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Let & (@), &5 () be, for each a € [0, 1], a sequence of independent identically dis-
tributed random variables with M¢&; () = a(«) and D& (a) = b(«). Introduce
the random functional

7(a, s) = min (n : igk(a) > s) , 5> 0.
k=1

From the results given in (}) it follows that in the case when:
1) lim(sl) & (a) = & (1) *;
a—1

2) lim a(a) = a(l) = 0;

a—1

3) lim b(a) = b(1) € (0, 00).

a—1

4) there exists

lim (1 +a(a)Vt) ' =q€][0,1],

a—1, t—oo

o0 _ 2 2
lim P{WWQ}:U(Z)W/ eXp{1 s q>2_v} dves,
a—1, t—oo t T Jo/ /7600 b(l) 2b (1)1) 2

where w(a, t) = v/t/(1 — a(a)V1).

In the present paper this result is extended to a more general summation scheme,
described below.
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Let T3 (a) = {n,(n), n =0,1,...} be, for each a € [0, 1], a homogeneous, ergodic
Markov chain with a finite or countable set of states H = {1,2,...,m}, 1 <
m < oo, transition probability matrix [|p;;(a)[{"_; and stationary distribution
gj(a) > 0, j € H, and let Ty(a) = {(7(a,n,4),v(a,n,7)),n > 1, i € H}
be, independent of T;(«), a collection of random vectors independent in the
aggregate such that: a) 7(a,n,i) € [0,00) with probability 1, n > 1, i € H; b)
the distributions (7(a,n,),y(a,n,%)), i € H, do not depend on n.

Introduce the random functionals

v(a,t)

5(770,04,t) = Z 7(a7k)7

k=0

* The notation lim (sl) £(a) = &(a’) denotes weak convergence of distribution
a—a’

functions.

*¥* g(z) =0for 2 <0; 0(2) =1 for z > 0.

where
v(a,t) = max (n : iT(a, k) < t) , Mg = N, (0) = const € H;
k=0
T(a,n) = 0 for n = 0; T(o,n) = 7(a,n,m,(n—1)) forn > 1
~v(a,n) =0 for n = 0; Y(a,n) = y(a,n,n,(n—1)) for n > 1;
7(no, . s) = inf(t : {(m, 0, 1) > 5), 5> 0.
Denote

Op() = inf(t : n, (v(e,t)) = i),

6,(0) = inf(t : v(a,t) > v(@,0, 4(a), na(W(a,t)) =i),  n>1,

the times of successive entries of the chain T} («) into the state i € H, and

(0,0), forn =0,

v(a,0,(a))

n

(an(a) -0, 4(a), Z (e, k‘)) , forn>1.
)+1

k=v(a,0,, 1 (a)

Fla,n,i), T(a,n,i)) =

sovietrxiv.org/items/ru-196901.18137 Machine Translation


https://sovietrxiv.org/items/ru-196901.18137

Obviously, the random vectors (¥(a,mn,i),7(a,n,%)), n > 1, are independent
and identically distributed, and

M exp{V—1 (s5(a, 1,9) + t7(a, 1,i))} =

= ga(&t’i) Z fa(svt’kvi)pik(a) +pii(a) )
&

where

9a(s.t,j) = Mexp{V—1(sy(a,1,5) + tr(a, 1,5))}, j € H;

JjeH, j#i,

Aj(a) = min(n : n,(n) =),

and the functions f,(s,t,j,1), j € H, j # 1, satisfy the system of linear equations

fa(s,t,j,i):ga(s,t,j) E fa(57t7k7i>pjk(a)+pji(a) ’ j€H7 .77&7'3
keH
k#i

and if the corresponding moments for the random variables 7(«, 1,4), v(«, 1,14),
1 € H, exist, then it is not difficult to find the quantities

ay (@) = g;() M7(a, 1, 1), ay(a) = ¢;(a) Dy (a, 1, 1),

bla) = ¢,(0)M7(a, 1,1).

Theorem. Suppose that for Tj(a), 7 = 1,2, the following conditions are satis-
fied:

(A): 1. iigllpij(a) =p;;(1), 4,5 € H.
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2. lim lim sup P{A;(a) > u | n,(0) = j} =0.

u%ooa%ljeH
(B): 1. lirri(d)(T(oz7 L,i),v(e, 1,7)) = (7(1,1,4),~(1,1,7)), i € H.
a—
2. lim sup M7(«, 1,5) < oc.
a—)leH

3. lim M7(«a,1,i) = M7(1,1,4), i € H.

a—1

4. lim sup M(v,1,75)? < oo.

a—1 jeH

5. lim M(y(0,1,0))) = M(y(1,1,0)), i € H, j=1,2.
a—r

(C): 1. For o > agy, a1(a) > 0.

2. a,(1) =0, ay(1), b(1) € (0,00).
It is not difficult to show that, under conditions (A) and (B),

lim a;(a) = a;(1), j=1,2, lim b(a) = b(1).

a—1 7 a—1

3. There exists

lim  (1+a,()Vt)™' =g€]0,1].

a—1, t—oo

Then
: 7'(770704710(04775)) _
(Hﬁimp{ b ST
N 1-— 1—q)? 2
0(2)\/7/ exp{ q—(z q)Zv}dv,
s q/\/m a2(1) 2&2(1)1) 2
where

wla,t) = VE/(1 + a; () V).

Remark 1. Let vy(a,n,i) = &(a,n,i,7(a,n,i)), n > 1, i € H, where
{&(a,n,ist), t > 0}, n > 1, i € H}, independently of T,(a) and
{r(a,n,i), n > 1, i € H}, is a collection of mutually independent, stochas-
tically continuous homogeneous processes with independent increments and
finite-dimensional distributions not depending on n. Then condition (B) will
take the form:

1. lim(d) 7(e, 1,4) = 7(1,1,4), i € H.
a—1
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2. lim sup M (7(a, l,j))2 < 0.
a—)leH
3. lim M(r(a,1,4)) = M(r(1,1,0))’, i€ H, j=1,2.

a—1

4. lim(d) &(a, 1,i,1) = £(1,1,i,1), i € H

a—1

5. lim sup M (&(a, 1,1, 1))2 < 0.
a—1 .5
JjeEH

&th@meUf:M@u¢@nﬂi6ﬁJ:Lz
a—

Remark 2. If one introduces the functionals

v(a,t)

5(770’ a, t) = Z 7(047 k) + §(a, V(a’ t) + 15 77(1(’/(047 t))v t— Hu(a,t) (Oé))’
k=0

%(7707047 5) = Hlf{t : 5(7707 Oé,f,) Z S}a 5> Oa

then for 7(n,, @, s) the result of the theorem holds if, in addition to conditions
(A), (B), (C), the condition

lim lim sup sup P{7(a,1,j) >u+x|7(a,1,j) >z} =0.

u—00 a—1 z€[0,00) jeH

is fulfilled.
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