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Abstract
Full Text

MATHEMATICS
L. Ya. SHALASHOVA

AN APPROXIMATION THEOREM OF A. F.
TIMAN FOR FUNCTIONS HAVING A CON-
TINUOUS DERIVATIVE OF FRACTIONAL
ORDER
(Presented by Academician S. L. Sobolev on March 17, 1969)

A. F. Timan (1) established the following theorem:

If a function 𝑓(𝑥), defined on the interval [−1, 1], has there an 𝑟-th continu-
ous derivative (𝑟 an integer), then for every 𝑛 ≥ 𝑟 there exists an ordinary
polynomial 𝑃𝑛(𝑥) of degree ≤ 𝑛 such that

|𝑓(𝑥) − 𝑃𝑛(𝑥)| ≤ 𝐶𝑟 (
√

1 − 𝑥2

𝑛 + 1
𝑛2 )

𝑟

𝜔 (
√

1 − 𝑥2

𝑛 + 1
𝑛2 ) , (1)

where 𝐶𝑟 is a constant independent of 𝑛 and 𝑓 ;

𝜔(𝑡) = 𝜔(𝑓 (𝑟), 𝑡) = sup
|𝑥1−𝑥2|≤𝑡

|𝑓 (𝑟)(𝑥1) − 𝑓 (𝑟)(𝑥2)| (𝑥1, 𝑥2 ∈ [−1, 1]).

Later I. E. Gopengauz (2) and S. A. Telyakovskii (3) showed that inequality (1)
can be replaced by the inequality

|𝑓(𝑥) − 𝑃𝑛(𝑥)| ≤ 𝐶𝑟 (
√

1 − 𝑥2

𝑛 )
𝑟

𝜔 (
√

1 − 𝑥2

𝑛 ) . (2)

In the present note we give a generalization of these results to the case where
the function 𝑓(𝑥) has a continuous derivative of arbitrary fractional order 𝑟.

Theorem. For every function 𝑓(𝑥), defined on [0, 1], for which there exists a
continuous derivative of fractional order 𝑟 (𝑟 = 𝑟′ +𝛼, 𝑟′ an integer, 0 < 𝛼 < 1),
for every natural 𝑛 ≥ 𝑟 − 1 one can specify an algebraic polynomial 𝑃𝑛(𝑥) of
degree ≤ 𝑛 such that
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|𝑓(𝑥) − 𝑃𝑛(𝑥) − 𝑐𝑥𝑟| ≤ 𝐶𝑟 (√𝑥(1 − 𝑥)
𝑛 )

𝑟

𝜔 (𝑓 (𝑟); √𝑥(1 − 𝑥)
𝑛 ) , (3)

where 𝐶𝑟 is a constant independent of 𝑛 and 𝑓 ; 𝑐 is a constant depending only
on 𝑓 and 𝑟.

The proof of this theorem is based on the following auxiliary proposition.

Lemma. If

𝐹𝛼(𝑥) = 1
Γ(𝛼) ∫

𝑥

0
(𝑥 − 𝑡)𝛼−1𝜑(𝑡) 𝑑𝑡 (0 < 𝛼 < 1), (4)

where 𝜑(𝑡) is some continuous function and 𝜑(0) = 0, then

𝜔2(𝐹𝛼, ℎ) ≤ 𝐶(𝛼)ℎ𝛼𝜔(𝜑, ℎ) (ℎ > 0), (5)

where

𝜔2(𝐹𝛼, ℎ) = sup
|𝑥1−𝑥2|≤ℎ

∣𝐹𝛼(𝑥1) − 2𝐹𝛼 (𝑥1 + 𝑥2
2 ) + 𝐹𝛼(𝑥2)∣ , 𝑥1, 𝑥2 ∈ [0, 1].

Inequality (4), after extending the function 𝜑(𝑡) so that 𝜑(𝑡) = 0 for −∞ ≤ 𝑡 ≤ 0,
is verified directly.

Representing now, in accordance with the known definition of the fractional
derivative (see (4), § 9.8), the function 𝑓(𝑥) by the equality

𝑓(𝑥) =
𝑟′−1
∑
𝑘=0

𝑐𝑘𝑥𝑘 + 𝑐𝑥𝑟 + 1
(𝑟′ − 1)! ∫

𝑥

0
(𝑥 − 𝑡)𝑟′−1𝐹𝛼(𝑡) 𝑑𝑡,

where 𝐹𝛼(𝑥) is expressed by equality (4), and 𝜑(𝑡) = 𝑓 (𝑟)(𝑡) − 𝑓 (𝑟)(0), and
applying to the function

Φ(𝑥) = 1
(𝑟′ − 1)! ∫

𝑥

0
(𝑥 − 𝑡)𝑟′−1𝐹𝛼(𝑡) 𝑑𝑡 = 𝑓(𝑥) −

𝑟′−1
∑
𝑘=0

𝑐𝑘
𝑘𝑥 − 𝑐𝑥𝑟

the theorem of I. E. Gopengauz (2), we find a polynomial 𝑄𝑛(𝑥) of degree ≤ 𝑛
(𝑛 ≥ 𝑟) such that
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|Φ(𝑥) − 𝑄𝑛(𝑥)| ≤ 𝐶𝑟′ (√𝑥(1 − 𝑥)
𝑛 )

𝑟′

𝜔2 (Φ(𝑟′), √𝑥(1 − 𝑥)
𝑛 ) .

If now

𝑅𝑛(𝑥) = 𝑄𝑛(𝑥) +
𝑟′−1
∑
𝑗=0

𝑐𝑘
𝑘𝑥,

then we have

|𝑓(𝑥) − 𝑅𝑛(𝑥) − 𝑐𝑥𝑟| ≤ 𝐶𝑟′ (√𝑥(1 − 𝑥)
𝑛 )

𝑟′

𝜔2 (𝐹𝛼, √𝑥(1 − 𝑥)
𝑛 ) .

After applying the lemma to the right-hand side of the last inequality, we obtain
the assertion of the theorem.

Let us note that in the left-hand side of inequality (3), when 𝑟 is fractional, the
term 𝑐𝑥𝑟 cannot be omitted. In order to see this, it suffices to consider the
function 𝑓(𝑥) = 𝑥𝑟.
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Note: Figure translations are in progress. See original paper for figures.
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