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MATHEMATICS

T. I. KHAITOV

CUBATURE FORMULAS WITH PRESCRIBED
DERIVATIVES IN THE PERIODIC CASE
(Presented by Academician S. L. Sobolev, 19 V 1969)

In the present paper, the results of S. L. Sobolev on the integration of periodic
functions from (1−6) are generalized to the case of cubature formulas that are
𝑛-dimensional analogues of the Hermite quadrature formula.

Recall that a function 𝑓(𝑥) is called periodic with period matrix 𝐻, |𝐻| = 1, if
for any integer vector 𝐵 and all 𝑥 one has 𝑓(𝑥) = 𝑓(𝑥 + 𝐻𝛽).
Identifying in Euclidean space 𝐸𝑛 points that differ from one another by a period,
we obtain the 𝑛-dimensional torus Ω0. This torus is called the fundamental
domain. The condition of fundamentality can be written in the form

∑
𝛽

ℰΩ0
(𝑥 − 𝐻𝛽) = 1.

Here ℰΩ0
(𝑥) is the characteristic function of the domain Ω0.

To each function 𝜑(𝑥) ∈ 𝐾 from the basic space (1,8) one can associate the
function 𝜑̊(𝑥) ∈ 𝐾̊, defined on the torus, by the formula

𝜑̊(𝑥) = 𝜑(𝑥) ∗ Φ(0)(𝑥) = ∑
𝛽

𝜑(𝑥 + 𝛽),

where

Φ(0)(𝑥) = ∑
𝛽

𝛿(𝑥 + 𝛽).

If 𝑙(𝑥) is a periodic functional in 𝐸𝑛, then one can associate with it a functional
̂𝑙(𝑥), defined on the torus by the formula

∫
𝐸𝑛

𝑙(𝑥)𝜑(𝑥) 𝑑𝑥 = ∫
Ω0

̂𝑙(𝑥)𝜑̊(𝑥) 𝑑𝑥.
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These most important concepts are set forth fully, for example, in (1).
In our case the error functional has the form

𝑙(𝑡)(𝑥) = 1 − ∑
|𝛼|≤2𝑡

(−1)|𝛼|𝐶(𝛼)Φ(𝛼)
𝐻 (𝑥);

(𝑙(𝑡), 𝜑) = ∫
Ω0

𝜑(𝑥) 𝑑𝑥 − ∑
|𝛼|≤2𝑡

𝐶𝛼𝐷𝛼𝜑(0); (1)

2𝑚 > 𝑛; 2𝑡 ≤ 𝑚 − [𝑛/2] − 1; (𝑙(𝑡), 1) = 0. (2)

Here

Φ(𝛼)
𝐻 (𝑥) = ∑

𝛽
𝐷𝛼𝛿(𝑥 − 𝐻𝛽); Φ(0̇)

𝐻 (𝑥) = ∑
𝛽

𝛿(𝑥 − 𝐻𝛽); |𝛼| = 𝛼1+

+𝛼2+…+𝛼𝑛; 𝐷𝛼 = 𝜕 |𝛼|/𝜕𝑥𝛼1
1 𝜕𝑥𝛼2

2 … 𝜕𝑥𝛼𝑛𝑛 ; 𝐶(𝛼) are the coefficients of the cu-

cubature formula. From (𝑙(𝑡)(𝑥), 1) = 0 it follows that 𝐶(0) = 1. The following
norms in 𝐿𝑚

2 (𝐻) are used:

𝐿𝑚
2 (𝐻) = {𝑓 ∶ 𝑓(𝑥) = ∑

𝛽
𝑓𝛽𝑒2𝜋𝑖(𝛽𝐻−1,𝑥), ‖𝑓‖2

𝐿𝑚
2

= (2𝜋)2𝑚 ∑
𝛽

|𝑓𝛽|2|𝛽𝐻−1|2𝑚} ,

(3)

and also

𝐿𝑚
2 (𝐻) =

⎧{
⎨{⎩

𝑓 ∶ 𝑓(𝑥) = 𝑓(𝑥 + 𝐻𝛽), ‖𝑓‖2
𝐿𝑚

2
= ∫

Ω0

∑
|𝛼|=𝑚

|𝛼|!
𝛼! (𝐷𝛼𝑓)2 𝑑𝑥

⎫}
⎬}⎭

,

𝛼! = 𝛼1!𝛼2! ⋯ 𝛼𝑛!; 𝑓𝛽 are the Fourier coefficients of the function 𝑓(𝑥). Weighted
cubature formulas in 𝐿𝑚

2 with norm (3) were considered in (7).

