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MATHEMATICS

V. S. RUBLEV

ON A SPECIAL CLASS OF FINITE-DIMENSIONAL
SUBSPACES OF A BANACH SPACE
(Presented by Academician A. N. Kolmogorov on 11 VI 1968)

Let 𝐸 be a real Banach space and 𝐸0 some subspace of it. Suppose that from
the conditions

‖𝐴𝑥‖ ≤ ‖𝑥‖ (𝑥 ∈ 𝐸), 𝐴𝑥 ≡ 𝑥 (𝑥 ∈ 𝐸0), (1)

where 𝐴 is a linear operator, there follows the identity

𝐴𝑥 ≡ 𝑥 (𝑥 ∈ 𝐸). (2)

Then we shall say that the subspace 𝐸0 has the 𝑒-property. A number of the-
orems on subspaces possessing the 𝑒-property were established in papers (1,2).
Of main interest to us is the fact that in many infinite-dimensional spaces there
are finite-dimensional subspaces possessing the 𝑒-property. Such subspaces arise
naturally in a number of problems in approximation theory.

Of interest is the problem of as complete as possible a description of subspaces
possessing the 𝑒-property in various concrete Banach spaces, and the problem
of computing or estimating the minimal dimension of such subspaces. In the
present paper these problems are solved for the spaces 𝑙𝑛𝑝 , 𝑙𝑝, and 𝐿𝑝.

1. Let 𝑆 and 𝑆∗ be the unit spheres respectively in the Banach space 𝐸 and
in its conjugate 𝐸∗. One says that a functional 𝑓 ∈ 𝑆∗ passes through a
point 𝑥 ∈ 𝑆 if 𝑓(𝑥) = 1. A point 𝑥0 ∈ 𝑆 is called a point of smoothness of
𝑆 if through it there passes a unique functional 𝑓0 ∈ 𝑆∗. One says that a
subspace 𝐸0 of the space 𝐻 is saturated with points of smoothness of 𝑆
if the set 𝐹(𝐸0) of functionals passing through points of smoothness of 𝑆
lying in 𝐸0 is total. Such subspaces are called saturated (see (1,2)).

A saturated subspace has the 𝑒-property (cf. (1,2)). Indeed, let 𝐴 be an extension
of the identity operator from 𝐸0 to 𝐸 without increasing the norm (‖𝐴‖ = 1).
For any functional 𝑓0 ∈ 𝐹(𝐸0) there is a point 𝑥0 ∈ 𝐸0 such that 𝑓0(𝑥0) = 1.
Consider the functional 𝑔0(𝑥) = 𝑓0(𝐴𝑥) (𝑥 ∈ 𝐸). Since |𝑔0(𝑥)| = |𝑓0(𝐴𝑥)| ≤
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‖𝐴𝑥‖ ≤ ‖𝑥‖ and 𝑔0(𝑥0) = 𝑓0(𝐴𝑥0) = 𝑓0(𝑥0) = 1, it follows that 𝑔0 ∈ 𝑆∗

and passes through the point of smoothness 𝑥0. Consequently, 𝑔0 ≡ 𝑓0, and
𝑓0(𝐴𝑥−𝑥) = 0 for 𝑥 ∈ 𝐸. The totality of the set 𝐹(𝐸0) entails 𝐴𝑥 ≡ 𝑥 (𝑥 ∈ 𝐸).

2. A description of saturated subspaces in finite-dimensional spaces with met-
ric 𝑙𝑝 (1 ≤ 𝑝 < ∞) is given by the following theorems.

Theorem 1. Let 𝑝 not be an even integer. Then, in order that in the space 𝑙𝑛𝑝
the linearly independent vectors

𝑒1 = {𝜉11, 𝜉12, … , 𝜉1𝑛}; … ; 𝑒𝑘 = {𝜉𝑘1, 𝜉𝑘2, … , 𝜉𝑘𝑛} (3)

form a basis of a saturated subspace, it is necessary and sufficient that the
𝑘-dimensional vectors

𝑔1 = {𝜉11, 𝜉21, … , 𝜉𝑘1}; … ; 𝑔𝑛 = {𝜉1𝑛, 𝜉2𝑛, … , 𝜉𝑘𝑛} (4)

be pairwise non-collinear.

