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Abstract
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MATHEMATICS

D. S. SILVESTROV

ASYMPTOTIC BEHAVIOR OF THE TIME
OF ATTAINMENT FOR SUMS OF RANDOM
VARIABLES GOVERNED BY A REGULAR
SEMI-MARKOV PROCESS
(Presented by Academician V. M. Glushkov on 12 V 1969)

Let 𝜉1(𝛼), 𝜉2(𝛼) be, for each 𝛼 ∈ [0, 1], a sequence of independent identically dis-
tributed random variables with 𝑀𝜉1(𝛼) = 𝑎(𝛼) and 𝐷𝜉1(𝛼) = 𝑏(𝛼). Introduce
the random functional

𝜏(𝛼, 𝑠) = min(𝑛 ∶
𝑛

∑
𝑘=1

𝜉𝑘(𝛼) ≥ 𝑠) , 𝑠 > 0.

From the results given in (1) it follows that in the case when:

1) lim
𝛼→1

(sl) 𝜉1(𝛼) = 𝜉1(1) *;

2) lim
𝛼→1

𝑎(𝛼) = 𝑎(1) = 0;

3) lim
𝛼→1

𝑏(𝛼) = 𝑏(1) ∈ (0, ∞).

4) there exists

lim
𝛼→1, 𝑡→∞

(1 + 𝑎(𝛼)
√

𝑡)−1 = 𝑞 ∈ [0, 1],

lim
𝛼→1, 𝑡→∞

𝑃 {𝜏(𝛼, 𝑤(𝛼, 𝑡))
𝑡 < 𝑧} = 𝜎(𝑧)√ 2

𝜋 ∫
∞

𝑞/√𝑧𝑏(1)
exp{1 − 𝑞

𝑏(1) − (1 − 𝑞)2

2𝑏2(1)𝑣2 − 𝑣2

2 } 𝑑𝑣∗∗,

where 𝑤(𝛼, 𝑡) =
√

𝑡/(1 − 𝑎(𝛼)
√

𝑡).
In the present paper this result is extended to a more general summation scheme,
described below.
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Let 𝑇1(𝛼) = {𝜂𝛼(𝑛), 𝑛 = 0, 1, …} be, for each 𝛼 ∈ [0, 1], a homogeneous, ergodic
Markov chain with a finite or countable set of states 𝐻 = {1, 2, … , 𝑚}, 1 ≤
𝑚 ≤ ∞, transition probability matrix ‖𝑝𝑖𝑗(𝛼)‖𝑚

𝑖,𝑗=1 and stationary distribution
𝑞𝑗(𝛼) > 0, 𝑗 ∈ 𝐻, and let 𝑇2(𝛼) = {(𝜏(𝛼, 𝑛, 𝑖), 𝛾(𝛼, 𝑛, 𝑖)), 𝑛 ≥ 1, 𝑖 ∈ 𝐻}
be, independent of 𝑇1(𝛼), a collection of random vectors independent in the
aggregate such that: a) 𝜏(𝛼, 𝑛, 𝑖) ∈ [0, ∞) with probability 1, 𝑛 ≥ 1, 𝑖 ∈ 𝐻; b)
the distributions (𝜏(𝛼, 𝑛, 𝑖), 𝛾(𝛼, 𝑛, 𝑖)), 𝑖 ∈ 𝐻, do not depend on 𝑛.
Introduce the random functionals

𝜉(𝜂0, 𝛼, 𝑡) =
𝜈(𝛼,𝑡)
∑
𝑘=0

𝛾(𝛼, 𝑘),

* The notation lim
𝛼→𝛼′

(sl) 𝜉(𝛼) = 𝜉(𝛼′) denotes weak convergence of distribution
functions.

** 𝜎(𝑧) = 0 for 𝑧 < 0; 𝜎(𝑧) = 1 for 𝑧 ≥ 0.
where

𝜈(𝛼, 𝑡) = max(𝑛 ∶
𝑛

∑
𝑘=0

𝜏(𝛼, 𝑘) ≤ 𝑡) , 𝜂0 = 𝜂𝛼(0) = const ∈ 𝐻;

𝜏(𝛼, 𝑛) = 0 for 𝑛 = 0; 𝜏(𝛼, 𝑛) = 𝜏(𝛼, 𝑛, 𝜂𝛼(𝑛 − 1)) for 𝑛 ≥ 1

𝛾(𝛼, 𝑛) = 0 for 𝑛 = 0; 𝛾(𝛼, 𝑛) = 𝛾(𝛼, 𝑛, 𝜂𝛼(𝑛 − 1)) for 𝑛 ≥ 1;

𝜏(𝜂0, 𝛼, 𝑠) = inf(𝑡 ∶ 𝜉(𝜂0, 𝛼, 𝑡) ≥ 𝑠), 𝑠 > 0.

