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Asymptotic formulas characterizing the distribution of the eigenvalues of
self-adjoint elliptic operators defined in all of space were obtained in papers
(173). For operators generated by general elliptic boundary-value problems, the
question of the distribution of eigenvalues has been studied by many authors
(see (479), etc.). In these works boundary-value problems were considered in
bounded domains. The case of an unbounded domain is treated in the note
("), in which the eigenvalues of operators of boundary-value problems for the
Schrédinger equation are studied.

In the present paper we investigate the asymptotic distribution of the eigen-
values of a self-adjoint operator generated by a general elliptic boundary-value
problem in an unbounded domain. Here, as in (}~*), a method is used that is
based on employing certain properties of the Green’s function of the correspond-
ing parabolic boundary-value problem. In connection with this, we first obtain
an estimate of the Green’ s matrix-function for a homogeneous boundary-value
problem for a certain class of parabolic systems with coefficients growing at
infinity.

In the constructions and proofs, substantial use is made of the methods of the
works of A. G. Kostyuchenko and Yu. M. Sudarev, as well as the results of S.
D. Eidelman and S. D. Ivasyshen (8.%).

1. Let Q be an infinite domain in the space E,, with finite or infinite boundary
S. In the cylindrical domain @ = Qx [0, T] consider the problem of finding
a solution u(t, x) = {u,(t,x), ..., un(t, )} of the strongly parabolic system

ou

e + (—=1)° Z Ay (z) Dk + Z P,(z)DEu+ Q(z)u =

|| =2b [k|<2b—1
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= % + Ly(z, D,)u+ Ly (2, D, )u+ Q(z)u =0, 1)

satisfying the conditions

ol = f) 2)
. (k)
By(x,Dx)u|F = Z Z by (x)Dﬁuj’F =0, (3)
J=1 |k|<r,
where DFb = B‘k‘/axlfl Oz T = [0, T] xS, r,<2b—1,v=1,2,...,...,bN.

With respect to the coefficients of system (1) we introduce a number of assump-
tions, coinciding with the assumptions made in (?) for the case Q = E,,. Namely,
we shall suppose that for all 2 € Q the matrices A;(x) and Q(z) are symmetric
and the following inequalities hold:

|Lo(2,6) — Lo(y, )| < clr—y[|¢1*,  [o—y|<1, 0<y<l;  (4)
Q(z) — QW) < CAY(W)lz—yl, |z—yl <1, a<1l+1/2b;  (5)
|Py(a)| < ATy >0, (6)

M) <ON(y), |z—yl<L (7)

M(@) <X (@), A< (8)

Au(@) < Coxplelr —yN* ()}, [o—yl > 1, )

where {\;(z)}Y, are the characteristic roots of the matrix Q(z), numbered in
increasing order.

The assumptions on the smoothness of the boundary S and of the coefficients
b(ulj-) (x) are the same as in (®); we also assume that the algebraic Lopatinskii

condition is satisfied.

Theorem 1. If the conditions formulated above and inequalities (4)—(9) are
fulfilled, then there exists a Green matriz G(t,x,€) of problem (1), (2), (3), for
which the representation
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G(t,x,8) = Zo(t,x = &§,6) + Vi (L, 2,8) + Va(t, 2, 6), (10)

holds, where Zy(t,x — &, n) is the fundamental solution matriz of the system

du/dt + Ay(n, D )u+ Q(n)u =0 (11)

with the coefficients “frozen” at the point n € Q, and the matrices V(t,x,€) and
Vo(t, z, &) satisfy the following inequalities:

T — S
e = RN O] B (E)
T — S
Va(t,z, )| < Ct="=)/2 exp {—C ! fj/j;bl_)f’ P Ct}w(f)}

(13)
—¢la
+ CATH(€) exp {_clf/(zbal) } ;

p(&,S) is the distance from the point £ to the boundary S, and [ > 0 is an
arbitrarily large number.

The proof of the theorem is carried out by the “parametrix” method according
to the scheme of (!). We seek the matrix G(t,x,€) in the form

t
G(t,l’,f) = GO(tam7€>£) +/ dT/Go(t_7'7$7y7y)90(7'7y,f) dy7 (14)
0 Q

where G (t, z,£,n) is the Green matrix of the boundary-value problem (11), (2),
(3). We choose the matrix o(t, z, ) so that G(t,z,£), as a function of ¢ and «z,
is a solution of system (1). Then, by virtue of the homogeneity of the boundary
conditions (3), G(¢,x,€&) will be the Green matrix of problem (1), (2), (3).

On the basis of the results of (8), it is easy to show that for the matrix
Go(t, x,&, &) the following representation and estimates are valid:

Go(t,.i?,f,f) :ZO(tax_£7§>+Vl<t7xa§)7 (15)
DiGo(t.a .| < o e et 2l ono ), ao)

where, for Vi (¢, z,£), (12) is fulfilled, |k| < 20.

