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MATHEMATICS

A. D. VENTSEL, M. I. FREIDLIN

ON THE LIMITING BEHAVIOR OF AN IN-
VARIANT MEASURE UNDER SMALL PER-
TURBATIONS OF A DYNAMICAL SYSTEM
(Presented by Academician A. N. Kolmogorov on 21 I 1969)

Let a vector field {𝑏𝑖(𝑥)} = 𝑏(𝑥) of class 𝐶1(𝑆) be given on a connected compact
manifold 𝑆 of dimension 𝑛. Consider on 𝑆 the dynamical system

̇𝑥 = 𝑏(𝑥) (1)

and the Markov process 𝑋𝜀 = {𝑥𝜀
𝑡 , 𝑃 𝜀

𝑥} (see (1,2)), governed by the differential
operator

𝐿𝜀𝑢(𝑥) = 𝜀2

2√𝑎(𝑥)
𝑛

∑
𝑖=1

𝜕
𝜕𝑥𝑖

𝑛
∑
𝑗=1

𝑎𝑖𝑗(𝑥) 𝜕
𝜕𝑥𝑗 (𝑎(𝑥)𝑢(𝑥)) +

𝑛
∑
𝑖=1

𝑏𝑖(𝑥) 𝜕𝑢
𝜕𝑥𝑖 ,

𝑎𝑖𝑗(𝑥) ∈ 𝐶1(𝑆), 𝑎(𝑥) = det{𝑎𝑖𝑗(𝑥)}−1, and the quadratic form ∑𝑛
𝑖,𝑗=1 𝑎𝑖𝑗(𝑥)𝜆𝑖𝜆𝑗

is positive definite. Since the manifold 𝑆 is compact and the operator 𝐿𝜀 is
nondegenerate for 𝜀 > 0, the process 𝑋𝜀 has a unique stationary distribution
(normalized invariant measure) 𝜇𝜀. The dynamical system (1), obtained from
𝑋𝜀 for 𝜀 = 0, also has a normalized invariant measure, but, generally speaking,
not a unique one. It is natural to expect that 𝜇𝜀 converges as 𝜀 → 0 to some
invariant measure of system (1), but the question arises: to which one exactly?
In the present note we study the question of on what set the distribution 𝜇𝜀

will concentrate as 𝜀 → 0. In the one-dimensional case, as well as in the case
when 𝑏(𝑥) is a potential field and {𝑎𝑖𝑗(𝑥)} is the identity matrix, an explicit
expression for its density may be used to study the limiting behavior of the
invariant measure of the process 𝑋𝜀 (see (1,3−5)). In the potential case the
measure 𝜇𝜀 as 𝜀 → 0 concentrates at the point of the absolute minimum of
the potential. Theorem 1 below shows what must replace the potential in the
general case.

Denote by 𝐻 the set of continuous, piecewise continuously differentiable func-
tions 𝜑𝑠, defined on intervals of the real axis of the form [0, 𝑇 ], with values in
𝑆. On the elements of 𝐻 consider the functional

sovietrxiv.org/items/ru-196901.16186 Machine Translation

https://sovietrxiv.org/items/ru-196901.16186


𝐼(𝜑) = ∫
𝑇

0

𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗(𝜑𝑠)(𝜑̇𝑖
𝑠 − 𝑏𝑖(𝜑𝑠))(𝜑̇𝑗

𝑠 − 𝑏𝑗(𝜑𝑠)) 𝑑𝑠,

where {𝑎𝑖𝑗(𝑥)} is the matrix inverse to {𝑎𝑖𝑗(𝑥)}, and put

𝑉 (𝑥, 𝑦) = inf
𝜑(0)=𝑥, 𝜑(𝑇 )=𝑦

𝐼(𝜑).

The function 𝑉 (𝑥, 𝑦) is continuous in both arguments.

Introduce an equivalence relation for points of the manifold 𝑆: 𝑥 ∼ 𝑦 if 𝑉 (𝑥, 𝑦) =
𝑉 (𝑦, 𝑥) = 0. This relation in fact does not depend on the matrix {𝑎𝑖𝑗(𝑥)}, but
is determined only by the structure of the dynamical system (1).

