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LAGRANGIAN DESCRIPTION OF THE DY-
NAMICS OF TURBULENT MOTION

(Presented by Academician M. D. Millionshchikov on 7 VI 1968)

In the statistical description of turbulence in an incompressible viscous fluid,
Eulerian variables are most often used. For the study of a number of phenomena
(turbulent diffusion, deformation of surfaces or lines consisting of fluid elements),
a Lagrangian method of description proves necessary, making it possible to
follow the motion of fluid particles—marked points of a volume, moving within
this volume in accordance with the equations of hydromechanics.

1. The unknowns in the Lagrangian method are the coordinates X(x,t) of
the fluid particles at time ¢, which at ¢ = 0 were at the points x. The
transition from derivatives with respect to Eulerian coordinates to the
initial coordinates of the fluid particles x is carried out by means of the

matrix
oz’ 1 90X §X2 1
OXF ~ 2D Db DaPa “c10akThiBai (1)
where €ayapay 1S the completely antisymmetric tensor, and D is the determinant

of the inverse matrix

10X 90X 0X%
o 6 5%51 axﬁz axﬁgs €a1a2a3€ﬂ1ﬂ2ﬂ3’

connected with the change of density p(0)/p(t) in a particle and equal to unity
in an incompressible fluid. The Navier—Stokes equations for an incompressible
fluid, in which the pressure is expressed through the velocity,

dv* 1 VP (X )0 (X, ) TP (X — X/ ) dX + vAv®,
dt 4
03 1
T(X —X') = (2)

90X 0XPOXV|X - X'’
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in Lagrangian variables take the form

e = o [ X 030G T (X 1) = X)) '+
T

v XM ox* o9 [(0Xh 0X 9X°
4 9z Ozt dxis \ Ox®r dxe Pros Cayaga;CiyinisChikymEllym: ®3)

The pressure in (2) is expressed through the velocity up to a harmonic function
determined from the boundary conditions and not random. In (2) and (3) the
corresponding terms have not been written out for simplicity.

The system (2) must be supplemented by the incompressibility equation

1 0X% 9X% 9X%s _
6 92Br OnP2 b CorcaasCBifaBs =

1. (4)

2. Let us introduce the distribution functions of the coordinates and velocities
P, (V{,X{,X4,..., V,,,X,,,X,,; ), such that the probability that the veloc-
ities and coordinates of n fluid particles which at ¢t = 0 are at the points
Xi,...,X,, at time ¢ are located in the intervals dV,,dX,,...,dV,,,dX,,
is

P,dV,dX, ..dV,dX,.

The functions P, are normalized as follows:

/Pn+1 AV, 1dX, . = P, /P1 dVydX, =1

and are continuous as x; — Xy, i.e.

lim P, ., =P,0(V; = V,)é(X; = Xp).

Xi—X,

The derivation of the evolution equations and of the remaining additional condi-
tions for P, can be carried out by averaging, over an ensemble, the corresponding
equations in the case of laminar flow

P, = ﬁlé(xi X%, 1)) (Y, — X(x;.1))- (5)

Differentiating (5) with respect to time and using the equations of motion (3),
one can obtain the system of coupling equations
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P,
X an+1an+1an+1 + = v 0 /
8x L0

40V n+2axn+3axn+4axn+5axn+6

ll l2 kl k2
X X1 XpeX s (Xn+4 nes T 2Xn+5 n+4>><

n+5
X €8,8,85E 0y 0p05E1,1,mEk kym H 3(x; —x) %
k=n+1

X an+1an+1dxn+1 dvn+5dxn+5dxn+5 =0.

To the latter it is necessary to add the incompressibility condition, obtained
with the aid of (4):

+3 B Ba B3
/8 920 X1 X e X g%
In+1 n+2 Tnt3
n+3

X €a1a2a366162ﬁ3 H 5(Xz - Xk) dxn+1dV7L+1an+1 an+3an+3an+3'
k=n+1

Furthermore, from the averaging of (5), by differentiating with respect to x;, one
can obtain the so-called consistency condition, associated with the normalization
of the distribution functions and reflecting the circumstance that

/ P,dV,dX,

does not depend on the initial coordinate x; of the particle,

op 9 / op, .,
2= = dV,, 1dX,, 10(x; —X,,11)dX,, 1 —
axf a‘/la $§+1 n+1 +1 +1 ( +1) +1

7] OP,
T Iva / 5 X1 d Vi, 1dX, 1 0(x; — %, )dx,
X | oxP b

Let us note that the P, are functions symmetric with respect to permutations
of the groups of arguments X,, V,,x; and X, V., X,.

In conclusion, we give a simple relation between the Lagrangian dis-
tribution functions under consideration and the probability density
E,(Vy,Xy,...,V,,X,;t) of the fact that the velocities at fixed points
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Xi,..., X, at time ¢ lie in the intervals dVy,...,dV,, (the Eulerian method of
describing turbulence).

This relation can be obtained by averaging an exact equality that holds for an
arbitrary function ¢:

/@[V(Xl,t),Xl,...,V(Xn,t),Xn] dX, ...dX, =

= /ap[X(xl,t),X(x,t), vy X(%x,,, 1), X(x,,, )] dxq ... dx,,,

where V(X t) is the Eulerian velocity field, which gives

/w[Vl, X,,...V,,X,|F,dV,dX, ...dV, dX, =

= /w[vl,xl, .,V X, 1P, dV,dX, dx, ..dV, dX, dx,;

since the function ¢ is arbitrary, P, and F,, are related as follows:

F, = /Pn dx, ...dx,,.

The integration over coordinates in the last formulas is carried out over the
volume occupied by the fluid.

The author expresses gratitude to F. R. Ulinich for assistance with the work
and for discussion.
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