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Abstract
Full Text
UDC 532.0

HYDROMECHANICS

A. D. KHON’KIN

KINETIC EQUATIONS FOR MIXTURES OF
MODERATELY DENSE GASES
(Presented by Academician V. V. Struminskii, 19 IX 1967)

The derivation of kinetic equations and of hydrodynamic equations from the
equations of mechanics has attracted much attention (1−5). In addition to de-
riving the Boltzmann equation, which describes the evolution of a rarefied gas,
a theory of moderately dense gases is also being developed (5,6), in which triple
collisions between molecules, i.e., terms of second order in the density, are taken
into account. In the present work, by N. N. Bogolyubov’s method (1), the chain
of equations of the kinetic theory of multicomponent mixtures is solved to sec-
ond order in the density. A system of kinetic equations is obtained; moreover,
the terms taking account of triple collisions can be simplified by carrying out
the integration over time. This system of kinetic equations serves as the basis
for deriving the equations of hydrodynamics and expressions for the transport
coefficients in mixtures of moderately dense gases.

Consider a system of 𝑁 interacting molecules of 𝐿 different species in a volume
𝑉 . Let 𝑁𝑘 be the number, and 𝑐𝑘 = 𝑁𝑘/𝑁 the concentration, of molecules of
the 𝑘-th species. The Hamiltonian of the system has the form

𝐻𝑁 =
𝐿

∑
𝑘=1

𝑁𝑘

∑
𝑖=1

⎡⎢
⎣

𝑝(𝑘)2
𝑖

2𝑚𝑘
+ 1

2
𝐿

∑
𝑠=1

𝑁𝑠

∑
𝑗=1

Φ(𝑘𝑠)
𝑖𝑗 ⎤⎥

⎦
, (1)

where Φ(𝑘𝑠)
𝑖𝑗 = Φ(𝑘𝑠)(|𝑞(𝑘)

𝑖 − 𝑞(𝑠)
𝑗 |) is the spherically symmetric potential of the

pair interaction of a molecule of species 𝑘, located at the point 𝑞(𝑘)
𝑖 , with a

molecule of species 𝑠, located at the point 𝑞(𝑠)
𝑗 . Introduce the distribution func-

tion 𝐷𝑁(𝑥(1)
1 , … , 𝑥(1)

𝑁1
, 𝑥(2)

1 , … , 𝑥(𝐿)
𝑁𝐿

; 𝑡). Here 𝑥(𝑘)
𝑖 = (𝑞(𝑘)

𝑖 , 𝑝(𝑘)
𝑖 ) are the coordinates

and momenta of the 𝑖-th molecule of species 𝑘.

As is known, the distribution function is normalized to unity and satisfies the
Liouville equation

𝜕𝐷𝑁/𝜕𝑡 = [𝐻𝑁 , 𝐷𝑁 ] ≡ −ℋ𝑁𝐷𝑁 , (2)
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where [⋯] are Poisson brackets; ℋ𝑁 is the 𝑁 -particle Hamiltonian operator.
Introduce 𝑠-particle distribution functions by the formulas

𝑥(𝑖1)
1 = 𝑥1, 𝑥(𝑖2)

1+𝛿𝑖1𝑖2
= 𝑥2, … , 𝑥(𝑖𝑠)

1+𝛿𝑖1𝑖2 +⋯+𝛿𝑖𝑠−𝑖𝑠
= 𝑥𝑠

𝑐𝑖1
⋯ 𝑐𝑖𝑠

𝐹 (𝑖1…𝑖𝑠)
𝑠 (𝑥1, … , 𝑥𝑠; 𝑡) = 𝑉 𝑠 𝐷𝑁(𝑥(1)

1 , … , 𝑥(𝐿)
𝑁𝐿

; 𝑡).
(3)

Here the bar and the symbols above the function 𝐷𝑁 indicate integration
over the coordinates and momenta of all molecules, except for the specified
𝑠 molecules, whose coordinates and momenta are set equal to 𝑥1, … , 𝑥𝑠, respec-
tively. Using definition (3), from the Liouville equation it is easy to obtain a
chain of equations for the 𝑠-particle distribution functions which, after passage
to the limit 𝑉 → ∞, 𝑁𝑘 → ∞, 𝑘 = 1, 2, … , 𝐿, with fixed values of the quantities
𝑛𝑘 = 𝑁𝑘/𝑉 , takes the form

