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MATHEMATICS

Yu. I. Golyosov, A. A. Tempelman

ON THE EQUIVALENCE OF MEASURES
CORRESPONDING TO GAUSSIAN VECTOR-
VALUED FUNCTIONS
(Presented by Academician A. N. Kolmogorov on 14 VI 1968)

In what follows ℋ is a Hilbert space; (⋅, ⋅) and ‖ ⋅ ‖ are the scalar product and
norm in ℋ; 𝒢(ℋ) is the Hilbert space of Hilbert–Schmidt operators with scalar
product

(𝐴, 𝐵)𝐺(ℋ) = Sp(𝐴𝐵∗);
𝐾(ℋ) is the set of nuclear operators; 𝒢+(ℋ) and 𝐾+(ℋ) are the corresponding
subsets of positive definite operators.

Let (Ω, 𝔅) be a measurable space; 𝒫 a probability measure on 𝔅. An ℋ-valued
random Gaussian function 𝜉(𝑡), 𝑡 ∈ 𝑇 , determines the mathematical expectation
𝑚(𝑡) and the correlation function 𝑅(𝑠, 𝑡):

𝑀(𝑥, 𝜉(𝑡)) = (𝑥, 𝑚(𝑡)), 𝑀(𝑥, 𝜉(𝑠) − 𝑚(𝑠))(𝑦, 𝜉(𝑡) − 𝑚(𝑡)) = (𝑥, 𝑅(𝑠, 𝑡)𝑦),
𝑥, 𝑦 ∈ ℋ; 𝑚(𝑡) is an ℋ-valued function; 𝑅(𝑠, 𝑡) is a 𝐾(ℋ)-valued positive
definite function; 𝑅(𝑠, 𝑡) = 𝑅(𝑠, 𝑡) + 𝑚(𝑠) ⊗ 𝑚(𝑡).

1. Let 𝑅(𝑠, 𝑡), 𝑠, 𝑡 ∈ 𝑇 , be a 𝐾(ℋ)-valued positive definite function; 𝐻 a
Hilbert space of ℋ-valued functions defined on 𝑇 ; ⟨⋅, ⋅⟩ the scalar product
in 𝐻.

Definition. The function 𝑅(𝑠, 𝑡), 𝑠, 𝑡 ∈ 𝑇 , is called the reproducing kernel
of the space 𝐻 if, for any 𝑡 ∈ 𝑇 , 𝑥 ∈ ℋ, a) the function 𝑅(⋅, 𝑡)𝑥 ∈ 𝐻; b)
⟨𝑅(⋅, 𝑡)𝑥, 𝑚(⋅)⟩ = (𝑥, 𝑚(𝑡)).
The space 𝐻 is uniquely determined by the function 𝑅(𝑠, 𝑡) as the linear hull of
the functions 𝑚𝑡,𝑥(⋅) = 𝑅(⋅, 𝑡)𝑥, closed with respect to the scalar product

⟨𝑅(⋅, 𝑠)𝑥, 𝑅(⋅, 𝑡)𝑦⟩ = (𝑥, 𝑅(𝑠, 𝑡)𝑦)
(cf. (1)).

Let 𝑅1(𝑠, 𝑡) and 𝑅2(𝑠, 𝑡), 𝑠, 𝑡 ∈ 𝑇 , be two 𝐾(ℋ)-valued kernels; in the tensor
product ℋ ⊗ ℋ consider the operators

Φ(𝑠, 𝑢; 𝑡, 𝑣)(𝑥 ⊗ 𝑦) = 𝑅1(𝑠, 𝑡)𝑥 ⊗ 𝑅2(𝑢, 𝑣)𝑦,
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𝑠, 𝑢, 𝑡, 𝑣 ∈ 𝑇 , 𝑥, 𝑦 ∈ ℋ. Φ(𝑠, 𝑢; 𝑡, 𝑣), (𝑠, 𝑢), (𝑡, 𝑣) ∈ 𝑇 × 𝑇 , is a 𝐾(ℋ ⊗ ℋ)-
valued positive definite function. We denote the kernel Φ(𝑠, 𝑢; 𝑡, 𝑣) by 𝑅1(𝑠, 𝑡)⊗
𝑅2(𝑢, 𝑣). In accordance with what was said above, the space 𝐻(𝑅1 ⊗ 𝑅2) is
spanned by the ℋ ⊗ ℋ-valued functions of the form

𝑅1(⋅, 𝑡)𝑥 ⊗ 𝑅2(⋅, 𝑣)𝑦;
if to each such function one assigns the element 𝑅1(⋅, 𝑡)𝑥 ⊗ 𝑅2(⋅, 𝑣)𝑦 of 𝐻(𝑅1) ⊗
𝐻(𝑅2), then we obtain an isomorphism

