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MATHEMATICS

I. I. Bavrin

INTEGRAL REPRESENTATIONS OF HOLO-
MORPHIC FUNCTIONS AND TAYLOR’S
FORMULA
(Presented by Academician M. A. Lavrent’ev on 25 X 1968)

M. M. Dzhrbashyan (1), for functions analytic in a disk, by introducing integro-
differential operators 𝐷−𝛼 of arbitrary order 𝛼 (−1 < 𝛼 < +∞) in the sense
of Riemann–Liouville, obtained a generalization of the Cauchy and Schwarz
integral formulas that is of great importance in the essential generalization of
the apparatus of representations of meromorphic functions and of the basic
propositions of the Nevanlinna theory of these functions. In the present note,
the indicated generalization of the Cauchy and Schwarz integral formulas is
used (§ 1*) for the corresponding generalization of the corresponding integral
formulas in the case of bounded convex complete circular domains of the space
𝐶𝑛, 𝑛 (𝑛 ≥ 2), of complex variables. In addition, in § 2 a simpler form is given
for writing the remainder term, established earlier by the author (5) in the case
of 𝑛 (𝑛 ≥ 1) complex variables, in Taylor’s formula.

We shall also point out the following proposition of M. M. Dzhrbashyan (1,
p. 594), needed in § 1:

If the function
𝑓(𝑟𝑒𝑖𝜑) =

∞
∑
𝑘=0

𝑎𝑘(𝑟𝑒𝑖𝜑)𝑘

is holomorphic in the disk |𝑧| < 𝑅, then for any 𝛼 (−1 < 𝛼 < +∞) the function

𝑓𝛼(𝑟𝑒𝑖𝜑) ≡ 𝑟−𝛼𝐷−𝛼𝑓(𝑟𝑒𝑖𝜑) =
∞

∑
𝑘=0

𝑎𝑘
Γ(1 + 𝑘)

Γ(1 + 𝛼 + 𝑘)(𝑟𝑒𝑖𝜑)𝑘

is holomorphic in the same disk |𝑧| < 𝑅.

§ 1. Theorem. Let 𝐷 ≡ (𝑇 ), the function 𝑓(𝑧) (𝑧 = (𝑧1, … , 𝑧𝑛), 𝑛 ≥ 2)
be holomorphic in 𝐷, and let 𝑞 be a number equal to 0 or 1. Then for 𝑘 =
0, 1, 2, … ; 𝑘̃ = 0, 1, 2, …, arbitrary 𝛼 (−1 < 𝛼 < +∞), and 𝜌 (0 < 𝜌 < 1)
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𝑓(𝑧) = 𝑞𝑓(0) + 1
𝑛 + 𝑞(1 − 𝑛) ×

×
𝑛

∑
𝜈=1

𝑧𝑞
𝜈

(2𝜋)𝑛 ∫ 𝑑𝜔𝜁 ∫ 𝑑𝜔𝜃 ∫
𝜋

−𝜋
𝐿(𝑛−𝑞−1)

𝑞+1,𝑛−1 [𝐿(𝑘,𝑘̃)
𝐴𝐴 [𝐶𝛼 (𝑒−𝑖𝜑 𝑢

𝜌 )]] ×

× 𝜌−𝛼𝐷−𝛼𝐿(𝑘,−𝑘̃)
𝐴𝐴 [𝐹 (𝑞)

0𝜈 (𝜌𝑒𝑖𝜑, 𝑟, 𝜃)] 𝑑𝜑 ∗ ∗,

(1)

where

𝐷𝜌 = 𝜌𝐷, 𝐶𝛼(𝑤) = Γ(1 + 𝛼)/(1 − 𝑤)1+𝛼 (|𝑤| < 1) ∗ ∗ ∗ .

* In § 1, in addition to the notation from (1) used in this article, the former
notation (as well as definitions) from (2−10) is also used.

** The operator 𝐷−𝛼 acts on the operator

𝐿(𝑘,−𝑘̃)
𝐴𝐴 [𝐹 (𝑞)

0𝜈 (𝜌𝑒𝑖𝜑, 𝑟, 𝜃)]

as on a function of 𝜌.
*** By (1 − 𝑤)1+𝛼 we mean 𝑒(1+𝛼) ln(1−𝑤), where under the logarithm is under-
stood the branch that equals 0 at 𝑤 = 0.
Under the conditions of this theorem, for 𝑘 = 0, 1, 2, … ; 𝑘̃ = 0, 1, 2, …, arbitrary
𝛼 (−1 < 𝛼 < +∞) and 𝜌 (0 < 𝜌 < 1), the following formula also holds:

𝑓(𝑧)
𝑧∈𝐷𝜌

= 𝑞𝑓(0) + 𝑖
𝑛 + 𝑞(1 − 𝑛)