𝜕𝐹 (𝑖1…𝑖𝑠)
𝑠
𝜕𝑡 + ℋ(𝑖1…𝑖𝑠)

𝑠 𝐹 (𝑖1…𝑖𝑠)
𝑠 = 1

𝑣
𝐿

∑
𝑖𝑠+1=1

∫ 𝑑𝑥𝑠+1
𝑠

∑
𝑘=1

𝜃(𝑖𝑘𝑖𝑠+1)
𝑘,𝑠+1 𝐹 (𝑖1…𝑖𝑠+1)

𝑠+1 ,

𝜃(𝑝𝑞)
𝑖𝑗 𝑓 = [Φ(𝑝𝑞)(|𝑞𝑖 − 𝑞𝑗|), 𝑓] . (4)

The system of equations (4) is an infinite chain of integro-differential equations.
Following N. N. Bogoliubov, we shall seek special solutions of equations (4) in
which all 𝐹𝑠 with 𝑠 ⩾ 2 depend functionally on time through the time depen-
dence of the functions 𝐹 (𝑖)

1 :

𝐹 (𝑖1…𝑖𝑠)
𝑠 (𝑥1, … , 𝑥𝑠; 𝑡) = 𝐹 (𝑖1…𝑖𝑠)

𝑠 (𝑥1, … , 𝑥𝑠 ∣ 𝐹 (1)
1 , … , 𝐹 (𝐿)

1 ) (5)

and, moreover, are subject to asymptotic conditions of weakening of correlations
of the form

lim
𝜏→∞

exp (−𝜏ℋ0(𝑖1…𝑖𝑠)
𝑠 ) [𝐹 (𝑖1…𝑖𝑠)

𝑠 (… ∣ exp(𝜏ℋ0
1)𝐹1) −

𝑠
∏
𝑘=1

exp (𝜏ℋ0(𝑘)
1 ) 𝐹 (𝑖𝑘)

1 (𝑥𝑘; 𝑡)] = 0.

(6)

To solve the problem posed we use the fact that on the right-hand sides of
equations (4) there is the parameter 1/𝑣, which is small for moderately dense
gases. We shall seek the solution of equations (4) in the form of an expansion
in powers of the small parameter 1/𝑣

𝐹 (𝑖1…𝑖𝑠)
𝑠 (𝑥1, … , 𝑥𝑠 ∣ 𝐹1) = 𝐹 (𝑖1…𝑖𝑠)

𝑠0 (𝑥1, … , 𝑥𝑠 ∣ 𝐹1)+(1/𝑣)𝐹 (𝑖1…𝑖𝑠)
𝑠1 (𝑥1, … , 𝑥𝑠 ∣ 𝐹1)+…

(7)
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Then the system of kinetic equations will have the form

𝜕𝐹 (𝑖)
1 (𝑥1; 𝑡)/𝜕𝑡 = 𝐴𝑖(𝑥1 ∣ 𝐹1) =

∞
∑
𝑞=0

1
𝑣𝑞 𝐴𝑖𝑞(𝑥1 ∣ 𝐹1), (8)

𝐴𝑖0(𝑥1 ∣ 𝐹1) = − p1
𝑚𝑖

𝜕𝐹 (𝑖)
1

𝜕q1
, (9)

𝐴𝑖,𝑞+1(𝑥1 ∣ 𝐹1) =
𝑖

∑
𝑘=1

∫ 𝜃(𝑖𝑘)
12 𝐹 (𝑖𝑘)

2𝑞 (𝑥1, 𝑥2 ∣ 𝐹1) 𝑑𝑥2, 𝑞 ⩾ 0.

Since the functionals 𝐹𝑠 depend on time only through the functional arguments
𝐹 (𝑘)

1 , the derivative of 𝐹𝑠 with respect to 𝑡 can be represented in the form

𝜕𝐹 (𝑖1…𝑖𝑠)
𝑠 (… ∣ 𝐹1)

𝜕𝑡 =
𝐿

∑
𝑘=1

∞
∑

𝑝,𝑞=0

1
𝑣𝑝+𝑞

𝛿𝐹 (𝑖1…𝑖𝑠)
𝑠𝑝 (… ∣ 𝐹1)

𝛿𝐹 (𝑘)
1

𝐴𝑘𝑞(… ∣ 𝐹1). (10)

For brevity of notation we omit the arguments of the functions 𝐹𝑠 and 𝐹1
and replace the set of functional arguments 𝐹 (1)

