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MATHEMATICS

E. Ya. Roitenberg

ON THE PROBLEM OF CONTROL ON SUB-
SPACES IN INTERCONNECTED SYSTEMS

(Presented by Academician A. Yu. Ishlinskii, 25 III 1968)

In the present work we consider the problem of controlling interconnected sys-
tems in the presence of an additional requirement that, in the course of control,
even before being brought to the prescribed final state, the system be brought
to some subspace which it would not leave until the end of the control process.

Consider a controllable system described by the differential equations

Ty = Apxy + A2y + o+ Ay,

Ty = A1 + Ao + o+ A @y + (T — Tomer) + ul(t),
T = AT T Apa@pin + oo+ Ay oy,
(1)
Tom = A1 Tma1 + Ao + oo + A @op, + (T — 1) +0(1),

Topi1 = A11Tome1 T A1aTomio + o + A2y,

jjn = Am1x2m+1 + Am2x2m+2 + ...+ Ammxn + l’[’(merl - .231) + U}(t),

where n = 3m. Here x4, ..., z,, are the phase coordinates of the system; u(t), v(t),
and w(t) are controls applied to the system, which must satisfy the constraints

lu@) <k @] <k |w@)] <k (2)

If we introduce the matrices

0 0 0
Ay Ay o A o
A= . . . . C =
’ 0 0 .. 0f
Aml AnLQ o Amm 1 0 0
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T Lm+1 Lom+1 0

8

sk m+2 sokk x2m+2

Lom

" 1
then equations (1) take the form

#* = Az* 4+ Cx*™ — Co™* + Ru(t),
& = Ax* 4+ Ca™* — Ca* + Ro(t), (4)
T = Ax™* 4+ Co™ — Cx* + Ruw(t).

f(D)x=Gp(t) (D =d/dt), (5)
where
xq fo(D) =C C R 0 0
z=|| ... ||, f(D)= C fo(D) —=C |, G=[0 R 0|, pk
x,, c -C  fo(D) 0 0 R
(6)
fo(D)=ED — A, (7)

and E is the identity matrix. Asis seen from (6), f(D) and G are block matrices.

The determinants of the matrices f,(\) and f(A) will be denoted by Ay(\) and
A(N). By Fy(A) = [ER N and F(A) = |[F; (M) we denote the adjugate
matrices for fy(A\) and f()), respectively. Transforming the matrix f(\) to
triangular form, we find that A(X) = det p(A) det P(A)Ay(N), where p(A) =
Fo0) +C, BN = fy(A) — C. Since detp(\) = Ag(A) + g, (A), det () =
Ay(X) — pFP (X), the determinant of the matrix f()\) takes the form

A = [Ag(A) + uFE, (V] [Ag(N) = pF, ()] Ag(A). (8)

Here FP (\) is the cofactor of the element f°,()\) in the determinant of the
matrix f(A). Denoting by A; (j = 1,...,m) the zeros of the polynomial Ag(\)+
pFD, (A), by A, (7 =1,...,m) the zeros of the polynomial Ay(\) — Y, (),
and by Ay, ; (j = 1,...,m) the zeros of the polynomial Ay()), we shall have
the relation
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—uFY () (s=1,..,m),
Ag(Ay) = pFP(N,) (s=m+1,...,2m), 9)
0 (s=2m+1,...,n).

Taking into account that F(\) = A(X)f~1()), it can be shown that

011 012 013
F(A) =|loa1 090 093], (10)

031 032 033
where the block matrices o, (j,k = 1,2,3) have the form
o1y = Fy(A) det pdet ¢, o9 = 031 = —V(A)CFy(A) det ¢,
019 = 035 = D(A)CFy(N) det 1), 099 = Fy(N) det pdet 1,

013 = —pP1 + P2+ P3 — Py, 093 = P1 + P2 — P3 — P4
033 = p1+ P2+ p3— P

(11)

Here p; = 3U(N)Ag(A) det o, py = 3F(ANCT(N) detp, p3 = 5P(N)Ag(A) det ), py =
%FO(/\)C@(/\) det ¢, and by ®(\) and ¥()\) are denoted the adjugate matrices
for the matrices ¢(A) and (\), respectively.

We shall further assume that all zeros of the polynomial A(\) are simple, and
denote by X, the vectors that are formed from the n-th column of the matrix
F(\p) = [F(MN)]a2a, (k=1,...,n) by dividing all elements of this column by the
element I, ,(\;). Denoting

L forj=1,....m; k=1,...,m,
Fjom()‘k) p]k J

—————=<q,forj=1,....m; k=m+1,...,2m, (12)
Fﬂn()‘k) i

rigfor j=1,....m; k=2m+1,...n,

one can represent the vectors X, in the form

(p:[k;)ka? apmk7070a ceey Oaplkap2k;7 7pmk:)
(k=1,....,m),
X, = (0703"'307q1k7q2k7"'ankaqllwqwc""vqu) (13)
k (k=m+1,...,2m),
(rllw T2k s ks Tk T2k 0 ko> T1k> T2k -+ >rmk)
(k=2m+1,..,n).