𝐻(𝑅1 ⊗ 𝑅2) ≃ 𝐻(𝑅1) ⊗ 𝐻(𝑅2);
this circumstance facilitates finding 𝐻(𝑅1 ⊗ 𝑅2) when 𝐻(𝑅1) and 𝐻(𝑅2) are
known. To every element of the form 𝑥 ⊗ 𝑦 ∈ ℋ ⊗ ℋ there corresponds an
operator 𝐴𝑥⊗𝑦 ∈ 𝒢(ℋ), defined by the formula

𝐴𝑥⊗𝑦𝑧 = (𝑦, 𝑧)𝑥, 𝑧 ∈ ℋ.
This correspondence extends to an isomorphism between the spaces ℋ ⊗ ℋ
and 𝒢(ℋ). Thus we may regard functions from 𝐻(𝑅1 ⊗ 𝑅2) as 𝒢(ℋ)-valued
operator functions on 𝑇 × 𝑇 .

Let 𝜉(𝑡), 𝑡 ∈ 𝑇 , be an ℋ-valued Gaussian function on 𝑇 , relative to the measure
𝒫, with mean value 0 and correlation function 𝑅(𝑠, 𝑡). Denote by 𝐻(𝜉(𝑡), 𝒫)
the linear hull, closed in the sense of mean-square convergence, of the random
variables (𝑥, 𝜉(𝑡)), 𝑥 ∈ ℋ, 𝑡 ∈ 𝑇 . To any function 𝜑(⋅) ∈ 𝐻(𝑅) one can associate
a random variable 𝑦 ∈ 𝐻(𝜉(𝑡), 𝒫) such that for any 𝑥 ∈ ℋ we have

𝑀(𝑥, 𝜉(𝑡))𝑦 = (𝑥, 𝜑(𝑡)), 𝑡 ∈ 𝑇 ;
this correspondence is an isomorphism between the Hilbert spaces 𝐻(𝑅) and
𝐻(𝜉(𝑡), 𝒫); to the function 𝑅(⋅, 𝑡)𝑥 (𝑥 ∈ ℋ, 𝑡 ∈ 𝑇 ) there corresponds the
random variable (𝑥, 𝜉(𝑡)). Denote

𝑦 = ⟨𝜑(𝑡), 𝜉(𝑡)⟩.
Since the realizations of the random function 𝜉(𝑡) do not belong to 𝐻(𝑅),
⟨𝜑(𝑡), 𝜉(𝑡)⟩ cannot be understood literally as a scalar product; however, in con-
crete cases this formally written expression can be given meaning if the limiting
operations over random—

⋯random variables entering into it is to be understood in the sense of mean-
square convergence.

Denote by 𝐻2(𝜉(𝑡), 𝒫) the Hilbert space 𝐻(𝜁(𝑠, 𝑡), 𝒫), where 𝜁(𝑠, 𝑡) = 𝜉(𝑠) ⊗
𝜉(𝑡) − 𝑅(𝑠, 𝑡) is a random function with values in ℋ ⊗ ℋ and with correlation
function Φ(𝑠, 𝑡; 𝑢, 𝑣), where

Φ(𝑠, 𝑡; 𝑢, 𝑣)(𝑥 ⊗ 𝑦) = 𝑅(𝑠, 𝑢)𝑥 ⊗ 𝑅(𝑡, 𝑣)𝑦 + 𝑅(𝑠, 𝑣)𝑦 ⊗ 𝑅(𝑡, 𝑢)𝑥.
According to what was said above, there is an isomorphism between the spaces
𝐻2(𝜉(𝑡), 𝒫) and 𝐻(Φ), under which the random variables (𝑥 ⊗ 𝑦, 𝜁(𝑢, 𝑣)) corre-
spond to the ℋ ⊗ ℋ-valued functions Φ(⋅, ⋅; 𝑢, 𝑣)(𝑥 ⊗ 𝑦), 𝑢, 𝑣 ∈ 𝑇 .
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2. Let 𝜉(𝑡), 𝑡 ∈ 𝑇 , be an ℋ-valued random function on 𝑇 , and let ℬ𝜉 be the
minimal 𝜎-algebra with respect to which all random variables 𝜉(𝑡), 𝑡 ∈ 𝑇 ,
are measurable; on ℬ𝜉 two measures 𝒫1 and 𝒫2 are given, with respect
to which 𝜉(𝑡), 𝑡 ∈ 𝑇 , is a Gaussian random function with characteristics
𝑚𝑖(𝑡) and 𝑅𝑖(𝑠, 𝑡), 𝑖 = 1, 2. Theorem 1 reduces the question of equivalence
of the measures 𝒫1 and 𝒫2 and the computation of the Radon–Nikodym
derivative

