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MATHEMATICS

V. A. EMELICHEV, V. I. KOMLIK

SOLUTION OF DISCRETE PROGRAMMING
PROBLEMS BY THE METHOD OF CON-
STRUCTING A SEQUENCE OF PLANS
(Presented by Academician L. V. Kantorovich, January 29, 1969)

Consider problem A of minimizing the functional

𝐹(𝑋) = 𝑔1(𝑥1)𝜔𝑔2(𝑥2)𝜔 … 𝜔𝑔𝑚(𝑥𝑚)𝜔𝑄(𝑥1, 𝑥2, … , 𝑥𝑚)

subject to the constraints

𝑚
∑
𝑖=1

𝑎𝑖𝑥𝑖 ≤ 𝑐; (1)

𝑋 = (𝑥1, 𝑥2, … , 𝑥𝑚) ∈ 𝐺, (2)

𝑥𝑖 ∈ 𝛾𝑖 = {𝑎𝑖1, 𝑎𝑖2, … , 𝑎𝑖𝑠𝑖
}, 𝑖 = 1, … , 𝑚, (3)

where 𝑎𝑖, 𝑐, 𝑎𝑖𝑗 are positive integers; 𝜔 is the operation of addition or multipli-
cation; 𝑄(𝑋) is a function for which there exist functions 𝑡𝑖(𝑥𝑖), 𝑖 = 1, … , 𝑚,
such that

𝑡1(𝑥1)𝜔𝑡2(𝑥2)𝜔 … 𝜔𝑡𝑚(𝑥𝑚) ≤ 𝑄(𝑋)

for any plan 𝑋 of problem A. The set 𝐺 may be specified in various ways
(by equations, inequalities, logical conditions, etc.). Denote the set of plans of
problem A by 𝑀 , and the set of plans determined by constraints (1) and (3) by
𝑀 .

In the present note we propose a method for solving problem A, consisting in
the construction and analysis of a sequence of plans of problem A for minimizing
the functional 𝐹(𝑋) = 𝑔1(𝑥1)𝜔𝑔2(𝑥2)𝜔 … 𝜔𝑔𝑚(𝑥𝑚) on the set 𝑀 . Here 𝑔𝑖(𝑥𝑖) =
𝑔𝑖(𝑥𝑖)𝜔𝑡𝑖(𝑥𝑖), 𝑖 = 1, … , 𝑚.
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Let 𝑓ℎ(𝑧) be the optimal value of the functional of problem A, in which the
index 𝑚 and the parameter 𝑐 are replaced respectively by ℎ and 𝑧 (1). A plan
𝑋0 = (𝑥0

1, 𝑥0
2, … , 𝑥0

𝑚) of problem A will be called ℎ-optimal (1 ≤ ℎ ≤ 𝑚) and
denoted by

(∗, ∗, … , ∗, 𝑥0
ℎ+1, … , 𝑥0

𝑚),

if

𝐹(𝑋0) = 𝑔ℎ+1(𝑥0
ℎ+1)𝜔 … 𝜔𝑔𝑚(𝑥0

𝑚)𝜔𝑓ℎ (𝑐 −
𝑚

∑
𝑖=ℎ+1

𝑎𝑖𝑥0
𝑖 ) .

In this case the set of plans of problem A such that 𝑥𝑖 = 𝑥0
𝑖 , 𝑖 = ℎ + 1, … , 𝑚,

will be denoted by

𝑀(∗, ∗, … , ∗, 𝑥0
ℎ+1, … , 𝑥0

𝑚) = 𝑀(𝑋0).

Directly from the definition of ℎ-optimality of the plan 𝑋0 it follows that

Lemma 1. 𝐹(𝑋0) = min
𝑋∈𝑀(𝑋0)

𝐹(𝑋).

We describe an algorithm 𝜑 for constructing a sequence of plans of problem A.