The matrix X of type n x n, whose columns are the vectors X, (k =1,...,n),
can be represented in the form of a block matrix
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p 0 r
X=|0 ¢q |, (14)
p q T

where p = [pjil, ¢ = |gjill, 7 = |7;;[l are matrices of type m x m, whose elements
Djks k> Tjr are defined according to (12). The inverse matrix X! will be

0 -P P
x1=l-@ 0o @ | (15)
R R —R

where P=p~!, Q = ¢!, R =r"'. Thus, we have

0 o .. 0 -P, -P, .. —-P, P, P, .. P,
0 o .. o -P, -P., ..-P._ P, P., . P,
—Qun Qi . Qi 0 0 0 Qun Q2 - Qun
Qi —Qma - —Quom 0 0 0 Qi Qo Qum
Ry Ry ... Ry, Ry Ry ... Ry, —Ry —Ryy ... —Ry,
le RmQ Rmm le RmQ Rmm 7le 7Rm2 7Rmm
(16)

Let B, (k = 1,...,n) denote the (2m + 1)-st row of the matrix F()\,). In
accordance with (10), we shall have

J 0 e —2[FS %2 o 2[FC, 12 (h=1,..,m),
By =< ... =2[F,)Pu? . 0 . 2[F2 (AP, (k=m+1,...,2m),
17

where the elements located in the columns numbered m, 2m, and 3m = n have
been written explicitly. Since all zeros of the polynomial A()) are assumed to
be simple, the vectors X, and the row matrices B}, satisfy the relation

X.B,=F(\,) (k=1,..,n). (18)

We now introduce the variables &4, ..., &,, by means of the linear transformation
x = X¢, where £ = (&4, ...,&,,). Hence, in accordance with (16), we shall have
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§1 = Py (—% i1 + Topmy1) + Pra(=Z 00 + Toppia) + o
et le(il,Qm + xn)a

En = Pt (=21 + Top1) + Pra(—Tp 0 + Top o) + oo

(19)
Emi1 = Qui(=21 + 29 11) + Q1a(—T3 + Topy o) + -
Som = Q1 (=71 + Top 1) + Qua(—To + Tgp o) + ...
-t Qmm(ixm + xn)
Som1 = Ba1 (@1 + 200 — Toppi1) + Ryo(@ + Tpp0 — oy p0) + o (192)
w le(xm + Loy — xn)a
=R _(x;+x —x + R _o(zy+ T —x + ...
gn ml( 1 m+1 2m+1) m2( 2 m+2 2m+2) (19b)

i+ Ry (@, + Xy, — ).

The differential equations satisfied by the new variables &, ..., &, will be

d&; 1 ,
where Bj,,, B, ,,,, and B}, are the elements, located in columns with numbers

m, 2m, and 3m = n, of the row matrices B;. By A;();) is denoted

A\ = [AA_(AA)JAAJ_ '

In accordance with (17), equations (20) take the form

" A€+ vi[—o(t) + w(t)] for j=1,...,m,
o= G ) + ()] for j=m+1,..2m,  (21)
A& — svi[u(t) +o(t) —w(t)] for j=2m+1,..,n,

where

vy =2 [FD, 0] 12/8,00)).
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From what has been set out above there follows the following theorem on sub-
optimal control (by which here is meant optimal control on subspaces) for inter-
connected systems, formulated and proved for brevity only for the time-optimal
case.

Theorem. System (1), from a given initial phase state x(0), can be transferred
suboptimally in time T to the origin of coordinates. On the half-interval 0 <
t <tq,t; € (0,T), the controls are chosen in accordance with L. S. Pontryagin’
s mazimum principle b under the additional condition

wt)=0, 0<t<t,. (22)

In this case the controlv(t), 0 < t < t*, is chosen according to the maximum prin-
ciple so that, at the earliest possible time t*, the state & (t*) =0, ...,&,,(t*) =0
is realized. The control u(t), 0 < t < t**, is chosen according to the mazi-
mum principle so that, at the earliest possible time t*, the state &,, . ;(t") =
0, ..., &, (t"™) = 0 is realized. The larger of the numbers t*, t** is denoted here
by t,. If t* < tq, then on the half-interval [t*,t;) we set v(t) = 0. If, however,
t** < ty, then on the half-interval [t**,t;) we set u(t) = 0. Under the control
described above, system (1) is brought at the time t, to the manifold

{xl = Tm+1 = Loamt1s - T = Loy :xn} (23)

On the interval t; < t < T, the controls are chosen in accordance with L. S.
Pontryagin’ s mazimum principle under the additional condition

u(t) = v(t) = w(t). (24)

In this case control is effected only along the coordinates &y, 11,..-,&,- By
choosing the control according to the mazximum principle, the system is brought,
under condition (24), in the minimal time T — t, to the origin of coordinates;
moreover, on the time interval t; <t <T the system does not leave the manifold

(23).

Moscow State University
named after M. V. Lomonosov

Received
14 IIT 1968

CITED LITERATURE

1. L. S. Pontryagin, V. G. Boltyanskii et al., The Mathematical Theory of
Optimal Processes, Moscow, 1961.

sovietrxiv.org/items/ru-196901.19778 Machine Translation


https://sovietrxiv.org/items/ru-196901.19778

Note: Figure translations are in progress. See original paper for figures.
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