1 , … , 𝐹 (𝐿)
1 by one symbol 𝐹1,

since, if necessary, these arguments are not difficult to write out. Substituting
expression (10) into equation (4) and equating the terms at identical powers of
1/𝑣, we obtain

𝐿
∑
𝑘=1

𝛿𝐹 (𝑖1…𝑖𝑠)
𝑠𝑝

𝛿𝐹 (𝑘)
1

𝐴𝑘0 + ℋ0(𝑖1…𝑖𝑠)
𝑠 𝐹 (𝑖1…𝑖𝑠)

𝑠𝑝 = 𝜓𝑠𝑝, (11)

where

𝜓𝑠𝑝(… ∣ 𝐹1) = 0, 𝑝 = 0,

𝜓𝑠𝑝(… ∣ 𝐹1) = −
𝑝

∑
𝑞=1

𝛿𝐹 (𝑖1…𝑖𝑠)
𝑠,𝑝−𝑞

𝛿𝐹 (𝑘)
1

𝐴𝑘𝑞+
𝐿

∑
𝑖𝑠+1=1

∫ 𝑑𝑥𝑠+1
𝑠

∑
𝑘=1

𝜃(𝑖𝑘𝑖𝑠+1)
𝑘,𝑠+1 𝐹 (𝑖1…𝑖𝑠+1)

𝑠+1,𝑝−1 , 𝑝 ⩾ 1.

(12)

For the system of equations (11), the asymptotic conditions are obtained from
(6) by means of the expansion (7)

lim
𝜏→∞

exp(−𝜏ℋ0(𝑖1…𝑖𝑠)
𝑠 ) [𝐹 (𝑖1…𝑖𝑠)

𝑠0 (… ∣ exp(𝜏ℋ1)𝐹1) −
𝑠

∏
𝑘=1

exp(𝜏ℋ0(𝑖𝑘)
1 )𝐹 (𝑖𝑘)

1 (𝑥𝑘; 𝑡)] = 0,

(13)
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lim
𝜏→∞

exp(−𝜏ℋ0(𝑖1…𝑖𝑠)
𝑠 )𝐹 (𝑖1…𝑖𝑠)

𝑠𝑝 (… ∣ exp(𝜏ℋ1)𝐹1) = 0, 𝑝 ⩾ 1.

It is easy to see that the system of equations (11), supplemented by the defi-
nitions (9), (12) and the conditions (13), is recurrent, i.e. it is soluble term by
term. Let us consider the first approximation:

𝐿
∑
𝑘=1

𝛿𝐹 (𝑖1…𝑖𝑠)
𝑠0 (… ∣ 𝐹1)

𝛿𝐹 (𝑘)
1

𝐴𝑘0(… ∣ 𝐹1) + ℋ0(𝑖1…𝑖𝑠)
𝑠Δ 𝐹 (𝑖1…𝑖𝑠)

𝑠0 (… ∣ 𝐹1) = 0. (14)

Replacing the arbitrary functional arguments 𝐹 (𝑘)
1 by exp(𝜏ℋ0(𝑘)

1 )𝐹 (𝑘)
1 , we ob-

tain the differential equation

−𝜕𝐹 (𝑖1…𝑖𝑠)
𝑠0 (… ∣ exp(𝜏ℋ1)𝐹1)/𝜕𝜏 + ℋ0(𝑖1…𝑖𝑠)

𝑠 𝐹 (𝑖1…𝑖𝑠)
𝑠0 (… ∣ exp(𝜏ℋ1)𝐹1) = 0,

(15)

whose solution satisfying the conditions (13) is

𝐹 (𝑖1…𝑖𝑠)
𝑠0 (𝑥1, … , 𝑥𝑠 ∣ 𝐹1) = 𝐽 (𝑖1…𝑖𝑠)

𝑠 (𝑥1, … , 𝑥𝑠)
𝑠

∏
𝑘=1

𝐹 (𝑖𝑘)
1 (𝑥𝑘; 𝑡), (16)

𝐽 (𝑖1…𝑖𝑠)
𝑠 (𝑥1, … , 𝑥𝑠) = lim

𝜏→∞
exp(−𝜏ℋ0(𝑖1…𝑖𝑠)

𝑠 )(𝑥1, … , 𝑥𝑠)
𝑠

∏
𝑘=1

exp(𝜏ℋ0(𝑖𝑘)
1𝑠 (𝑥𝑘)).

