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MATHEMATICS

I. V. SHRAGIN

THE NEMYTSKII OPERATOR IN SPACES
GENERATED BY GENERALIZED FUNC-
TIONS
(Presented by Academician A. N. Tikhonov, 18 III 1969)

1°. Let 𝑋 be a space with a 𝜎-finite complete nonatomic measure 𝜇, with
0 ≤ 𝜇𝑋 ≤ ∞; let 𝑆 be the set of all measurable functions on 𝑋 with values in
𝑅̄ = [−∞, ∞].
Fix in 𝑆 two functions 𝑎 and 𝑏, with 𝑎(𝑥) < 𝑏(𝑥) for every 𝑥. Let to each 𝑥
there correspond an interval Δ𝑥 with endpoints 𝑎(𝑥) and 𝑏(𝑥), which may or
may not be contained in Δ𝑥. We shall assume that the sets {𝑥 ∶ 𝑎(𝑥) ∈ Δ𝑥}
and {𝑥 ∶ 𝑏(𝑥) ∈ Δ𝑥} are measurable. It follows from this that the set

𝑋𝑢 = {𝑥 ∶ 𝑢 ∈ Δ𝑥}

is measurable for any 𝑢 ∈ 𝑅̄.

Let the function 𝑔(𝑢, 𝑥), with values in 𝑅̄, be defined for 𝑥 ∈ 𝑋, 𝑢 ∈ Δ𝑥,
be continuous in 𝑢 for almost every 𝑥, and measurable in 𝑥 on 𝑋𝑢 for every
𝑢 ∈ 𝑅̄. These conditions (Carathéodory conditions) ensure the measurability of
the superposition 𝑔(𝜑(⋅), ⋅), if 𝜑 ∈ 𝑆 and 𝜑(𝑥) ∈ Δ𝑥 for almost every 𝑥 (10).

For any 𝐷 ⊂ 𝑆 put

𝐷(Δ) = {𝜑 ∈ 𝐷 ∶ 𝜑(𝑥) ∈ Δ𝑥 almost everywhere (a.e.)}.

It follows from the preceding that the Nemytskii operator ℎ, generated by the
function 𝑔, ℎ𝜑 = 𝑔(𝜑(⋅), ⋅), acts from 𝑆(Δ) into 𝑆.

The Nemytskii operator in various function spaces has been studied in many
works (see, for example, (1−6)). In the present note it is studied in a broad
class of spaces including the spaces ℒ𝑝 with weight, 0 < 𝑝 ≤ ∞, Orlicz spaces
(including in the sense of Zăănen), Orlicz—Nakano spaces (11), Musielak—Orlicz
𝐹 -spaces (13,14), and others. Conditions are studied for the action, boundedness,
and continuity of the operator ℎ in these spaces. It is interesting to note that
certain properties of the spaces under consideration are obtained here as simple
consequences of theorems on the Nemytskii operator. The spaces in question are
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generated by the so-called pre-generalized functions and generalized functions.
Their definitions follow below.

A function 𝑀(𝑢, 𝑥), 0 ≤ 𝑢 ≤ ∞, 𝑥 ∈ 𝑋, with values in [0, ∞], is called a pre-
generalized function if for almost every 𝑥 it is nondecreasing and left-continuous
in 𝑢 (in the topology of 𝑅̄), and for each 𝑢 the function 𝑀(𝑢, ⋅) ∈ 𝑆, with
𝑀(0, ⋅) ∈ ℒ(𝑋), i.e. summable on 𝑋. Put

𝐼𝑀𝜑 = ∫
𝑋

𝑀[|𝜑(𝑥)|, 𝑥] 𝑑𝜇, 𝑃𝑀 = {𝜑 ∈ 𝑆𝑓 ∶ 𝐼𝑀𝜑 < ∞},

𝑃 𝛼
𝑀 = {𝜑 ∈ 𝑆𝑓 ∶ 𝛼𝜑 ∈ 𝑃𝑀}, 𝐿𝑀 = ⋃

𝛼>0
𝑃 𝛼

𝑀 , 𝐿𝑀
𝑓 = ⋂

𝛼>0
𝑃 𝛼

𝑀 ,

where 𝑆𝑓 is the set of a.e. finite functions from 𝑆, with functions coinciding a.e.
being regarded as equal. It is not difficult to show that 𝐿𝑀 is a vector space,
and 𝐿𝑀

𝑓 is its subspace.