By virtue of these inequalities and the assumptions made, the solution of the
integral equation for ¢(¢, x, ) and estimate (13) are obtained by the method set
forth in (%), p. 74, and (1).
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Remark. If one requires the existence of such an [ > 0 that

/Al’l(x) dr < oo, (17)

Q

then, on the basis of estimates (12), (13), (16), one may assert that the matrix
G(t,z,§) is the kernel of a Hilbert-Schmidt operator.

II. Consider in the domain 2 the boundary-value problem
Lu(z) = ¢(z), (18)

B, u(x) =0, (19)

where L = Ly(x,D,) + Ly(z, D,) + Q(x) is a strongly elliptic operator of the
left-hand side of system (1), u(z) = {uy(z),...,uy(x)}, v =1,2,...,bN.

We assume that the boundary S and the coefficients of the operators L and B,
satisfy the conditions introduced in I. We shall now make additional assumptions
ensuring the existence of a positive self-adjoint operator naturally associated
with the boundary-value problem (18), (19). We require that the expression L
be formally symmetric on finite functions in €2, and that the system of boundary
operators B, be normal and equivalent to its adjoint (see (1%:'1)). We also
assume the positivity of the operator A, defined as follows:

D(A) ={u, u € C’gb(Q)7 Boulg =0, v=1,2,...,bN}, Au = Lu, (20)

where C2°(€) is the set of vector-functions, 2b times continuously differentiable
in 24 S and finite at infinity.

In view of the imposed conditions, the operator A is symmetric, and its closure
admits a self-adjoint extension in the Hilbert space £4(2).

The solution of the parabolic boundary-value problem can be written in the
form

u(t,x) = et f(z), (21)

whence it follows (see Remark 1) that the spectrum of the operator A is discrete
and its eigenvalues increase as the number increases.

Our task is to find the asymptotics as A — +oo of the function N(X)—the
number of eigenvalues of the operator A not exceeding A. To this end we shall
study the behavior of the trace of the matrix G(t,z,y) for small ¢ and use the
formula
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tr/QG(t,x,x) dx:/o e MAN(N). (22)

The additional restrictions under which the required estimate can be obtained
are imposed by the following

Lemma. If the function A;(z) in the domain {2 satisfies the inequality

Cr(l+[z]%) < Ay (2) < Co(1 + [2]?), (23)

where a > 0 is arbitrary, Cy > €| > 0, and there exists such a § > 0 that for
0<l<¢andany R> R, =p(0,5)

mes{z,p(z,5) =1, R<|z| < R+1} < CyR" 1+a/2b—e (24)

(Cy >0, £ >0 do not depend on R and 1),

Uz, S
/QeXP {tpl/((%lg — t)\l(:zr)} dz < Ct5 /Qexp{t)\l(x)} dz, 0<e <¢g/a
(25)

Let us note that if the boundary of the unbounded domain 2 is compact, then
inequality (25) is valid even without the additional conditions (23), (24).

Using now Theorem 1, inequality (25), and the results of (3), it is not difficult
to show that ast — 0

1 N
o [Gaandr~ ooy [ [ enlmEnnde ()

i=1

where p, (&, x) are the eigenvalues of the matrix Ly(z, &) + Q(x).
Following (3), let us write the following equality:

/

where the functions (27)"w;(x,A), i = 1,2, ..., N, for each z € Q are equal to
the volume of the domain bounded by the corresponding surface u; (£, z) = A in
the space of n-dimensional vectors &.

exp{—tpu; (. )} d = [ (A dy ), (27)
‘(@

n

Imposing on the function
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N
D(N) = Z/ w;(z, A) dz
i=1 Hzx, zeQ, Xi(xz)<A}

the Tauberian condition of Korenblyum (see (3)), we arrive at the following
result:

N
N(A) ~ w;(z,\)dz as A — +oo. (28)

In the case of a boundary-value problem for a single differential equation, for-
mula (28) takes the more explicit form:

1

N(\) ~ /
N~ G T+ 1 L, o, oo

F(z)(A—Q(x))"?" dz,  (29)

where

F(z) = [E exp{—Lo(x, )} dE.

n

From all that has been set forth, the main result of the work follows.

Theorem 2. Let A be a positive self-adjoint operator generated by the ellip-
tic boundary-value problem (18), (19) in an unbounded domain  with infinite
boundary S. If: a) the coefficients of the system (18) satisfy conditions (4)—(9),
(17), (23), and the coefficients of the boundary operators (19) are sufficiently
smooth; b) the boundary S, in addition to the usual smoothness conditions, sat-
isfies condition (24); ¢) for the corresponding parabolic boundary-value problem
(1), (2), (3) the Lopatinskii condition is fulfilled, then for the function N(\) the
asymptotic formula (28) holds.

If the boundary S is finite, then for formula (28) to be valid one need not require,
in the stated conditions, satisfaction of inequalities (23), (24).

In the case of a single differential equation, under the assumptions made above,
formula (29) is valid.

In conclusion, the author expresses gratitude to his scientific adviser S. D. Ei-
delman for posing the problem and for constant attention to the work.
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