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The derivation of kinetic equations and of hydrodynamic equations from the
equations of mechanics has attracted much attention (175). In addition to de-
riving the Boltzmann equation, which describes the evolution of a rarefied gas,
a theory of moderately dense gases is also being developed (%), in which triple
collisions between molecules, i.e., terms of second order in the density, are taken
into account. In the present work, by N. N. Bogolyubov’ s method (}), the chain
of equations of the kinetic theory of multicomponent mixtures is solved to sec-
ond order in the density. A system of kinetic equations is obtained; moreover,
the terms taking account of triple collisions can be simplified by carrying out
the integration over time. This system of kinetic equations serves as the basis
for deriving the equations of hydrodynamics and expressions for the transport
coefficients in mixtures of moderately dense gases.

Consider a system of N interacting molecules of L different species in a volume
V. Let N, be the number, and ¢;, = N, /N the concentration, of molecules of
the k-th species. The Hamiltonian of the system has the form

L N p(_k)z 1 L X (ko)
Hy = iy X I (1)
; = |2 2 ; =1 !
where @g;?s) = (I)(ks)(|q£k) — q;s)|) is the spherically symmetric potential of the

(k)

pair interaction of a molecule of species k, located at the point ¢;"’, with a

molecule of species s, located at the point qj(fg). Introduce the distribution func-
tion D]\,(ac(11>7 71'<]\1]i , x(12)7 ,xg\i) ;t). Here xgk) = (qik)7p5k)) are the coordinates

and momenta of the i-th molecule of species k.

As is known, the distribution function is normalized to unity and satisfies the
Liouville equation

0Dy /0t = [Hy,Dy]| = —JH yDy, (2)
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where [---] are Poisson brackets; J 5 is the N-particle Hamiltonian operator.
Introduce s-particle distribution functions by the formulas

(i1) (iz) _ (i)
Ty =y, Bygs = Ty, Ty,

iqin +- 44 . S

o B (3)
Ci, G, Fg“'“%)(:cl, X t) =V" DN(.’,E(I >, ,xg\i);t).

7112

Here the bar and the symbols above the function Dy indicate integration
over the coordinates and momenta of all molecules, except for the specified
s molecules, whose coordinates and momenta are set equal to z, ..., z,, respec-
tively. Using definition (3), from the Liouville equation it is easy to obtain a
chain of equations for the s-particle distribution functions which, after passage
to the limit V' — oo, N, = 00, k= 1,2, ..., L, with fixed values of the quantities
ng, = N, /V, takes the form

aFéllle 71 ’L 71 ’L 1.7 + Z 2,+
T+}[ Z /d$s+1zak’z;11 s+11 ’ 1)’
tgp1=1
00" f = [0 (|g; — q4), f] - (4)

The system of equations (4) is an infinite chain of integro-differential equations.
Following N. N. Bogoliubov, we shall seek special solutions of equations (4) in
which all F, with s > 2 depend functionally on time through the time depen-

dence of the functions Fl(i):

Féil.‘.is)(ml,“"%w :Féil"'i‘*)(xl,...,x \F{”,...,F{”) (5)

S

and, moreover, are subject to asymptotic conditions of weakening of correlations
of the form

}Lrgoexp( Ot > Fits) (| exp(rHO)F) Hexp(rﬂ-[ ) " (zt) | = 0.
(6)

To solve the problem posed we use the fact that on the right-hand sides of
equations (4) there is the parameter 1/v, which is small for moderately dense

gases. We shall seek the solution of equations (4) in the form of an expansion
in powers of the small parameter 1/v

Fézlmls)(xl’ .“’xs | FI) — Fs%lm%)(l‘l’ _..7135 | Fl) (1/'0) Z1 K >($1; 7Is | Fz_)?‘
7
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Then the system of kinetic equations will have the form

i =1
OF (xy31) /0t = A,z ‘FI)ZZEAiq@jl | F1), (8)
q=0
P 8F1<i>
Ay | Fy) = _Hi da, )
A g @y | FY) Z/ $17932‘F1>d3327 q=>0.

Since the functionals F, depend on time only through the functional arguments
ka), the derivative of F, with respect to ¢ can be represented in the form

oFi Z( | F)) ii 1 SEG (| F)

k
— 5 I ant F( )

Ay | F). - (10)

For brevity of notation we omit the arguments of the functions F, and F}
and replace the set of functional arguments F1(1>, D by one symbol Fj,
since, if necessary, these arguments are not difficult to write out. Substituting
expression (10) into equation (4) and equating the terms at identical powers of

1/v, we obtain

5F311 )
Z P Ak0+‘7{0<11 g F(zl ) :11[}

(11)
s 5F1(

sp?

where

wsp("' | Fl) = 07 p= 07

5F 11 ,L 1.7 K3 1
Yoyl | FY) = — Z 6;‘1 Akq Z /deHZek’;jf Fliie) s
qg=1

t511=1

(12)

For the system of equations (11), the asymptotic conditions are obtained from
(6) by means of the expansion (7)

lim exp(—r%g<i1"'is>)

T—00

Fgél”z( | exp(TH ) Fy) — Hexp (tI(; lk)) )(xk;t) =0,

(13)
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lim eXp(—TS‘[S(il"'iS))Fﬁ;}'”m(... | exp(7H,)Fy) =0, p>1.