A pre-generalized function 𝑀 is called a generalized function if 𝑀(0, 𝑥) = 0 and
𝑀(∞, 𝑥) > 0 a.e. on 𝑋, while 𝑀(+0, 𝑥) = 0 a.e. on {𝑥 ∶ 𝑑𝑀(𝑥) > 0}, where

𝑑𝑀(𝑥) = sup{𝑢 ∈ [0, ∞] ∶ 𝑀(𝑢, 𝑥) < ∞}.

If 𝑀 is a generalized function, then 𝐿𝑀 may (9,13,14) be regarded as an 𝐹 -space
with 𝐹 -norm ‖𝜑‖𝑀 =

= inf{𝜀 > 0 ∶ 𝐼𝑀(𝜀−1𝜑) ⩽ 𝜀}.
Moreover, ‖𝜑𝑛‖𝑀 → 0 if and only if 𝐼𝑀(𝛼𝜑𝑛) → 0 for every 𝛼 > 0.

2∘. Let 𝑀 and Φ be pregenfunctions; 𝐴 and 𝐵 nonempty sets of positive num-
bers;

𝑀𝐴 = ⋂
𝛼∈𝐴

𝑃 𝛼
𝑀 ,

Φ𝐵 = ⋃
𝛽∈𝐵

𝑃 𝛽
Φ, 𝛿𝑥 = Δ𝑥 ∩ {𝑢 ∶ |𝑢| sup 𝐴 ⩽ 𝑑𝑀(𝑥)}.

We shall assume that 𝑀𝐴(Δ) is nonempty. It is obvious that if 𝜑 ∈ 𝑀𝐴(Δ), then
𝜑(𝑥) ∈ 𝛿𝑥 a.e. Consequently, 𝛿𝑥 is nonempty for almost every 𝑥. In analogy with
the set 𝐷(Δ), define 𝐷(𝛿). From the preceding it follows that 𝑀𝐴(Δ) = 𝑀𝐴(𝛿).
Theorem 1 (main). The operator ℎ acts from 𝑀𝐴(Δ) into Φ𝐵, i.e. ℎ[𝑀𝐴(Δ)] ⊂
Φ𝐵, if and only if there exist 𝛼 ∈ 𝐴, 𝛽 ∈ 𝐵, 𝛾 ⩾ 0, and 𝑓 ∈ ℒ(𝑋) such that,
for all 𝑥 ∈ 𝑋 and 𝑢 ∈ 𝛿𝑥,

Φ[𝛽|𝑔(𝑢, 𝑥)|, 𝑥] ⩽ 𝛾𝑀[𝛼|𝑢|, 𝑥] − 𝑓(𝑥). (1)

Corollary 1. If ℎ[𝑀𝐴(Δ)] ⊂ Φ𝐵, then ℎ[𝑃 𝛼
𝑀(𝛿)] ⊂ 𝑃 𝛽

Φ for some 𝛼 ∈ 𝐴, 𝛽 ∈ 𝐵.
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This assertion can be strengthened. To this end put

𝑊(𝜑0, 𝛼, 𝜌) = {𝜑 ∶ 𝐼𝑀(𝛼𝜑) ⩽ 𝐼𝑀(𝛼𝜑0) + 𝜌}.

Theorem 1′. If ℎ[𝑀𝐴(Δ) ∩ 𝑊(𝜑0, 𝛼0, 𝜌0)] ⊂ Φ𝐵, where 𝜑0 ∈ 𝑀𝐴(Δ), 𝛼0 ∈ 𝐴,
𝜌0 > 0, then ℎ[𝑃 𝛼

𝑀(𝛿)] ⊂ 𝑃 𝛽
Φ for some 𝛼 ∈ 𝐴, 𝛽 ∈ 𝐵.

From Theorems 1 and 1′, by varying the sets 𝐴 and 𝐵, one can obtain various
criteria for the action of the operator ℎ. We list some of them.

1) ℎ[𝑃 𝛼
𝑀(Δ)] ⊂ 𝐿Φ if and only if, for some 𝛽 > 0, 𝛾 ⩾ 0, and 𝑓 ∈ ℒ(𝑋), (1)

holds for all 𝑥 ∈ 𝑋 and 𝑢 ∈ Δ𝑥. If

ℎ[𝑃 𝛼
𝑀(Δ) ∩ 𝑊(𝜑0, 𝛼, 𝜌0)] ⊂ 𝐿Φ,

where 𝜑0 ∈ 𝑃 𝛼
𝑀(Δ) and 𝜌0 > 0, then

ℎ[𝑃 𝛼
𝑀(Δ)] ⊂ 𝑃 𝛽

Φ

for some 𝛽 > 0.