Suppose that the following condition is fulfilled:

Condition A. On the manifold 𝑆 there exists a finite number of compact sets
𝐾1, 𝐾2, … , 𝐾𝑙 such that: 1) for any points 𝑥, 𝑦 of one compact set ⋯

the relation 𝑥 ∼ 𝑦 holds; 2) if 𝑥 ∈ 𝐾𝑖, and 𝑦 ∉ 𝐾𝑖, then 𝑥 ≁ 𝑦; 3) every 𝛼- or
𝜔-limit set (see (6)) of system (1) belongs entirely to one of the 𝐾𝑖.

Let us note that, when condition 2) is satisfied, a limit set cannot intersect the
compact set 𝐾𝑖 without belonging to it entirely.

It follows from condition A that a point which does not belong to any of the 𝐾𝑖
cannot be equivalent to any other point.

We shall call 𝐾𝑖 a stable set if 𝑉 (𝑥, 𝑦) > 0 for 𝑥 ∈ 𝐾𝑖, 𝑦 ∉ 𝐾𝑖. The property
of stability also depends only on the structure of system (1).

It is easy to see that the function 𝑉 (𝑥, 𝑦) takes one and the same value for all
𝑥 ∈ 𝐾𝑖, 𝑦 ∈ 𝐾𝑗; denote this value by 𝑉𝑖𝑗.

We shall call an 𝑖-graph a graph consisting of 𝑙 − 1 arrows (𝑗 → 𝑘), where
𝑗, 𝑘 = 1, 2, … , 𝑙, 𝑘 ≠ 𝑗, satisfying the following conditions: 1) 𝑗 runs through all
values from 1 to 𝑙, except 𝑖; 2) the graph has no closed cycles.

Denote the set of all 𝑖-graphs by 𝐺𝑖; for its elements we shall use the letter 𝑔.

Put

𝑉𝑖 = min
𝑔∈𝐺𝑖

∑
(𝑗→𝑘)∈𝑔

𝑉𝑗𝑘.

It is easy to prove that, if 𝑉𝑖 = min(𝑉1, 𝑉2, … , 𝑉𝑙), then the compact set 𝐾𝑖 is
stable.
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Theorem 1. Suppose condition A is satisfied. Denote by 𝑀 the set of those
𝑖, 1 ≤ 𝑖 ≤ 𝑙, for which 𝑉𝑖 = min(𝑉1, … , 𝑉𝑙). If 𝐵 is an arbitrary open set
containing ⋃𝑖∈𝑀 𝐾𝑖, then

lim
𝜀→0

𝜇𝜀(𝐵) = 1.

Theorem 2. Suppose condition A is satisfied, the set 𝑀 consists of a single
element 𝑖0, and there exists only one normalized invariant measure 𝜇0 of system
(1), concentrated on 𝐾𝑖0

. Then the measure 𝜇𝜀 converges weakly to 𝜇0 as 𝜀 → 0.

For the proof of Theorem 1, surround each compact set 𝐾𝑖 by a pair of neighbor-
hoods 𝑑𝑖, 𝐷𝑖 with smooth boundaries 𝛾𝑖, Γ𝑖, respectively, and let ̄𝑑𝑖 ∪ 𝛾𝑖 ⊂ 𝐷𝑖.
Denote 𝛾 = ⋃𝑖 𝛾𝑖, Γ = ⋃𝑖 Γ𝑖. Introduce the random times 𝜏0 = 0,

𝜎𝑛 = inf{𝑡 ≥ 𝜏𝑛−1 ∶ 𝑥𝜀
𝑡 ∈ Γ}, 𝜏𝑛 = inf{𝑡 ≥ 𝜎𝑛 ∶ 𝑥𝜀

𝑡 ∈ 𝛾}.

Consider the Markov chain 𝑧𝑛 = 𝑥𝜀
𝜏𝑛

on the phase space 𝛾. It is known (7) that
the invariant measure 𝜇𝜀 of the process 𝑋𝜀 can be expressed, up to a factor, in
terms of the invariant measure 𝜈𝜀 of the chain {𝑧𝑛} by the formula

𝜇𝜀(𝐵) = ∫
𝛾

𝜈𝜀(𝑑𝑦) 𝑀𝜀
𝑦 ∫

𝜏1

0
𝜒𝐵(𝑥𝜀

𝑡 ) 𝑑𝑡 (2)

(𝑀𝜀
𝑦 is the mathematical expectation corresponding to the trajectory 𝑥𝜀

𝑡 issuing
from the point 𝑦 at 𝑡 = 0).