𝑑𝒫2
𝑑𝒫1

[𝜉(𝑡)]

to the study of the spaces 𝐻(𝑅1) and 𝐻(𝑅2).
Theorem 1. The measures 𝒫1 and 𝒫2 are either equivalent or orthogonal. 𝒫1
is equivalent to 𝒫2 if and only if the following conditions below are satisfied: 1)
—3), or 1) and 4), or 2) and 5), or 6):

1) 𝑚2(𝑡) − 𝑚1(𝑡) ∈ 𝐻(𝑅1);
2) 𝑅2(⋅, 𝑡)𝑥 ∈ 𝐻(𝑅1), and if ⟨𝑅2(⋅, 𝑡)𝑥, 𝜑(⋅)⟩1 = 0* for all 𝑥 ∈ ℋ, then

𝜑(𝑡) ≡ 0;
3) 𝑅2(𝑠, 𝑡) − 𝑅1(𝑠, 𝑡) ∈ 𝐻(𝑅1 ⊗ 𝑅1);
4) 𝑅2(𝑠, 𝑡) − 𝑅1(𝑠, 𝑡) ∈ 𝐻(𝑅1 ⊗ 𝑅2);
5) 𝑅2(𝑠, 𝑡) − 𝑚2(𝑠) ⊗ 𝑚2(𝑡) − 𝑅1(𝑠, 𝑡) + 𝑚1(𝑠) ⊗ 𝑚1(𝑡) ∈ 𝐻(𝑅1 ⊗ 𝑅1);
6) 𝑅2(𝑠, 𝑡) − 𝑚2(𝑠) ⊗ 𝑚2(𝑡) − 𝑅1(𝑠, 𝑡) + 𝑚1(𝑠) ⊗ 𝑚1(𝑡) ∈ 𝐻(𝑅1 ⊗ 𝑅2).

In the case of equivalence of the measures 𝒫1 and 𝒫2,

𝑑𝒫2
𝑑𝒫1

[𝜉(𝑡)] = 𝐷 exp{1
2⟨𝑚1 − 𝑚2, 𝑚1 − 𝑚2⟩1 − ⟨ ̃𝜉, 𝑚1 − 𝑚2⟩1 + 1

2 ⟨𝐴(𝑠, 𝑡), ̃𝜉(𝑠) ⊗ ̃𝜉(𝑡) − 𝑅1(𝑠, 𝑡)⟩
11

} ;

̃𝜉 = 𝜉 − 𝑚2; 𝐴(𝑠, 𝑡) = 𝑅1(𝑠, 𝑡) − ⟨𝑅1(⋅, 𝑠), 𝑅1(⋅, 𝑡)⟩2,
i.e.

⟨𝑓1, 𝑓2⟩1 − ⟨𝑓1, 𝑓2⟩2 = ⟨𝐴(𝑠, 𝑡), 𝑓1(𝑠) ⊗ 𝑓2(𝑡)⟩11 , 𝑓𝑖 ∈ 𝐻(𝑅1);

𝐷 = exp{1
2 Sp [ ̄𝐴 + ln(𝐼 − ̄𝐴)]} ,

where ̄𝐴 is the operator in 𝐻(𝑅1) defined by the relation

⟨𝐴(⋅, 𝑡)𝑥, 𝑓(⋅)⟩1 = (𝑥, ( ̄𝐴𝑓)(𝑡))

for any 𝑥 ∈ ℋ, 𝑓 ∈ 𝐻(𝑅1). The quantities entering into the expression

𝑑𝒫2
𝑑𝒫1

[𝜉(𝑡)]

are defined under the conditions of equivalence.*
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As special cases, this theorem contains the equivalence criteria and expres-
sions for the Radon–Nikodym derivative for measures corresponding to one-
dimensional Gaussian functions (see (2, 3, 9, 12)), and to Gaussian measures in
Hilbert spaces (6, 7, 11, 13). In paragraphs 3 and 4 some applications of the
results set forth are considered.

3. Let 𝜉 be an ℋ-valued Gaussian random variable with zero mathematical
expectation and correlation operator 𝑅. Let 𝑅 = 𝑉 𝑉 ∗, where 𝑉 ∈ 𝒢(ℋ)
(one may, for example, put 𝑉 = 𝑉 ∗ = 𝑅1/2). Denote by 𝑉 −1 the operator
equal to 𝑉 −1𝑥 = 𝑦, if 𝑉 𝑦 = 𝑥, 𝑦 ∈ 𝑉 ℋ, and equal to 𝑉 −1𝑥 = 0, if 𝑉 𝑥 = 0.
An element 𝑚 ∈ 𝐻(𝑅) if and only if 𝑚 = 𝑉 𝑥, 𝑥 ∈ ℋ;

⟨𝑚1, 𝑚2⟩ = (𝑉 −1𝑚1, 𝑉 −1𝑚2).