Put
𝑋0 = {𝑥 ∶ 0 < 𝑑𝑀(𝑥) < ∞}.

2) ℎ[𝐿𝑓
𝑀(Δ)] ⊂ 𝐿Φ if and only if, for some 𝛼 > 0, 𝛽 > 0, 𝛾 ⩾ 0, and

𝑓 ∈ ℒ(𝑋 ∖ 𝑋0), (1) holds for all 𝑥 ∈ 𝑋 ∖ 𝑋0 and 𝑢 ∈ Δ𝑥, and

Φ[𝛽|𝑔(0, ⋅)|, ⋅] ∈ ℒ(𝑋0).

If 𝜇𝑋0 = 0 and
ℎ[𝐿𝑓

𝑀(Δ) ∩ 𝑊(𝜑0, 𝛼0, 𝜌0)] ⊂ 𝐿Φ,
where 𝜑0 ∈ 𝐿𝑓

𝑀(Δ), 𝛼0 > 0, and 𝜌0 > 0, then

ℎ[𝑃 𝛼
𝑀(Δ)] ⊂ 𝐿Φ

for some 𝛼 > 0.

If 𝑔(𝑢, 𝑥) = 𝑢 for 𝑥 ∈ 𝑋, 𝑢 ∈ Δ𝑥, then from Theorems 1 and 1′ various
embedding criteria follow.

3) 𝑃𝑀(Δ) ⊂ 𝑃Φ if and only if there exist 𝛾 ⩾ 0 and 𝑓 ∈ ℒ(𝑋) such that

Φ(|𝑢|, 𝑥) ⩽ 𝛾𝑀(|𝑢|, 𝑥) + 𝑓(𝑥)

for all 𝑥 ∈ 𝑋 and 𝑢 ∈ Δ𝑥.

4) If 𝜇𝑋0 = 0 and

[𝐿𝑓
𝑀 ∩ {𝜑 ∶ 𝐼𝑀(𝛼0𝜑) ⩽ 𝜌0}] ⊂ 𝐿Φ,

where 𝛼0 > 0 and 𝜌0 > 0, then 𝐿𝑀 ⊂ 𝐿Φ.
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5) 𝐿𝑀 ⊂ 𝐿Φ if and only if 𝑃𝑀 ⊂ 𝐿Φ, i.e. if and only if, for some 𝛽 > 0, 𝛾 ⩾ 0,
and 𝑓 ∈ ℒ(𝑋),

Φ(𝛽𝑢, 𝑥) ⩽ 𝛾𝑀(𝑢, 𝑥) + 𝑓(𝑥)
for all 𝑢 ⩾ 0 and 𝑥 ∈ 𝑋. This is a generalization of Theorem 1 from (11)
(see also (12), Lemma 3).

6) 𝐿𝑀 = 𝑃𝑀 if and only if 𝑃𝑀 ⊂ 𝑃 2
𝑀 , i.e. if and only if there exist 𝛾 ⩾ 0 and

𝑓 ∈ ℒ(𝑋) such that

𝑀(2𝑢, 𝑥) ⩽ 𝛾𝑀(𝑢, 𝑥) + 𝑓(𝑥)
for all 𝑢 ⩾ 0 and 𝑥 ∈ 𝑋 (cf. (4,12)).

3∘. Let 𝑀 be a genfunction, and let 𝐿𝑀 be an 𝐹 -space with 𝐹 -norm ‖ ⋅ ‖𝑀 .
With the aid of Theorem 1 it is easy to determine the topological nature of the
set 𝑃𝑀 (cf. (7,8)).
Indeed, as is not difficult to show, int 𝑃𝑀 = 𝑀 (1,∞). Consequently, 𝑃𝑀 is open
if and only if 𝑃𝑀 ⊂ 𝑃 𝛼

𝑀 for some 𝛼 > 1, and this is equivalent to the coincidence
of 𝐿𝑀 with 𝑃𝑀 .

Similarly,
𝑃 𝑀 = 𝑀 (0,1).

Consequently, 𝑃𝑀 is closed if and only if there exist 𝛼 ∈ (0, 1), 𝛾 ⩾ 0, and
𝑓 ∈ ℒ(𝑋) such that

𝑀(𝑢, 𝑥) ⩽ 𝛾𝑀(𝛼𝑢, 𝑥) + 𝑓(𝑥)
for all 𝑥 ∈ 𝑋 and 𝑢 ∈ [0, 𝑑𝑀(𝑥)]. Another criterion is also valid: 𝑃𝑀 is closed if
and only if 𝑃𝑀 =

= {𝜑 ∈ 𝐿𝑀 ∶ |𝜑(𝑥)| ≤ 𝑑𝑀(𝑥) a.e.}.
Consequently, if 𝜇𝑋0 = 0, then 𝑃𝑀 is closed if and only if 𝐿𝑀 = 𝑃𝑀 .