Denote

𝜃0(𝛼) = inf(𝑡 ∶ 𝜂𝛼(𝜈(𝛼, 𝑡)) = 𝑖),

𝜃𝑛(𝛼) = inf(𝑡 ∶ 𝜈(𝛼, 𝑡) > 𝜈(𝛼, 𝜃𝑛−1(𝛼)), 𝜂𝛼(𝜈(𝛼, 𝑡)) = 𝑖), 𝑛 ≥ 1,

the times of successive entries of the chain 𝑇1(𝛼) into the state 𝑖 ∈ 𝐻, and

( ̃𝛾(𝛼, 𝑛, 𝑖), ̃𝜏(𝛼, 𝑛, 𝑖)) =
⎧{{
⎨{{⎩

(0, 0), for 𝑛 = 0,

⎛⎜
⎝

𝜃𝑛(𝛼) − 𝜃𝑛−1(𝛼),
𝜈(𝛼,𝜃𝑛(𝛼))

∑
𝑘=𝜈(𝛼,𝜃𝑛−1(𝛼))+1

𝛾(𝛼, 𝑘)⎞⎟
⎠

, for 𝑛 ≥ 1.
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Obviously, the random vectors ( ̃𝛾(𝛼, 𝑛, 𝑖), ̃𝜏(𝛼, 𝑛, 𝑖)), 𝑛 ≥ 1, are independent
and identically distributed, and

𝑀 exp{
√

−1 (𝑠 ̃𝛾(𝛼, 1, 𝑖) + 𝑡 ̃𝜏(𝛼, 1, 𝑖))} =

= 𝑔𝛼(𝑠, 𝑡, 𝑖) ⎛⎜⎜⎜
⎝

∑
𝑘∈𝐻
𝑘≠𝑖

𝑓𝛼(𝑠, 𝑡, 𝑘, 𝑖)𝑝𝑖𝑘(𝛼) + 𝑝𝑖𝑖(𝛼)⎞⎟⎟⎟
⎠

,

where

𝑔𝛼(𝑠, 𝑡, 𝑗) = 𝑀 exp{
√

−1 (𝑠𝛾(𝛼, 1, 𝑗) + 𝑡𝜏(𝛼, 1, 𝑗))}, 𝑗 ∈ 𝐻;

𝑓𝛼(𝑠, 𝑡, 𝑗, 𝑖) = 𝑀 exp
⎧{
⎨{⎩

√
−1 ⎛⎜

⎝
𝑠

Δ𝑖(𝛼)
∑
𝑘=0

𝛾(𝛼, 𝑘) + 𝑡
Δ𝑖(𝛼)
∑
𝑘=0

𝜏(𝛼, 𝑘)⎞⎟
⎠

∣ 𝜂𝛼(0) = 𝑗
⎫}
⎬}⎭

,

𝑗 ∈ 𝐻, 𝑗 ≠ 𝑖,

Δ𝑖(𝛼) = min(𝑛 ∶ 𝜂𝛼(𝑛) = 𝑖),

and the functions 𝑓𝛼(𝑠, 𝑡, 𝑗, 𝑖), 𝑗 ∈ 𝐻, 𝑗 ≠ 𝑖, satisfy the system of linear equations

𝑓𝛼(𝑠, 𝑡, 𝑗, 𝑖) = 𝑔𝛼(𝑠, 𝑡, 𝑗) ⎛⎜⎜⎜
⎝

∑
𝑘∈𝐻
𝑘≠𝑖

𝑓𝛼(𝑠, 𝑡, 𝑘, 𝑖)𝑝𝑗𝑘(𝛼) + 𝑝𝑗𝑖(𝛼)⎞⎟⎟⎟
⎠

, 𝑗 ∈ 𝐻, 𝑗 ≠ 𝑖,

and if the corresponding moments for the random variables 𝜏(𝛼, 1, 𝑖), 𝛾(𝛼, 1, 𝑖),
𝑖 ∈ 𝐻, exist, then it is not difficult to find the quantities

𝑎1(𝛼) = 𝑞𝑖(𝛼)𝑀 ̃𝛾(𝛼, 1, 𝑖), 𝑎2(𝛼) = 𝑞𝑖(𝛼)𝐷 ̃𝛾(𝛼, 1, 𝑖),

𝑏(𝛼) = 𝑞𝑖(𝛼)𝑀 ̃𝜏(𝛼, 1, 𝑖).

Theorem. Suppose that for 𝑇𝑗(𝛼), 𝑗 = 1, 2, the following conditions are satis-
fied:

(A): 1. lim
𝛼→1

𝑝𝑖𝑗(𝛼) = 𝑝𝑖𝑗(1), 𝑖, 𝑗 ∈ 𝐻.
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2. lim
𝑢→∞

lim
𝛼→1

sup
𝑗∈𝐻

𝑃{Δ𝑖(𝛼) > 𝑢 ∣ 𝜂𝛼(0) = 𝑗} = 0.

(B): 1. lim
𝛼→1

(d)(𝜏(𝛼, 1, 𝑖), 𝛾(𝛼, 1, 𝑖)) = (𝜏(1, 1, 𝑖), 𝛾(1, 1, 𝑖)), 𝑖 ∈ 𝐻.

2. lim
𝛼→1

sup
𝑗∈𝐻

𝑀𝜏(𝛼, 1, 𝑗) < ∞.