The estimates for the invariant measure 𝜈𝜀 of the chain {𝑧𝑛} and for the math-
ematical expectation standing under the integral in (2) which are given below
are proved with the aid of Lemmas 1, 2 of (8) and the following generalization
of Lemma 3 of the same work:

Lemma 1. For any choice of the neighborhoods 𝑑𝑖, 𝐷𝑖 there exist constants
𝑇0, 𝐶 > 0 such that, for all sufficiently small 𝜀 and for all 𝑥 ∈ Γ, the inequality

𝑃 𝜀
𝑥{𝜏1 > 𝑇 } ≤ exp[−𝐶(𝑇 − 𝑇0)/2𝜀2].

The following lemma gives an estimate of the transition probabilities.

Lemma 2. For any ℎ > 0 one can indicate an 𝑟 > 0 such that, for any choice of
neighborhoods 𝑑𝑖, 𝐷𝑖 inside the 𝑟-neighborhoods 𝐾𝑖, 𝑖 = 1, 2, … , 𝑙, there exists
𝜀0 > 0 such that the probability of transition of the chain {𝑧𝑛} in 𝑠 = 𝑙 − 1
steps, for 𝜀 < 𝜀0, 𝑥 ∈ 𝛾𝑖, satisfies the inequalities

exp [−𝑉𝑖𝑗 − ℎ
2𝜀2 ] < 𝑃 (𝑠)(𝑥, 𝛾𝑗) < exp [−𝑉𝑖𝑗 + ℎ

2𝜀2 ] .
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For estimating the invariant measure 𝜈𝜀, the following lemmas are used.

Lemma 3. Suppose there is a Markov chain with 𝑙 states for which the tran-
sition probabilities 𝑝𝑖𝑗 > 0 for 𝑗 ≠ 𝑖. Then the stationary distribution of this
chain, up to a factor, is (𝑄1, … , 𝑄𝑙), where

𝑄𝑖 = ∑
𝑔∈𝐺𝑖

∏
(𝑗→𝑘)∈𝑔

𝑝𝑗𝑘.

The same is true if, instead of 𝑝𝑗𝑘, one takes the transition probabilities in 𝑠
steps, 𝑠 > 1.

Lemma 4. Denote by 𝑄𝑖, 𝑄𝑖 the quantities obtained by substituting in formula
(3), in place of 𝑝𝑖𝑗, the lower and upper estimates for the transition probabilities
in 𝑠 steps 𝑝(𝑠)(𝑥, 𝛾𝑖), 𝑥 ∈ 𝛾𝑖 (see Lemma 2). Then the ratio of the values of the
invariant measure 𝜈𝜀 for the sets Γ𝑖 and Γ𝑗 lies between 𝑄𝑖 ∶ 𝑄𝑗 and 𝑄𝑖 ∶ 𝑄𝑗.

The mathematical expectations under the integral sign in equality (2) are esti-
mated with the help of the following lemmas.

Lemma 5. If 𝐾𝑖 is a stable set, then for any of its neighborhoods 𝐷𝑖 one can
choose a smaller neighborhood 𝑑𝑖 with smooth boundary, 𝛾𝑖, 𝑑𝑖 ∪ 𝛾𝑖 ⊂ 𝐷𝑖, and
a constant 𝑎 > 0, such that for all sufficiently small 𝜀

𝑀𝜀
𝑥𝜎3

1 > exp(𝑎/2𝜀2), 𝑥 ∈ 𝛾𝑖.

Lemma 6. For any 𝑎 > 0 there exists an 𝑟 > 0 such that, if 𝐷𝑖 is contained in
the 𝑟-neighborhood of 𝐾𝑖, then for all sufficiently small 𝜀

𝑀𝜀
𝑥𝜎1 < exp(𝑎/2𝜀2), 𝑥 ∈ 𝛾𝑖.

Moreover, it follows from Lemma 1 that, for 𝜀 less than some 𝜀0 > 0,

𝑀𝜀
𝑥𝜏1 ≤ 𝑇0 + 2𝜀2/𝑐 < 𝑇1 = 𝑇0 + 2𝜀2

0/𝑐, 𝑥 ∈ Γ.

The proof of Theorem 1 is obtained from the lemmas as follows. First choose a
positive

ℎ < 1
2𝑙 [min

𝑖∉𝑀
𝑉𝑖 − min

1≤𝑖≤𝑙
𝑉𝑖] .