The theorems on boundedness of the Nemytskii operator proved in (6) for Orlicz
spaces remain valid. Namely, let 𝑀 and Φ be generating functions. Then, if
ℎ(𝑃𝑀) ⊂ 𝐿Φ, then

sup{‖ℎ𝜑‖Φ ∶ ‖𝜑 − 𝜑0‖𝑀 ≤ 𝑟} < ∞,

where 𝜑0 ∈ 𝐿𝑓
𝑀 and 0 < 𝑟 < 1 (if 𝜑0 = 𝜃, one may take 𝑟 = 1). Hence it follows

that if ℎ(𝐿𝑀) ⊂ 𝐿Φ, then

sup{‖ℎ𝜑‖Φ ∶ ‖𝜑‖𝑀 ≤ 𝑟} < ∞
for every 𝑟 > 0.

At the same time, if 𝜇𝑋0 = 0 and ℎ(𝐿𝑓
𝑀) ⊂ 𝐿Φ, but ℎ does not act from 𝐿𝑀

into 𝐿Φ, then there exists a set 𝐸 ⊂ 𝐿𝑓
𝑀 , bounded in the 𝐹 -norm ‖ ⋅ ‖𝑀 , such

that
sup{‖ℎ𝜑‖Φ ∶ 𝜑 ∈ 𝐸} = ∞.
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4∘. Here we shall study conditions for continuity of the Nemytskii operator
in spaces generated by generating functions. Depending on the choice of con-
vergence in the spaces 𝐿𝑀 and 𝐿Φ, different types of continuity are obtained.
Below we introduce a definition of continuity which covers many special cases.

Let 𝜑0 ∈ 𝐿𝑀(Δ), ℎ𝜑0 ∈ 𝐿Φ, where 𝑀 and Φ are generating functions; 𝐴 and
𝐵 are nonempty sets of positive numbers.

Definition. Suppose the following condition is satisfied: if

𝐼𝑀 [𝛼(𝜑𝑛 − 𝜑0)] → 0

for every 𝛼 ∈ 𝐴, where 𝜑𝑛 ∈ 𝐿𝑀(Δ), 𝑛 = 1, 2, …, then

𝐼Φ[𝛽(ℎ𝜑𝑛 − ℎ𝜑0)] → 0

for some 𝛽 ∈ 𝐵. Then we shall say that

ℎ ∈ (𝐴, 𝐵, 𝜑0).

Put
𝑔0(𝑣, 𝑥) = 𝑔(𝜑0(𝑥) + 𝑣, 𝑥) − 𝑔(𝜑0(𝑥), 𝑥), ℎ0𝜓 = 𝑔0(𝜓(⋅), ⋅),

𝑐𝑀(𝑥) = max{𝑢 ∶ 𝑀(𝑢, 𝑥) = 0}, 𝑝𝛽(𝑣, 𝑥) = Φ[𝛽|𝑔0(𝑣, 𝑥)|, 𝑥].
Obviously, the function 𝑔0 is defined for 𝑥 ∈ 𝑋 and 𝑣 ∈ Δ0

𝑥 = Δ𝑥 − 𝜑0(𝑥)
(algebraic difference).

Theorem 2. If sup 𝐴 < ∞ and sup 𝐴 ∉ 𝐴, then ℎ ∈ (𝐴, 𝐵, 𝜑0) if and only if
there exist 𝛼 ∈ 𝐴, 𝛽 ∈ 𝐵, such that

ℎ0[𝑃 𝛼
𝑀(Δ0)] ⊂ 𝑃 𝛽

Φ

and, a.e. on {𝑥 ∶ 𝑑𝑀(𝑥) > 0}, the condition is satisfied:

𝑝𝛽(𝑣, 𝑥) = 0 for |𝑣| ≤ (sup 𝐴)−1𝑐𝑀(𝑥)

and
lim 𝑝𝛽(𝑣, 𝑥) = 0 as |𝑣| → (sup 𝐴)−1𝑐𝑀(𝑥).

