then

81, (823 0P) ~ A(P).

3) If P is a word in the alphabet A, then

i, PH[PT].

sovietrxiv.org/items/ru-196901.21824 Machine Translation


https://sovietrxiv.org/items/ru-196901.21824

4) 4,3 = 10n + 515,

Returning to the question posed at the beginning of the note, we propose to
regard Theorem 1 and the following Theorem 2 as the answer to it.

Theorem 2. For every c.s.n.a. R there can be constructed a c.s.n.a. & such
that, for every natural number n:

1) the algorithms
(R(n), max(N(R(n)),n)) and (&(n), max(N(S(n)),n))
are equivalent with respect to the alphabet A, ;
2)
(S(n), max(N(&(n)),n))s = 11n + 432 + RE;.
The proof of Theorem 2 is based on the existence of a c.s.n.a. generating algo-
rithms with the properties formulated in items 2), 3), 4) of Theorem 1.

Theorem 3. There can be constructed a c.s.n.a. R satisfying the following
condition: if n is a natural number and 2 is an algorithm over the alphabet A,
equivalent to the algorithm

(R(n), max(N(R(n)),n))
with respect to A,,, then
A3 > 5n — 5.

Theorem 4. Whatever the natural numbers n and m, it is not true that an
algorithm 2( in the alphabet A, satisfying the following condition is impossible:
there is no algorithm B over the alphabet A,, equivalent to the algorithm A
with respect to the alphabet A,,, and such that Bz < m.

5. The author expresses deep gratitude to A. A. Markov and N. M. Nagorny
for their attention to the work and for advice which greatly influenced its
final editing.
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