𝑛
∑
𝜈=1

𝑧𝑞
𝜈 Im 𝑓 (𝑞)

𝜈 (0)+

+ 1
𝑛 + 𝑞(1 − 𝑛)

𝑛
∑
𝜈=1

𝑧𝑞
𝜈

(2𝜋)𝑛 ∫ 𝑑𝜔𝜏 ∫ 𝑑𝜔𝜃 ∫
𝜋

−𝜋
𝐿(𝑛−1−𝑞)

𝑞+1,𝑛−1 [𝐿(−𝑘,𝑘̃)
𝐴 ̃𝐴 [𝑆𝛼 (𝑒−𝑖𝜑 𝑢

𝜌 )]] ×

× Re 𝜌−𝛼𝐷−𝛼𝐿(𝑘,−𝑘̃)
𝐴 ̃𝐴 [𝐹 (𝑞)

0𝜈
(𝜌𝑒𝑖𝜑, 𝑟, 𝜃)] 𝑑𝜑,

(2)

where

𝑆𝛼(𝑤) = 2𝐶𝛼(𝑤) − 𝐶𝛼(0) = Γ(1 + 𝛼) { 2
(1 − 𝑧)1+𝛼 − 1} (|𝑤| < 1).

In the course of proving the integral formulas (1), (2), one uses the integral
formulas of M. M. Dzhrbashyan (1), p. 594, formulas (2.5), (2.6), which are the
above-mentioned generalization of the Cauchy and Schwarz integral formulas,
and integral formula (4) from the author’s paper (9).
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Among the large number of consequences following from formulas (1), (2), we
point out the following two (𝑞 = 0, 𝑘̃ = 0, 𝑘 = 𝑛 − 1, 𝐴𝑗 = (𝑗, 1, … , 1), 𝑗 =
1, … , 𝑘):

1. 𝑓(𝑧)
𝑧∈𝐷𝜌

= 1
(2𝜋)𝑛 ∫ 𝑑𝜔𝜏 ∫ 𝑑𝜔𝜃 ∫

𝜋

−𝜋
𝐶𝛼 (𝑒−𝑖𝜑 𝑢

𝜌 ) 𝜌−𝛼𝐷−𝛼𝐿(𝑛−1)
1,𝑛−1 [𝐹0(𝜌𝑒𝑖𝜑, 𝑟, 𝜃)] 𝑑𝜑.

2. 𝑓(𝑧)
𝑧∈𝐷𝜌

= 𝑖 Im 𝑓(0)+ 1
(2𝜋)𝑛 ∫ 𝑑𝜔𝜏 ∫ 𝑑𝜔𝜃 ∫

𝜋

−𝜋
𝑆𝛼 (𝑒−𝑖𝜑 𝑢

𝜌 )×Re 𝜌−𝛼𝐷−𝛼𝐿(𝑛−1)
1,𝑛−1 [𝐹0(𝜌𝑒𝑖𝜑, 𝑟, 𝜃)] 𝑑𝜑.

§ 2. In the case of 𝑛 (𝑛 ⩾ 1) complex variables, the author (5) obtained a Taylor
formula in which the remainder term is determined by the formula

𝑅𝑚(𝑧1, … , 𝑧𝑛) = 1
(𝑚 − 1)! ∫

1

0
𝑑𝜀 ∫

𝜀

0
(𝜀−𝑡)𝑚−1 (

𝑛
∑
𝜈=1

(𝑧𝜈 − 𝑧0
𝜈) 𝜕

𝜕𝜈
)

𝑚+1

𝑓(𝑍1, … , 𝑍𝑛) 𝑑𝑡

(𝑍1 = 𝑧0
1 + 𝑡(𝑧1 − 𝑧0

1), … , 𝑍𝑛 = 𝑧0
𝑛 + 𝑡(𝑧𝑛 − 𝑧0

𝑛), 𝜀 and 𝑡 real∗).

Let us note, however, that the remainder term 𝑅𝑚(𝑧1, … , 𝑧𝑛) can be written in
the simpler form

𝑅𝑚(𝑧1, … , 𝑧𝑛) = 1
𝑚! ∫

1

0
(1 − 𝜀)𝑚 (

𝑛
∑
𝜈=1

(𝑧𝜈 − 𝑧0
𝜈) 𝜕

𝜕𝜈
)

𝑚+1

𝑓(𝑍1, … , 𝑍𝑛) 𝑑𝜀

(𝑍1 = 𝑧0
1 + 𝜀(𝑧1 − 𝑧0

1), … , 𝑍𝑛 = 𝑧0
𝑛 + 𝜀(𝑧𝑛 − 𝑧0

𝑛)).
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* For the remaining explanations, see (5).
Note: Figure translations are in progress. See original paper for figures.
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