(17)

As a result, for the right-hand sides of the kinetic equations we obtain

𝐴𝑖1(𝑥1 ∣ 𝐹1) =
𝐿

∑
𝑘=1

∫ 𝜃(𝑖𝑘)
12 𝐽 (𝑖𝑘)

2 (𝑥1, 𝑥2)𝐹 (𝑖)
1 (𝑥1; 𝑡)𝐹 (𝑘)

1 (𝑥2; 𝑡). (18)

The equations of the next approximation have the form

𝐿
∑
𝑘=1

𝛿𝐹 (𝑖1…𝑖𝑠)
𝑠1 (… ∣ 𝐹1)

𝛿𝐹 (𝑘)
1

𝐴𝑘0(… ∣ 𝐹1)+ℋ0(𝑖1…𝑖𝑠)
𝑠 𝐹 (𝑖1…𝑖𝑠)

𝑠1 (… ∣ 𝐹1) = 𝜓(𝑖1…𝑖𝑠)
𝑠1 (… ∣ 𝐹1).

(19)

This equation, by means of the same replacement of the functional argument,
is again reduced to a differential equation, whose solution under the condition
(13) is
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𝐹 (𝑖1…𝑖𝑠)
𝑠1 (… ∣ 𝐹1) = ∫

∞

0
exp(−𝜏ℋ0(𝑖1…𝑖𝑠)

𝑠 )𝜓(𝑖1…𝑖𝑠)
𝑠1 (… ∣ exp(𝜏ℋ1)𝐹1) 𝑑𝜏. (20)

Let us show that in formula (20) the integration with respect to 𝜏 can be per-
formed. Using the definition (12) and formulas (16) and (18), we have

𝐹 (𝑖1…𝑖𝑠)
𝑠1 (… ∣ 𝐹1) = ∫

∞

0
𝑑𝜏 exp(−𝜏ℋ0(𝑖1…𝑖𝑠)

𝑠 ) ∫ 𝑑𝑥𝑠+1
𝐿

∑
𝑖𝑠+1=1

[
𝑠

∑
𝑘=1

𝜃(𝑖𝑘𝑖𝑠+1)
𝑘,𝑠+1 𝐽 (𝑖1…𝑖𝑠+1)

𝑠+1

−𝐽 (𝑖1…𝑖𝑠)
𝑠

𝑠
∑
𝑘=1

𝜃(𝑖𝑘𝑖𝑠+1)
𝑘,𝑠+1 𝐽 (𝑖𝑘𝑖𝑠+1)

2 ]
𝑠+1
∏
𝑙=1

exp(𝜏ℋ0(𝑖𝑙)
1 )𝐹 (𝑖𝑙)

1 (𝑥𝑙; 𝑡).

(21)

Using the identities

𝑠
∑
𝑘=1

𝜃(𝑖𝑘𝑖𝑠+1)
𝑘,𝑠+1 = −ℋ(𝑖1…𝑖𝑠+1)

𝑠+1 + ℋ(𝑖1…𝑖𝑠)
𝑠 + p𝑠+1

𝑚𝑖𝑠+1

𝜕
𝜕q𝑠+1

,

𝜃(𝑖𝑘𝑖𝑠+1)
𝑘,𝑠+1 =

𝑠
∑
𝑘=1

p𝑘
𝑚𝑖𝑘

𝜕
𝜕q𝑘

− ℋ(𝑖𝑘𝑖𝑠+1)
2 −

𝑠
∑
𝑙=1
𝑙≠𝑘

p𝑙
𝑚𝑖𝑙

𝜕
𝜕q𝑙

+ p𝑠+1
𝑚𝑖𝑠+1

𝜕
𝜕q𝑠+1

and the fact that, as a consequence of equations (15) and (16),

𝐽 (𝑖1…𝑖𝑠)
𝑠

𝑠
∑
𝑘=1

p𝑘
𝑚𝑖𝑘

𝜕
𝜕q𝑘

𝑠
∏
𝑙=1

exp(𝜏ℋ(𝑖𝑙)
1 )𝐹 (𝑖𝑙)

1 (𝑥𝑙; 𝑡) = ℋ(𝑖1…𝑖𝑠)
𝑠 𝐽 (𝑖1…𝑖𝑠)

𝑠

×
𝑠

∏
𝑙=1

exp(𝜏ℋ(𝑖𝑙)
1 )𝐹 (𝑖𝑙)