T—00

It is easy to see that the system of equations (11), supplemented by the defi-
nitions (9), (12) and the conditions (13), is recurrent, i.e. it is soluble term by
term. Let us consider the first approximation:

L (iq.ig)
Do Ay (| B 4 F G (L ) = 0. (14)
=1 0F)

Replacing the arbitrary functional arguments ka) by exp(TH (1J<k))F1(k), we ob-

tain the differential equation

—OF ) (| exp(rI€,)Fy) 0T + H At plt) (| exp(r20,)Fy) = 0,
(15)

whose solution satisfying the conditions (13) is

Flo Ny, ooy | Fy) = I @y, ) [T R (s 1), (16)
k=1
g]éil"'iS)(ajl7 ey ) = TILIEO exp(—T}[S(il"'is>)(x1, s T) H exp(T}[?gik)(xk)).
k=1
(17)
As a result, for the right-hand sides of the kinetic equations we obtain
- (ik) 7(ik) (4) (k)
Autey | 1) =Y [0 5 @, i 0P (i), (19
k=1

The equations of the next approximation have the form

L cplip.iy)
0Fy (e [ 1) O(iyoniy) (g iy i
Z ' (k) 2 Ao (e | Fl)-i-ﬂ'[s( ! 5>F£11 )( | Fy) = T/Jéf )( | Fy).
=1 5F1
(19)

This equation, by means of the same replacement of the functional argument,
is again reduced to a differential equation, whose solution under the condition
(13) is
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Flai)( | F) = / exp(—rH 2t -t () exp(r 3, Fy) dr. (20)
0

Let us show that in formula (20) the integration with respect to 7 can be per-
formed. Using the definition (12) and formulas (16) and (18), we have

F‘S('il<..is>(.'.‘F1>:/ dr exp( Tj{ (1.5 /dzs+1 Z lzegiﬁil 5111 dgr1)
() o=l

s+1
Z1 ) Z 9]:1;2_;{1 21k%+1 ‘| H exp T}[O(l’))F Zl)(l'l; t).
1=
(21)
Using the identities

iis iq.dg (iq..04) Ps+1 0
Sy ol P
M ., 9941

s s
(inisin) p, 0 (inisin) P, 0 | Py O
9 + — 77_‘7_[ + _ 77_"_
Fostl ;mik dqy, 2 ;mil dq, LN aqs+1

1#k

and the fact that, as a consequence of equations (15) and (16),

Tq...0 0 7 Tq... Bp...0
J( 1 ) Pk exp(77~[< l))Fl( ’)(xl,t) _ j_[( 1 s‘)J( 1 )
= mi, 0y i
0 Bq...0 =
x [[exp(r7¢")F )(:vl,t)—EJs(l I expr 7Y F (@) t)

formula (21) can be rewritten in the form

Fﬁlzb)( | Fl) :/ dr eXp(—Tﬂgl”'%)) /deJrl Z [}[(11 g )(Js(irll dgi1)
1 =1

Z4s+17
_ JS<11-~~15> JQ(%%H) + (S _ 1)J§11~--Zs)) _ 7(Js(iL1iHZSH>
—~ or
s+1

_ J£117’5> Z Jéikis+1> + (S o 1)Js(l1la))] H eXp(T}[gil)>F1(il)($l; t). (22)
k=1
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Here we have added and subtracted the term

s+1 ) )
(8 o 1)}[211.“15)(]8(11“.15) H exp(T}[gzk))Ffl’“)(xk; t)

and integrated the term with the derivative with respect to ¢, ;, which vanishes.
Using the equality

exp( 7_‘7_[- 7,1 K ).}[gl 1‘,) — _82 exp(_T%glllb))
T

and introducing the operator

?(slillﬁl) — JizrlllsH) _ lgil"‘is> Z Jz(ikisﬂ) + (S _ 1)(];11--"55), (23)

from (22) we obtain

s+1
Fs(ilul (T15es g | FY) /dxsﬂ Z 50521 font) HF1(%><371¢5t)- (24)
s+1_1 k=1
Thus, the functionals A,, have the form
Aoty | F)= 30 [0 oy [P B0 ) i) )

7,k=1
(25)

In the case of a slow variation of the one-particle distribution functions in con-
figuration space, the functionals A;; are easily transformed into Boltzmann col-
lision integrals.

In conclusion, the author takes this opportunity to express gratitude to Aca-
demician V. V. Struminskii for discussion of the questions touched upon in this
work.
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