Theorem. If 𝑙(𝑡)(𝑥) is a functional of the form (1), (2) from 𝐿𝑚∗
2 , then

‖𝑙(𝑡)‖2
𝐿𝑚∗

2
= (2𝜋)−2𝑚 ∑

𝛽≠0
|𝛽𝐻−1|−2𝑚Ψ2

𝐻−1(𝐶𝐻−1 , 𝛽), (4)
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Ψ𝐻−1(𝐶𝐻−1 , 𝛽) =
𝑡

∑
𝑠=0

∑
|𝛼|=2𝑠

(−1)𝑠(2𝜋)2𝑠(𝛽𝐻−1)𝛼𝐶(𝛼)
𝐻−1 . (5)

Proof. We estimate (𝑙(𝑡), 𝜑) for 𝜑 ∈ 𝐿𝑚
2 , applying the Cauchy inequality:

|(𝑙(𝑡), 𝜑)| = ∣(𝑙(𝑡), ∑
𝛽

𝜑𝛽𝑒2𝜋𝑖(𝛽𝐻−1,𝑥))∣

= ∣∑
𝛽≠0

𝜑𝛽 ⎛⎜
⎝

− ∑
|𝛼|≤2𝑡

(2𝜋𝑖)|𝛼|(𝛽𝐻−1)𝛼𝐶(𝛼)
𝐻−1

⎞⎟
⎠

∣

= ∣∑
𝛽≠0

(2𝜋)𝑚|𝛽𝐻−1|𝑚𝜑𝛽 ⎛⎜
⎝

−(2𝜋)−𝑚 ∑
|𝛼|≤2𝑡

(2𝜋𝑖)|𝛼|(𝛽𝐻−1)𝛼𝐶(𝛼)
𝐻−1 |𝛽𝐻−1|−𝑚⎞⎟

⎠
∣

≤ ⎡
⎢
⎣

(2𝜋)−2𝑚 ∑
𝛽≠0

|𝛽𝐻−1|−2𝑚 ∣ ∑
|𝛼|≤2𝑡

(2𝜋𝑖)|𝛼|(𝛽𝐻−1)𝛼𝐶(𝛼)
𝐻−1 ∣

2
⎤
⎥
⎦

1/2

‖𝜑‖𝐿𝑚
2

.

(6)

Put

𝑢(𝑥) = −(2𝜋)−2𝑚 ∑
𝛽≠0

⎧{
⎨{⎩

|𝛽𝐻−1|−2𝑚 ∑
|𝛼|≤2𝑡

(2𝜋𝑖)|𝛼|(𝛽𝐻−1)𝛼𝐶(𝛼)
𝐻−1 × 𝑒2𝜋𝑖(𝛽𝐻−1,𝑥)

⎫}
⎬}⎭

;

then for 𝑢(𝑥) equality is attained in (6):

|(𝑙(𝑡), 𝑢)| = ⎡
⎢
⎣

(2𝜋)−2𝑚 ∑
𝛽≠0

|𝛽𝐻−1|−2𝑚 ∣ ∑
|𝛼|≤2𝑡

(2𝜋𝑖)|𝛼|(𝛽𝐻−1)𝛼𝐶(𝛼)
𝐻−1 ∣

2
⎤
⎥
⎦

1/2

‖𝑢‖𝐿̃𝑚
2

.

(7)

If in (7) 𝛽 is replaced by −𝛽, then the terms with odd |𝛼| cancel each other.
The theorem is proved.