1 (𝑥𝑙; 𝑡) = 𝜕
𝜕𝜏 𝐽 (𝑖1…𝑖𝑠)

𝑠
𝑠

∏
𝑙=1

exp(𝜏ℋ(𝑖𝑙)
1 )𝐹 (𝑖𝑙)

1 (𝑥𝑙; 𝑡),

formula (21) can be rewritten in the form

𝐹 (𝑖1…𝑖𝑠)
𝑠1 (… ∣ 𝐹1) = ∫

∞

1
𝑑𝜏 exp(−𝜏ℋ(𝑖1…𝑖𝑠)

𝑠 ) ∫ 𝑑𝑥𝑠+1
𝐿

∑
𝑖𝑠+1=1

[ℋ(𝑖1…𝑖𝑠)
𝑠 (𝐽 (𝑖1…𝑖𝑠+1)

𝑠+1

− 𝐽 (𝑖1…𝑖𝑠)
𝑠

𝑠
∑
𝑘=1

𝐽 (𝑖𝑘𝑖𝑠+1)
2 + (𝑠 − 1)𝐽 (𝑖1…𝑖𝑠)

𝑠 ) − 𝜕
𝜕𝜏 (𝐽 (𝑖1…𝑖𝑠+1)

𝑠+1

− 𝐽 (𝑖1…𝑖𝑠)
𝑠

𝑠
∑
𝑘=1

𝐽 (𝑖𝑘𝑖𝑠+1)
2 + (𝑠 − 1)𝐽 (𝑖1…𝑖𝑠)

𝑠 )]
𝑠+1
∏
𝑙=1

exp(𝜏ℋ(𝑖𝑙)
1 )𝐹 (𝑖𝑙)

1 (𝑥𝑙; 𝑡). (22)
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Here we have added and subtracted the term

(𝑠 − 1)ℋ(𝑖1…𝑖𝑠)
𝑠 𝐽 (𝑖1…𝑖𝑠)

𝑠
𝑠+1
∏
𝑘=1

exp(𝜏ℋ(𝑖𝑘)
1 )𝐹 (𝑖𝑘)

1 (𝑥𝑘; 𝑡)

and integrated the term with the derivative with respect to 𝑞𝑠+1, which vanishes.
Using the equality

exp(−𝜏ℋ(𝑖1…𝑖𝑠)
𝑠 )ℋ(𝑖1…𝑖𝑠)

𝑠 = − 𝜕
𝜕𝜏 exp(−𝜏ℋ(𝑖1…𝑖𝑠)

𝑠 )

and introducing the operator

𝒫(𝑖1…𝑖𝑠+1)
𝑠+1 = 𝐽 (𝑖1…𝑖𝑠+1)

𝑠+1 − 𝐽 (𝑖1…𝑖𝑠)
𝑠

𝑠
∑
𝑘=1

𝐽 (𝑖𝑘𝑖𝑠+1)
2 + (𝑠 − 1)𝐽 (𝑖1…𝑖𝑠)

𝑠 , (23)

from (22) we obtain

𝐹 (𝑖1…𝑖𝑠)
𝑠1 (𝑥1, … , 𝑥𝑠 ∣ 𝐹1) = ∫ 𝑑𝑥𝑠+1

𝐿
∑

𝑖𝑠+1=1
𝒫(𝑖1…𝑖𝑠+1)

𝑠+1

𝑠+1
∏
𝑘=1

𝐹 (𝑖𝑘)
1 (𝑥𝑘; 𝑡). (24)

Thus, the functionals 𝐴𝑖2 have the form

𝐴𝑖2(𝑥1 ∣ 𝐹1) =
𝐿

∑
𝑗,𝑘=1

∫ 𝜃(𝑖𝑗)
12 𝑑𝑥2 ∫ 𝒫(𝑖𝑗𝑘)

3 𝐹 (𝑖)
1 (𝑥1; 𝑡)𝐹 (𝑗)

1 (𝑥2; 𝑡)𝐹 (𝑘)
1 (𝑥3; 𝑡) 𝑑𝑥3.

(25)

In the case of a slow variation of the one-particle distribution functions in con-
figuration space, the functionals 𝐴𝑖1 are easily transformed into Boltzmann col-
lision integrals.

In conclusion, the author takes this opportunity to express gratitude to Aca-
demician V. V. Struminskii for discussion of the questions touched upon in this
work.
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