First step. Among the set 𝑊1 of all (𝑚 − 1)-optimal pla-

of problem ̄𝐴 we find such a plan

𝑋1 = (∗, ∗, … , ∗, 𝑥1
𝑚) = (𝑥1

1, 𝑥1
2, … , 𝑥1

𝑚),

such that

̄𝐹 (𝑋1) = min
𝑋∈𝑊1

̄𝐹 (𝑋).

𝑘-th step (𝑘 = 2, 3, …). We transform the set 𝑊𝑘−1 into the set 𝑊𝑘 according
to the following rule. We leave unchanged all plans of the set 𝑊𝑘−1, except for
the plan

𝑋𝑘−1 = (∗, ∗, … , ∗, 𝑥𝑘−1
𝑝 , … , 𝑥𝑘−1

𝑚 ) = (𝑥𝑘−1
1 , 𝑥𝑘−1

2 , … , 𝑥𝑘−1
𝑚 ),

which we replace by the system of all possible plans of the form

(∗, ∗, … , ∗, 𝑥𝑞−1, 𝑥𝑘−1
𝑞 , … , 𝑥𝑘−1

𝑝 , … , 𝑥𝑘−1
𝑚 ),
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where 𝑥𝑞−1 ∈ 𝑌𝑞−1, 𝑥𝑞−1 ≠ 𝑥𝑘−1
𝑞−1 , 𝑞 = 2, 3, … , 𝑝, and

𝑞−2
∑
𝑖=1

max
1≤𝑘≤𝑠𝑖

𝑎𝑖𝑘 ≥ 𝑐 −
𝑚

∑
𝑖=𝑞

𝑥𝑘−1
𝑖 − 𝑥𝑞−1.

Next we find such a plan 𝑋𝑘 that

̄𝐹 (𝑋𝑘) = min
𝑋∈𝑊𝑘

̄𝐹 (𝑋),

and pass to the next step.

Introduce the notation

𝑀̄𝑘 = ⋃
𝑋∈𝑊𝑘

𝑀̄(𝑋).

Lemma 2. 𝑀̄1 = 𝑀̄, 𝑀̄𝑘 = 𝑀̄𝑘−1 ∖ 𝑋𝑘−1, 𝑘 = 2, 3, ….

From Lemmas 1 and 2 it follows that

Theorem 1. The algorithm constructs such a sequence of plans 𝑋1, 𝑋2, … of
problem ̄𝐴 that

̄𝐹 (𝑋𝑘) = min
𝑋∈𝑀̄∖{𝑋1,𝑋2,…,𝑋𝑘−1}

̄𝐹 (𝑋), 𝑘 = 1, 2, …

If, from the constructed sequence of plans 𝑋1, 𝑋2, … of problem ̄𝐴, we remove
the plans that do not belong to the set 𝐺, then for the remaining sequence of
plans 𝑋′

1, 𝑋′
2, … of problem 𝐴 the following holds.

Theorem 2. If there exists a number 𝑘 such that

𝐹(𝑋′
𝑘) ≥ min{𝐹(𝑋′

1), 𝐹 (𝑋′
2), … , 𝐹(𝑋′

𝑘−1)} = 𝐹(𝑋∗),

then 𝑋∗ is an optimal plan of problem 𝐴.

Theorem 2 specifies an algorithm 𝜓 for solving problem 𝐴. The desired algo-
rithm 𝜓 is described as follows: the 𝑘-th step consists in constructing, with the
aid of algorithm 𝜑, the plan 𝑋𝑘 and checking whether it belongs to the set 𝐺.
If not, we pass to the next step of algorithm 𝜓. If yes, we check whether the
condition of Theorem 2 is satisfied. If not, we pass to the next step. If yes, the
process terminates and 𝑋∗ is an optimal plan.

The method presented is applicable to solving facility location problems (2−4),
integer programming problems (5, 6), reliability problems for a complex system
(7), and the traveling-salesman problem.
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