Put 𝑦 = 𝐻𝑥 or 𝑥 = 𝐻−1𝑦; then

‖𝑙(𝑡)‖2
𝐿𝑚∗

2
= (2𝜋)−2𝑚 ∑

𝛽≠0
(𝛽, 𝛽∗)−𝑚Ψ2(𝑐, 𝛽), (8)
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Ψ(𝑐, 𝛽) = 1 −
𝑡

∑
𝑠=1

∑
|𝛼|=2𝑠

(−1)𝑠−1(2𝜋)2𝑠𝛽𝛼𝐶(𝛼). (9)

Here 𝛽∗ is conjugate to 𝛽, and 𝛽𝛼 = 𝛽𝛼1
1 𝛽𝛼2

2 ⋯ 𝛽𝛼𝑛𝑛 . Put 𝑡 ≥ 𝑛, 𝑟0 = [𝑡/𝑛],
𝑝 = 𝑡 − 𝑛𝑟0, 𝐵 = {𝛽 ∶ |𝛽𝑖| ≤ 𝑟0 (𝑖 = 1, 2, … , 𝑛)}, and solve the following
problem.

Problem. Find the coefficients 𝐶(𝛼) for (9) so that Ψ(𝑐, 𝛽) = 0 for all integer
𝛽 ∈ 𝐵.

The solution of this problem can be represented in the form

Ψ(𝑐, 𝛽) = 𝑟0!−2𝑛(𝑟0 + 1)−2𝑝
𝑛

∏
𝑠=1

𝑟0

∏
𝑘=1

(𝛽2
𝑠 − 𝑘2)

𝑝
∏
𝑠=1

[𝛽2 − (𝑟0 + 1)2],

which grows as 𝛽 → ∞. Applying the inequality ((9), p. 29), we obtain—

we have the following estimate:

|Ψ(𝑐, 𝛽)| ⩽ 𝑟0!−2𝑛(𝑟0 + 1)−2𝑝𝑛−𝑛𝑟0𝑝−𝑝 (
𝑛

∑
𝑠=1

𝛽2
𝑠)

𝑡

, 𝛽 ∉ 𝐵. (10)

Substituting (10) into (8), we obtain

‖𝑙(𝑡)‖2
𝐿𝑚∗

2
⩽ (2𝜋)−2𝑚𝑟0!−4𝑚(𝑟0 + 1)−4𝑝𝑛−2𝑛𝑟0𝑝−2𝑝 ∑

𝛽∉𝐵
(𝛽, 𝛽∗)−𝑚+2𝑡. (11)

Let now a periodic lattice be given with period matrix 𝐻−1, |𝐻−1| = 1. On the
basis of (2) (pp. 64–78), we may regard 𝐻−1 as a triangular matrix.

Put

𝐵𝐻−1 = {𝛽𝐻−1 ∶ ∣
𝑛

∑
𝑖=𝑗

ℎ𝑖𝑗𝛽𝑖∣ ⩽ 𝑟1 (𝑗 = 1, 2, … , 𝑛)} .

Renumber all 𝛽𝐻−1 ∈ 𝐵𝐻−1 and, for convenience, introduce the notation

𝛽(𝑘)𝐻−1 = 𝛾(𝑘) ∈ 𝐵𝐻−1 ; 𝑎𝑠 =
𝜎𝑠

∏
𝑘=1

𝛾(𝑘)
𝑠 ; 𝛾(𝑘)

𝑠 =
𝑛

∑
𝑖=𝑠

ℎ𝑖𝑠𝛽(𝑘)
𝑖 ; |𝛾(𝑘)

𝑠 | ⩽ 𝑟1;

𝑠 = 1, 2, … , 𝑛; 𝑘 = 1, 2, … , 𝜎𝑠; ℎ𝑖𝑗 is an element of the matrix 𝐻−1, 𝑟1 is chosen
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so that the condition ∑𝑛
𝑘=1 𝜎𝑘 = 𝑡 is satisfied.