Theorem 3. If sup 𝐴 = ̄𝛼 ∈ 𝐴, then ℎ ∈ (𝐴, 𝐵, 𝜑0) if and only if there exists
𝛽 ∈ 𝐵 such that

ℎ0[𝑃 𝛼̄
𝑀(Δ0)] ⊂ 𝑃 𝛽

Φ

and, a.e.,
lim 𝑝𝛽(𝑣, 𝑥) = 0 as 𝑀( ̄𝛼|𝑣|, 𝑥) → 0.

In (13,14) the concept of 𝜌-convergence in modular spaces was studied.

In the space 𝐿𝑀 , 𝜌-convergence of the sequence 𝜑𝑛 to 𝜑0 (𝜑𝑛
𝜌
−→ 𝜑0) means that

𝐼𝑀 [𝛼(𝜑𝑛 − 𝜑0)] → 0

sovietrxiv.org/items/ru-196901.21391 Machine Translation

https://sovietrxiv.org/items/ru-196901.21391


for some 𝛼 > 0. Consequently, 𝜌-continuity of the operator ℎ at the point 𝜑0
(i.e., if 𝜑𝑛

𝜌
−→ 𝜑0, then ℎ𝜑𝑛

𝜌
−→ ℎ𝜑0) means that

ℎ ∈ ({𝛼}, (0, ∞), 𝜑0)

for every 𝛼 > 0. Hence, from Theorem 3, it follows:

Corollary 2. The operator ℎ is 𝜌-continuous at the point 𝜑0 if and only if

ℎ[𝐿𝑀(Δ)] ⊂ 𝐿Φ

and, for every 𝛼 > 0, there exists 𝛽 > 0 such that, a.e.,

lim 𝑝𝛽(𝑣, 𝑥) = 0 as 𝑀(𝛼|𝑣|, 𝑥) → 0.

In particular, if a.e. 𝑐𝑀(𝑥) = 0 and ℎ[𝐿𝑀(Δ)] ⊂ 𝐿Φ, then the operator ℎ is
𝜌-continuous on all of 𝐿𝑀(Δ).
With the aid of Theorem 3, the question of the relation between convergence in
the 𝐹 -norm (‖𝜑𝑛 −𝜑0‖𝑀 → 0) and convergence in the mean (𝐼𝑀(𝜑𝑛 −𝜑0) → 0)
is also easily resolved.

Corollary 3. Convergence in the 𝐹 -norm in the space 𝐿𝑀 coincides with
convergence in the mean if and only if 𝐿𝑀 = 𝑃𝑀 and, a.e.,

𝑐𝑀(𝑥) = 0

(cf. (4,8)).
Theorem 4. If sup 𝐴 = ∞, then ℎ ∈ (𝐴, 𝐵, 𝜑0) if and only if

ℎ0[𝑃 𝛼
𝑀(Δ0)] ⊂ 𝑃 𝛽

Φ

for some 𝛼 ∈ 𝐴, 𝛽 ∈ 𝐵.

Corollary 4. The operator ℎ is continuous (in the sense of convergence in the
𝐹 -norm) at the point 𝜑0 if and only if, for every 𝛽 > 0, there exists 𝛼 > 0 such
that

ℎ0[𝑃 𝛼
𝑀(Δ0)] ⊂ 𝑃 𝛽

Φ.

All results from (5) concerning continuity of the Nemytskii operator carry over
to spaces generated by generating functions. We give two new propositions.

Theorem 5. If ℎ[𝑃𝑀(Δ)] ⊂ 𝐿Φ and sup 𝐴 = ∞, then ℎ ∈ (𝐴, 𝐵, 𝜑) for every
𝜑 ∈ 𝑃𝑀(Δ) if and only if there exist 𝛼 ∈ 𝐴, 𝛽 ∈ 𝐵, 𝛾 ≥ 0, and 𝑓 ∈ ℒ(𝑋) such
that, for all 𝑥 ∈ 𝑋, 𝑢′, 𝑢″ ∈ Δ𝑥,

Φ[𝛽|𝑔(𝑢″, 𝑥) − 𝑔(𝑢′, 𝑥)|, 𝑥] ≤ 𝛾{𝑀(|𝑢′|, 𝑥) + 𝑀(𝛼|𝑢″ + 𝑢′|, 𝑥)} + 𝑓(𝑥).

Theorem 6. Let 𝑎 ∈ 𝐿𝑀 and 𝑏 ∈ 𝐿𝑀 (see 10). If ℎ[𝐿𝑀(Δ)] ⊂ 𝐿Φ and ℎ is
continuous on 𝐿𝑀(Δ), then ℎ is uniformly continuous on 𝐿𝑀(Δ).
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