3. lim
𝛼→1

𝑀𝜏(𝛼, 1, 𝑖) = 𝑀𝜏(1, 1, 𝑖), 𝑖 ∈ 𝐻.

4. lim
𝛼→1

sup
𝑗∈𝐻

𝑀(𝛾, 1, 𝑗)2 < ∞.

5. lim
𝛼→1

𝑀(𝛾(𝛼, 1, 𝑖))𝑗 = 𝑀(𝛾(1, 1, 𝑖))𝑗, 𝑖 ∈ 𝐻, 𝑗 = 1, 2.

(C): 1. For 𝛼 > 𝛼0, 𝑎1(𝛼) ≥ 0.
2. 𝑎1(1) = 0, 𝑎2(1), 𝑏(1) ∈ (0, ∞).

It is not difficult to show that, under conditions (A) and (B),

lim
𝛼→1

𝑎𝑗(𝛼) = 𝑎𝑗(1), 𝑗 = 1, 2, lim
𝛼→1

𝑏(𝛼) = 𝑏(1).

3. There exists

lim
𝛼→1, 𝑡→∞

(1 + 𝑎1(𝛼)
√

𝑡)−1 = 𝑔 ∈ [0, 1].

Then

lim
𝛼→1, 𝑡→∞

𝑃 {𝜏(𝜂0, 𝛼, 𝑤(𝛼, 𝑡))
𝑏(1)𝑡 < 𝑧} =

= 𝜎(𝑧)√ 2
𝜋 ∫

∞

𝑞/√𝑧𝑎2(1)
exp{ 1 − 𝑞

𝑎2(1) − (1 − 𝑞)2

2𝑎2
2(1)𝑣2 − 𝑣2

2 } 𝑑𝑣,

where

𝑤(𝛼, 𝑡) =
√

𝑡/(1 + 𝑎1(𝛼)
√

𝑡).

Remark 1. Let 𝛾(𝛼, 𝑛, 𝑖) = 𝜉(𝛼, 𝑛, 𝑖, 𝜏(𝛼, 𝑛, 𝑖)), 𝑛 ≥ 1, 𝑖 ∈ 𝐻̄, where
{{𝜉(𝛼, 𝑛, 𝑖, 𝑡), 𝑡 ≥ 0}, 𝑛 ≥ 1, 𝑖 ∈ 𝐻̄}, independently of 𝑇1(𝛼) and
{𝜏(𝛼, 𝑛, 𝑖), 𝑛 ≥ 1, 𝑖 ∈ 𝐻̄}, is a collection of mutually independent, stochas-
tically continuous homogeneous processes with independent increments and
finite-dimensional distributions not depending on 𝑛. Then condition (B) will
take the form:

1. lim
𝛼→1

(d) 𝜏(𝛼, 1, 𝑖) = 𝜏(1, 1, 𝑖), 𝑖 ∈ 𝐻̄.
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2. lim
𝛼→1

sup
𝑗∈𝐻̄

𝑀(𝜏(𝛼, 1, 𝑗))2 < ∞.

3. lim
𝛼→1

𝑀(𝜏(𝛼, 1, 𝑖))𝑗 = 𝑀(𝜏(1, 1, 𝑖))𝑗, 𝑖 ∈ 𝐻̄, 𝑗 = 1, 2.

4. lim
𝛼→1

(d) 𝜉(𝛼, 1, 𝑖, 1) = 𝜉(1, 1, 𝑖, 1), 𝑖 ∈ 𝐻̄.

5. lim
𝛼→1

sup
𝑗∈𝐻̄

𝑀(𝜉(𝛼, 1, 𝑖, 1))2 < ∞.

6. lim
𝛼→1

𝑀(𝜉(𝛼, 1, 𝑖, 1))𝑗 = 𝑀(𝜉(1, 1, 𝑖, 1))𝑗, 𝑖 ∈ 𝐻̄, 𝑗 = 1, 2.

Remark 2. If one introduces the functionals

̂𝜉(𝜂0, 𝛼, 𝑡) =
𝜈(𝛼,𝑡)
∑
𝑘=0

𝛾(𝛼, 𝑘) + 𝜉(𝛼, 𝜈(𝛼, 𝑡) + 1, 𝜂𝛼(𝜈(𝛼, 𝑡)), 𝑡 − 𝜃𝜈(𝛼,𝑡)(𝛼)),

̂𝜏(𝜂0, 𝛼, 𝑠) = inf{𝑡 ∶ ̂𝜉(𝜂0, 𝛼, 𝑡) ≥ 𝑠}, 𝑠 > 0,

then for ̂𝜏 (𝜂0, 𝛼, 𝑠) the result of the theorem holds if, in addition to conditions
(A), (B), (C), the condition

lim
𝑢→∞

lim
𝛼→1

sup
𝑥∈[0,∞)

sup
𝑗∈𝐻̄

𝑃{𝜏(𝛼, 1, 𝑗) > 𝑢 + 𝑥 ∣ 𝜏(𝛼, 1, 𝑗) > 𝑥} = 0.

is fulfilled.
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