Thus, for example, the subspace spanned by the vectors

𝑒1 = {0, 1, … , 𝑛(𝑛 − 1)/2}; 𝑒2 = {0, 1, … , (𝑛 − 1)2};

𝑒3 = {1, 3, … , 3𝑛−1}

of the space 𝑙𝑛𝑝 (𝑛 ≥ 4, 1 ≤ 𝑝 < ∞, 𝑝 is not an even integer) is ⋯

saturated subspace, while the subspace spanned by any two of the indicated
vectors is not a saturated subspace.

It follows from Theorem 1 that the vectors

𝑒1 = {1, 2, … , 𝑛}, 𝑒2 = {1, 22, … , 𝑛2} (5)

form a basis of a two-dimensional saturated subspace in 𝑙𝑛𝑝 , if 𝑝 is not an even
integer.

Let now 𝑝 be an even integer. In this case the space 𝑙𝑛𝑝 may have no proper
saturated subspaces. For example, the space 𝑙𝑛2 is Hilbert, and therefore it has
no saturated subspaces. Below, by 𝜑𝑗 (𝑗 = 1, … , 𝐶𝑘−1

𝑝+𝑘−2) we denote all distinct
homogeneous polynomials

𝜑𝑗(𝑥1, … , 𝑥𝑘) = 𝑥𝑙1
1 ⋯ 𝑥𝑙𝑘

𝑘 (0 ≤ 𝑙𝑚 ≤ 𝑝 − 1,
𝑘

∑
𝑚=1

𝑙𝑚 = 𝑝 − 1) (6)
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of degree 𝑝 − 1 in 𝑘 variables 𝑥1, … , 𝑥𝑘.

Theorem 2. Let 𝑝 be an even integer. In order that 𝑘-dimensional saturated
subspaces exist in the space 𝑙𝑛𝑝 , it is necessary and sufficient that the condition

𝐶𝑘−1
𝑝+𝑘−2 ≥ 𝑛. (7)

be satisfied.

From this theorem, in particular, it follows that in 𝑙𝑛𝑝 (𝑝 an even integer) two-
dimensional saturated subspaces exist if and only if 𝑝 ≥ 𝑛.

Theorem 3. Let 𝑝 be an even integer. Then, in order that in the space 𝑙𝑛𝑝
linearly independent vectors

𝑒1 = {𝜉11, 𝜉12, … , 𝜉1𝑛}, … , 𝑒𝑘 = {𝜉𝑘1, 𝜉𝑘2, … , 𝜉𝑘𝑛} (8)

form a basis of a saturated subspace, it is necessary and sufficient that the rank
of the matrix with elements

𝑎𝑖𝑗 = 𝜑𝑗(𝜉1𝑖, 𝜉2𝑖, … , 𝜉𝑘𝑖) (𝑖 = 1, … , 𝑛; 𝑗 = 1, … , 𝐶𝑘−1
𝑝+𝑘−2) (9)

be equal to 𝑛.

For example, if 𝑛 ≤ 4, then the vectors (5) form a basis of a saturated subspace
in 𝑙𝑛4 .

We give one more assertion.

Theorem 4. If in 𝑙𝑛𝑝 (1 ≤ 𝑝 < ∞) there exist two-dimensional saturated
subspaces, then every saturated subspace contains a two-dimensional saturated
subspace.

3. We pass to the consideration of the space 𝑙𝑝.

Theorem 5. Let 𝑝 not be an even integer, 1 ≤ 𝑝 < ∞. Let

𝑒1 = {𝜉1, 𝜉2, …}, 𝑒2 = {𝜂1, 𝜂2, …}. (10)

Suppose that the sequence of two-dimensional vectors

{𝜉𝑖, 𝜂𝑖} (𝑖 = 1, 2, …) (11)

contains no pairwise collinear vectors and that every subsequence of the sequence
of numbers

𝛼𝑖 = 𝜉𝑖/𝜂𝑖 (𝑖 = 1, 2, …) (12)
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of the extended number line contains isolated points (of this same subsequence).

Then the vectors (10) form a basis of a two-dimensional saturated subspace in
the space 𝑙𝑝.

Thus, for example, the subspace spanned by the vectors

𝑒1 = {1
2, … , 1

2𝑛 , …} , 𝑒1 = {1
3, … , 1

3𝑛 , …}

is a saturated subspace of 𝑙𝑝 (1 ≤ 𝑝 < ∞), if 𝑝 is not an even integer. Thus, in
the space 𝑙𝑝 for 𝑝, not

which is an even integer, there always exists a two-dimensional saturated sub-
space.