Next choose positive 𝑟 in accordance with Lemma 2 and fix neighborhoods 𝐷𝑖
of those compact sets 𝐾𝑖 for which 𝑉𝑖 assumes its smallest value (𝑖 ∈ 𝑀) inside
the 𝑟-neighborhoods of these compact sets, in such a way that they lie entirely
inside the set 𝐵. Then, in accordance with Lemma 5, choose their smaller
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neighborhoods 𝑑𝑖 and a constant 𝑎 > 0; using Lemma 6 with this constant, we
find how small the remaining neighborhoods 𝐷𝑖 and 𝑑𝑖 must be, and fix these
neighborhoods. By virtue of the estimates of Lemma 2, the ratios 𝑄𝑖 ∶ 𝑄𝑗 for
𝑖 ∉ 𝑀 , 𝑗 ∈ 𝑀 will tend to zero as 𝜀 → 0 no more slowly than exp(−ℎ/𝜀2);
therefore, by Lemma 4,

𝜈𝜀 ( ⋃
𝑖∉𝑀

𝛾𝑖) = 𝑂 (exp(−ℎ/𝜀2)) , 𝜈𝜀 ( ⋃
𝑖∈𝑀

𝛾𝑖) → 1 as 𝜀 → 0.

Hence,

∫
𝛾

𝜈𝜀(𝑑𝑦) 𝑀𝜀
𝑦 ∫

𝜏1

0
𝜒𝐵(𝑥𝜀

𝑡 ) 𝑑𝑡 ≥ ∑
𝑖∈𝑀

∫
𝛾𝑖

𝜈𝜀(𝑑𝑦) 𝑀𝜀
𝑦 ∫

𝜎1

0
𝜒𝐵(𝑥𝜀

𝑡 ) 𝑑𝑡 ≥

≥ ∑
𝑖∈𝑀

∫
𝛾𝑖

𝜈𝜀(𝑑𝑦) 𝑀𝜀
𝑦 𝜎1 ≥ const ⋅ exp(𝑎/2𝜀2).

for sufficiently small 𝜀. At the same time

∫
𝛾

𝜈𝜀(𝑑𝑦) 𝑀𝜀
𝑦 ∫

𝜏1

0
𝜒𝑆∖𝐵(𝑥𝜀

𝑡 ) 𝑑𝑡 = ∑
𝑖∈𝑀

∫
𝛾𝑖

𝜈𝜀(𝑑𝑦) 𝑀𝜀
𝑦 ∫

𝜎1

0
𝜒𝑆∖𝐵(𝑥𝜀

𝑡 ) 𝑑𝑡+

+ ∑
𝑖∉𝑀

∫
𝛾𝑖

𝜈𝜀(𝑑𝑦) 𝑀𝜀
𝑦 ∫

𝜎1

0
𝜒𝑆∖𝐵(𝑥𝜀

𝑡 ) 𝑑𝑡 + ∫
𝛾

𝜈𝜀(𝑑𝑦) 𝑀𝜀
𝑦 ∫

𝜏1

𝜎1

𝜒𝑆∖𝐵(𝑥𝜀
𝑡 ) 𝑑𝑡.

The first integral is equal to zero; the second, for sufficiently small 𝜀, does not
exceed

∑
𝑖∉𝑀

∫
𝛾𝑖

𝜈𝜀(𝑑𝑦) 𝑀𝜀
𝑦 𝜎1 ≤ const ⋅ exp {𝑎 − 2ℎ

2𝜀2 } ;

in the third,

𝑀𝜀
𝑦 ∫

𝜏1

𝜎1

𝜒𝑆∖𝐵(𝑥𝜀
𝑡 ) 𝑑𝑡 ≤ 𝑀𝜀

𝑦 [𝜏1 − 𝜎1] = 𝑀𝜀
𝑦 𝑀𝜀

𝑥𝜀𝜎1
𝜏1 < 𝑇1.

This means that 𝜇𝜀(𝑆 ∖ 𝐵) = 𝑂(𝜇𝜀(𝐵)) as 𝜀 → 0, i.e. 𝜇𝜀(𝐵) → 1.

To prove Theorem 2, one verifies that if 𝜇0 is a weak limit of a subsequence of
the measures 𝜇𝜀, then the measure 𝜇0 is invariant.

The authors express their sincere gratitude to A. N. Kolmogorov, who drew
their attention to the problem considered in the present work.
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