Solving the preceding problem for this case, we shall have the following estimates
for (5) and (4):

Ψ𝐻−1(𝐶𝐻−1 , 𝛽) =
𝑛

∏
𝑠=1

𝜎𝑠

∏
𝑘=1

𝛾2
𝑠 − 𝛾(𝑘)2

𝑠
𝑎2

1𝑎2
2 … 𝑎2𝑛

; |Ψ𝐻−1 | ⩽ 𝜎2𝑡
0 𝑡−2𝑡

𝑎2
1𝑎2

2 … 𝑎2𝑛
|𝛽𝐻−1|2𝑡;

‖𝑙(𝑡)‖2
𝐿𝑚∗

2
⩽ (2𝜋)−2𝑚𝜎4𝑡

0 𝑡−4𝑡

𝑎4
1𝑎4

2 … 𝑎4𝑛
∑

𝛽𝐻−1∉𝐵𝐻−1

|𝛽𝐻−1|−2𝑚+4𝑡; 𝜎0 = max(𝜎1, 𝜎2, … , 𝜎𝑛).

(12)

We inscribe a ball in 𝐵 and 𝐵𝐻−1 . The radius of the ball is, obviously, respec-
tively equal to 𝑟0 and 𝑟1. The estimate

∑
𝛽∉𝐵

𝑟−2𝑚+4𝑡 ⩽ 𝜘𝑛(1 + 𝑜(1))
(𝑟0 + 1)2𝑚−4𝑡−𝑛 , 𝜘𝑛 = 2𝜋𝑛/2

(2𝑚 − 4𝑡 − 𝑛)Γ(𝑛/2) , 𝑟2 =
𝑛

∑
𝑠=1

𝛽2
𝑠 ,

belongs to L. V. Voĭtishek. Substituting this into (11) and (12), we obtain
an estimate of the norm of the functional 𝑙(𝑡)(𝑥), respectively for the case of
rectangular lattices and lattices with matrix 𝐻−1:

‖𝑙(𝑡)‖2
𝐿𝑚∗

2
⩽ 𝜘𝑛𝑛−2𝑛𝑟0𝑝−2𝑝𝑟0!−4𝑛

(2𝜋)2𝑚(𝑟0 + 1)2𝑚−4𝑡+4𝑝−𝑛 + 𝑂( 1
(𝑟0 + 1)2𝑚−4𝑡−𝑛 ) , (13)

‖𝑙(𝑡)‖2
𝐿̃𝑚∗

2
⩽ 𝜘𝑛𝜎4𝑡

0 𝑡−4𝑡

𝑎4
1𝑎4

2 … 𝑎4𝑛(2𝜋)2𝑚(𝑟1 + 1)2𝑚−4𝑡−𝑛 + 𝑂( 1
(𝑟1 + 1)2𝑚−4𝑡−𝑛 ) .

Estimate (13) can be transformed into the form

‖𝑙(𝑡)(𝑥)‖2
𝐿̃𝑚∗

2
⩽ 𝑟−4𝑛

0 (𝑟0 + 1)−2𝑚−4𝑝+4𝑡+𝑛

(2𝑚 − 4𝑡 − 𝑛)𝑛2𝑛𝑟0
‖𝑙(0)(𝑥)‖2

𝐿𝑚∗
2

, (14)

where 𝑙(0)(𝑥) is obtained from 𝑙(𝑡)(𝑥) for 𝑡 = 0.

Example. Put in (14) 𝑛 = 2, 𝑡 = 2, 𝑚 = 6, 𝑟0 = 1, 𝑝 = 0; then

‖𝑙(2)(𝑥)‖2
𝐿̃6∗

2
≪ 1

128‖𝑙(0)(𝑥)‖2
𝐿𝑚∗

2
.

Now let
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𝐼 = 1
4𝜋2 ∫

2𝜋

0
∫

2𝜋

0
𝑒sin(𝑥+𝑦) 𝑑𝑥 𝑑𝑦.

Computations with step ℎ = 𝜋/3 gave the values

‖𝑙(0)‖𝐿6∗
2

= 0.0000450 … , ‖𝑙(2)‖𝐿̃6∗
2

= 0.000000041 … .

Remark. In cases where computing the derivatives of 𝜑(𝑥) does not present
difficulties, it is advantageous to apply the cubature formula considered in this
note.

The author expresses his deep gratitude to the supervisor of this work, S. L.
Sobolev.
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Novosibirsk
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Note: Figure translations are in progress. See original paper for figures.
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