In the case where 𝑝 is an even integer, it follows from the results obtained in
(3) that in 𝑙𝑝 there are no finite-dimensional saturated subspaces. However, the
following is true.

Theorem 6. Let 𝑝 ≠ 2. Then in 𝑙𝑝 there are saturated subspaces of any finite
defect.

4. The following theorem establishes the existence of two-dimensional satu-
rated subspaces in some spaces 𝐿𝑝 (1 ≤ 𝑝 < ∞).

Theorem 7. Let 𝑝 be an odd integer. Let 𝑢(𝑡), 𝑣(𝑡) ∈ 𝐿𝑝[0, 1]. Let the function
𝜑(𝑡) = 𝑢(𝑡)/𝑣(𝑡) be defined and finite almost for all 𝑡 ∈ [0, 1], and suppose,
moreover, that the following conditions are satisfied:

1) for some set 𝐷0 ⊆ [0, 1] of full measure the function 𝜑(𝑡) establishes a one-
to-one correspondence between the points of 𝐷0 and 𝐷0 = 𝜑(𝐷0).
2) there exists a finite or countable system of intervals {𝑎𝑘, 𝑏𝑘} such that 𝐷0 is
contained in their union and on each of the sets {𝑎𝑘, 𝑏𝑘} ∩ 𝐷0 the function 𝜑(𝑡)
is strictly monotone;

3) there exists a finite or countable system of intervals {𝑐𝑗, 𝑑𝑗} such that 𝐷0 is
contained in their union and on each of the sets {𝑐𝑗, 𝑑𝑗} ∩ 𝐷0 the function 𝜓(𝑠),
inverse to the function 𝜑(𝑡), is strictly monotone.

Then the functions 𝑢(𝑡) and 𝑣(𝑡) form a basis of a two-dimensional saturated
subspace in the space 𝐿𝑝[0, 1].
We note that the conditions of Theorem 7 are satisfied for continuous 𝑢(𝑡) and
𝑣(𝑡) if, in particular, the function 𝜑(𝑡) is strictly monotone. It follows from
Theorem 7, for example, that the subspaces spanned by the vectors 𝑢(𝑡) ≡ 1,
𝑣(𝑡) ≡ 𝑡, or 𝑢(𝑡) ≡ sin 𝜋𝑡, 𝑣(𝑡) ≡ cos 𝜋𝑡, are saturated subspaces in 𝐿𝑝[0, 1],
where 𝑝 is an odd integer.

In (3) it was shown that in the case of an even integer 𝑝 there are no saturated
finite-dimensional subspaces in the spaces 𝐿𝑝.
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5. We describe a broader class of subspaces possessing the 𝑒-property. We
shall call a point 𝑥 ∈ 𝑆 a point of quasi-smoothness if the functionals
𝑓𝑥 ∈ 𝑆∗ passing through it form a compact set 𝐹𝑥. Let 𝑀0 be the set
of points of quasi-smoothness of 𝑆 lying in the subspace 𝐸0. Denote by
𝔉(𝐸0) the collection of sets of functionals from 𝑆∗, each of which contains,
for one functional each, the sets 𝐹𝑥 (𝑥 ∈ 𝑀0).

Theorem 8. Let each set in 𝔉(𝐸0) be total. Then 𝐸0 has the 𝑒-property.

The question remains open of necessary and sufficient conditions (in terms of
properties of the set 𝑆) for the subspace 𝐸0 to have the 𝑒-property.

6. Following A. Lazar and M. Zippin (see (3)), denote by 𝐴1 the class
of Banach spaces 𝐸 possessing the following property: for every finite-
dimensional subspace 𝐸0 ⊂ 𝐸 there exists a subspace 𝐹 ⊂ 𝐸∗ of infinite
defect such that

‖𝑥‖ = sup
𝑓∈𝐹∩𝑆∗

|𝑓(𝑥)| (𝑥 ∈ 𝐸0). (13)

Obviously, every space in 𝐴1 contains no finite-dimensional saturated subspaces.

Theorem 9. Let the Banach space 𝐸 with smooth sphere 𝑆 not belong to the
class 𝐴1. Then 𝐸 contains finite-dimensional saturated subspaces.

In conclusion the author takes the opportunity to express gratitude to M. A.
Krasnosel’skii, A. Yu. Levin, P. P. Zabreiko, and B. S. Mityagin for discussion
of the work and advice.

Voronezh State University
Received
22 VI 1968
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