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In the well-known work of A. N. Kolmogorov ("1) an interpretation was given
of intuitionistic logic (72) as a calculus of problems. Subsequently this idea
was refined from various points of view (see, for example, (73-5)). Another
refinement of this interpretation of A. N. Kolmogorov is indicated in the work
(76), later continued in (77, 78). In the present paper we give certain results
concerning the logic of finite problems constructed in (76). Familiarity with the
concepts and terminology of the paper (76) will be assumed. We show (Theorem
2) that the logic of finite problems is, in a certain sense, complete. In addition,
a syntactic description of this logic will be given (Theorem 4), and a calculus
will be constructed (containing, however, a certain additional infinitary rule of
inference D) whose class of derivable formulas coincides with the class of finitely
generally valid formulas (Corollary 1).

We first give five definitions.

Definition 1. By a logic we shall mean any class of formulas of the proposi-
tional calculus that contains all axioms of the intuitionistic propositional calcu-
lus and is closed under the application of the rules modus ponens and substitu-
tion.

Definition 2. By an a-logic we mean any logic containing the formula

a=(zDyVz)D(—zDy)V (-~ D=2).

Definition 3. A weakly constructive logic is any logic that contains no
formula of the form of a disjunction of some number of classically underivable
formulas.

Definition 4. We define, for formulas of the propositional calculus, the concept
of rank in the following inductive manner: a) every formula of the form —¢ has
rank 1; b) if ¢ has rank 1 and ¢ is an arbitrary formula, then the formula ¢ D
has rank 1; ¢) if ¢ is a formula of rank k, and v is of rank I, then ¢ V ¢ is a

sovietrxiv.org/items/ru-196901.16522 Machine Translation


https://sovietrxiv.org/items/ru-196901.16522

formula of rank k -+ I, @& is of rank k - I, and ¢ D 1 is of rank I¥; d) the rank
of all remaining formulas is infinite.

Definition 5. A logic is called finite if, for every formula ¢(zq,z,,...,z,)
not belonging to it, there exist formulas vy, ...,1,, of finite rank such that the
formula @(¢q, 15, ... ,1,,) also does not belong to this logic.

Theorem 1. The class of finitely generally valid formulas (i.e., formulas always
solvable in the sense of the work (76)) is a weakly constructive finite a-logic.

Theorem 2. The class of finitely generally valid formulas is the greatest weakly
constructive a-logic.

Theorem 3. The class of finitely generally valid formulas is the least finite
a-logic.

Corollary 1. Let U be a calculus containing the axioms and rules of inference
of the intuitionistic propositional calculus, with the formula o added as an axiom,
and also the following rule of inference:

D. If o(xq,...,x,) is such a formula that, for any formulas ¥, ... v, of finite
rank, = (1, ..., 1,,), then b o(xq,...,x,).

The class of derivable formulas of the calculi U coincides with the class of finitely
generally valid formulas.

Theorem 4. The class of finitely generally valid formulas is the unique weakly
constructive finite a-logic.

This theorem follows trivially from Theorems 2 and 3.

We shall now formulate Lemmas 1-6, needed for the proof of Theorems 2 and
3. Each of these lemmas follows easily from the preceding ones.

Lemma 1. For any formula ¢ of finite rank there exists a formula v of the
form

Y=Y Vohy ..V
such that the formula (¢ ~ 1) belongs to every a-logic.

The proof is carried out by induction, using the definition of the rank of a
formula.

Lemma 2. Every logic contains all classically provable formulas of the form
_|/lp.

This lemma is a direct consequence of the well-known theorem of V. I. Glivenko
(?) on the intuitionistic derivability of classically derivable formulas having the
form of negations.

Lemma 3. Every logic contains a formula of the form —; V ... V =), if for
some ¢, 1 <14 <k, the formula —, is classically derivable.
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Lemma 4. Every weakly constructive logic contains the formula =, V...V =),
if and only if, for some 4, 1 <1 < k, the formula —), is classically derivable.

Lemma 5. Every a-logic contains all finitely generally valid formulas of finite
rank.

This follows from Lemmas 1 and 3.

Lemma 6. Every weakly constructive a-logic contains a formula v of finite
rank if and only if ¢ is finitely generally valid.

This follows from Lemmas 1 and 4.
Let us prove Theorems 2 and 3 with the aid of these lemmas.

Proof of Theorem 2. Let ¢(x4,...,x,) be refutable. Then there also exist
formulas 94, ..., 9, of finite ranks such that the formula ¢ (14, ..., ,,) is refutable
(by virtue of Definition 5 and Theorem 1). But then, by Lemma 6, the formula

©(¥yq, ..., 1,) belongs to no weakly constructive a-logic. Hence the formula
o(zq,...,x,) has the same property, as was required.
Proof of Theorem 3. Let p(z4, ..., z,,) not belong to some finite a-logic. Then

there exist formulas )y, ..., 1, of finite rank such that the formula p(y,...,,,)
(of finite rank) also does not belong to this logic. Then ¢(¢, ..., 1,,) is refutable
(by Lemma 5). But then ¢(z4,...,z,) is also refutable, as was required.

rn
Results close to those presented here were also obtained independently by V. A.
Yankov.

The present work was carried out in 1965 under the influence of lectures on
mathematical logic delivered in the physics-and-mathematics boarding school
at Moscow University by A. N. Kolmogorov, to whom the author takes this
opportunity to express gratitude for drawing attention to the topic considered.

The author also expresses gratitude to Yu. T. Medvedev and A. B. Sosinsky for
their help in writing the article.
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