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CUBATURE FORMULAS WITH PRESCRIBED
DERIVATIVES IN THE PERIODIC CASE

(Presented by Academician S. L. Sobolev, 19 V 1969)

In the present paper, the results of S. L. Sobolev on the integration of periodic
functions from (176) are generalized to the case of cubature formulas that are
n-dimensional analogues of the Hermite quadrature formula.

Recall that a function f(z) is called periodic with period matrix H, |H| =1, if
for any integer vector B and all « one has f(z) = f(x + Hp).

Identifying in Euclidean space E,, points that differ from one another by a period,
we obtain the n-dimensional torus ;. This torus is called the fundamental
domain. The condition of fundamentality can be written in the form

ZSQO(J:—HB) =1.
B

Here & () is the characteristic function of the domain €.

L8) one can associate the

To each function p(z) € K from the basic space (
function ¢(z) € K, defined on the torus, by the formula

(@) = plz) + 2O (@) = 3" oz + B),
B
where

2O (z) = " d(z + p).

B

If I(x) is a periodic functional in E, , then one can associate with it a functional

l(x), defined on the torus by the formula

/E I(2)p(z) do = / I(2)@(x) dz.

Q
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These most important concepts are set forth fully, for example, in (1).

In our case the error functional has the form

V(@) =1—Y (~D)llC@a) (2);

|a|<2t

(1), ) = /Q p@)dr— 3 CoD(0); (1)

0 || <2t

2m > n; 2t <m—[n/2] —1; (1, 1) = 0. (2)

Here

o) () =3 D(e — HB); O (x) = 8z —HB); |l =ay+
B B

Foagt..Fay,; D =9l /91 025> ... Oxpr; O are the coefficients of the cu-

cubature formula. From (I (z), 1) = 0 it follows that C®) = 1. The following
norms in LY (H) are used:

Ly (H) = {f: fla) = foe®m B0 f2, = (2m)Pm |fﬂ|2|/3H—12m},
B B
(3)

and also

T () — {f: F(@) = fle+ HB), |

|

o0 |ajl=m

al = ajlay!-a,l; fz are the Fourier coefficients of the function f(x). Weighted

cubature formulas in 372” with norm (3) were considered in (7).

Theorem. If ) (z) is a functional of the form (1), (2) from Zgn*, then

(O = (2m) 2™ 3 |BH 2" W5 o (Cppa. ), )
B#0
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t

Uy (Cpa ) =Y s(2m)2(BH ) CY, . (5)

5=0 |a|=2

Proof. We estimate (I!), ) for ¢ € L , applying the Cauchy inequality:

(10, 0)] = (110, el a))
5

(- 3 e )

B#0 laf<2t

=Y @n)m(BH ", (—<2w>—m > <2m‘>'awH—l)ac}?le-lrm)

B#0 laf<2t
9o 1/2

(m)2m S BH 2| S 2mi) B O] | gy

B+0 Ja|<2¢

IN

Put

ulw) = —(2m) " 3 {wmzm D (2m)(BH Oy x e2mion >} ;

B+0 || <2t
then for u(z) equality is attained in (6):

9o 1/2

(O, w)] = | @) 2 Y |BH 2| S @m)lBH DO |l
B#0 lov|<2t
(7)

If in (7) B is replaced by —f3, then the terms with odd |«| cancel each other.
The theorem is proved.

Put y = Hx or x = H 'y; then

Hg(t> 2

= (2m) 2™ ) (B, 57) (e, B), (8)
B#0
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— i s 1 27T 256010 (9)

s=1 |a\:2s

Here $* is conjugate to 3, and 8% = BBy - Bn". Put t > n, ry = [t/n],
p=t—nry, B={8: |6] <ry (i =1,2,..,n)}, and solve the following
problem.

Problem. Find the coefficients C'®) for (9) so that ¥(c, ) = 0 for all integer
g € B.

The solution of this problem can be represented in the form

Wie, ) = rol(ry + 12 T TL(52 — 4 TT1% — (ro + 1121,

s=1 k=1 s=1

which grows as 8 — co. Applying the inequality ((9), p. 29), we obtain—

we have the following estimate:

t
@ (e, B)] <ol 2" (rg + 1) 2P0 "rop™? (Z 53) , B¢B. (10)

Substituting (10) into (8), we obtain

Hl(t> 2

< (@m) 21 (g 4 1)~ 3 (5 gy (1)
BEB

Let now a periodic lattice be given with period matrix H~!, |[H!| = 1. On the
basis of (2) (pp. 64-78), we may regard H ! as a triangular matrix.

(j:1,2,...,n)}.

Renumber all BH ! € By and, for convenience, introduce the notation

Put

n

D hiBil <

=7

BH*1 = {BHl :

BRH- =W ¢ By as = H'%(ek); ’ng) = Z hisﬁgk)§ |75 | <1y
k=1 i=s

h;; is an element of the matrix H', r, is chosen
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so that the condition ZZZI o, =t is satisfied.

Solving the preceding problem for this case, we shall have the following estimates
for (5) and (4):

n % 2 (k)2 2,2t
Vs — 7 oyt _
Vi (Cyn, B) = [[[] 55— [¥aal < 55— IBH
s=1 k=1 9192 - On a1a; ... ay
o —2m0_4tt—4t
e t)HLW < <)44—04 Z |BH | -2m 4t 0y = max(oy,0q,...,0,).
afag..ay g,
(12)

We inscribe a ball in B and By 1. The radius of the ball is, obviously, respec-
tively equal to ry and r;. The estimate

Z p2mdt M, ", = 2 ; r? = iﬁf’
2 (rg + 1)2m—dt-n (2m — 4t —n)L(n/2) =1

belongs to L. V. Voitishek. Substituting this into (11) and (12), we obtain
an estimate of the norm of the functional (¥ (z), respectively for the case of
rectangular lattices and lattices with matrix H~!:

@ I op Il
” HLm X (27T)2m(7"0 +1)2m74t+4p7n +

((7"0+1)12m4t”> . (13)

4tt 4t 1
A < +0 .
” ‘L ajaj...at(2m)?m(ry 4 1)2m—4t-—n ((rl + 1)2m—4t—”)

Estimate (13) can be transformed into the form

” T64n (TO + 1)72m74p+4t+n
Ly S (2m — 4t — n)n?7"o

[0 () 119 (@)%, (14)

where 1(¥)(z) is obtained from I*)(z) for ¢ = 0.
Example. Put in (14) n=2, t =2, m =6, 1, =1, p =0; then

2 ()2 — 2 .
@, < I,

Now let
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1 27 27
I = —/ / eSEY) da dy.
a2

Computations with step h = 7/3 gave the values

[19]+6. = 0.0000450 ..., [1)]+6. = 0.000000041 ... .
L2 L2

Remark. In cases where computing the derivatives of ¢(x) does not present
difficulties, it is advantageous to apply the cubature formula considered in this
note.

The author expresses his deep gratitude to the supervisor of this work, S. L.
Sobolev.
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Note: Figure translations are in progress. See original paper for figures.
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