Formally,
⟨𝑚, 𝜉⟩ = (𝑉 −1𝑚, 𝑉 −1𝜉).

This expression can be given, for example, the following meaning. Let
𝑒1, 𝑒2, … be a sequence of eigenvectors of the operator 𝑅, corresponding
to the nonzero eigenvalues 𝜆1, 𝜆2, …. Then

⟨𝑚1, 𝑚2⟩ = ∑
𝑖

1
𝜆𝑖

(𝑚1, 𝑒𝑖)(𝑚2, 𝑒𝑖), ⟨𝑚, 𝜉⟩ = ∑
𝑖

1
𝜆𝑖

(𝑚, 𝑒𝑖)(𝜉, 𝑒𝑖)

(the series converges in mean and almost everywhere). The space 𝐻(𝑅1 ⊗
𝑅2), (𝑅1, 𝑅2 ∈ 𝐾(ℋ)), consists of operators 𝐾 ∈ 𝒢(ℋ) of the form
𝐾 = 𝑉1𝐵𝑉 ∗

2 , where 𝐵 ∈ 𝒢(ℋ),

* ⟨⋅, ⋅⟩𝑖 = ⟨⋅, ⋅⟩𝐻(𝑅𝑖), ⟨⋅, ⋅⟩𝑖,𝑗 = ⟨⋅, ⋅⟩𝐻(𝑅𝑖⊗𝑅𝑗).

𝑅𝑖 = 𝑉𝑖𝑉 𝑖∗, 𝑖 = 1, 2; ⟨𝐾1, 𝐾2⟩12 = (𝐵1, 𝐵2), and if 𝑅1 = 𝑅2 = 𝑅, then

⟨𝐾1, 𝐾2⟩ = ∑ 1
𝜆2

𝑖 𝜆𝑗
(𝐾1𝑒𝑖, 𝑒𝑗)(𝐾2𝑒𝑖, 𝑒𝑗),

⟨𝐾, 𝜉 ⊗ 𝜉 − 𝑅⟩ = ∑ ( 1
𝜆𝑖𝜆𝑗

− 𝛿𝑖𝑗) (𝐾𝑒𝑖, 𝑒𝑗)(𝜉, 𝑒𝑖)(𝜉, 𝑒𝑗)

(the series converges in mean and almost everywhere).

Theorem 2. Let 𝜉 be an ℋ-valued Gaussian random variable with respect to
the measures 𝒫1 and 𝒫2; let 𝑚𝑖 and 𝑅𝑖 (𝑖 = 1, 2) be its means and correlation
operators, and let 𝑅𝑖 = 𝑉𝑖𝑉 𝑖∗. The measures 𝒫1 and 𝒫2 are equivalent on ℬ𝜉 if
and only if the following conditions are satisfied: 1) 𝑚2 − 𝑚1 = 𝑉1𝑥, 𝑥 ∈ ℋ; 2)
𝑅1ℋ = 𝑅2ℋ; 3) 𝑅2 − 𝑅1 = 𝑉1𝐵𝑉 ∗

1 , 𝐵 ∈ 𝔊(ℋ), or condition 1) and condition
4) 𝑅2 − 𝑅1 = 𝑉1𝐶𝑉 ∗

2 = 𝑉2𝐶∗𝑉 ∗
1 , 𝐶 ∈ 𝔊(ℋ), or condition 2) and condition

5) 𝑅2 − 𝑚2 ⊗ 𝑚2 − 𝑅1 + 𝑚1 ⊗ 𝑚1 = 𝑉1𝐷𝑉 ∗
1 , 𝐷 ∈ 𝔊(ℋ), or condition 6)
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𝑅2 − 𝑚2 ⊗ 𝑚2 − 𝑅1 + 𝑚1 ⊗ 𝑚1 = 𝑉1𝐸𝑉 ∗
2 , 𝐸 ∈ 𝔊(ℋ). The computation of

𝑑𝒫2
𝑑𝒫1

[𝜉] is carried out using the formula given in Theorem 1.

The operator

𝐴 = 𝑉1[𝐼 − (𝑉 −1
2 𝑉1)∗𝑉 −1

2 𝑉1]𝑉 ∗
1 , ̄𝐴 = 𝐼 − 𝑉1(𝑉 −1

2 𝑉1)∗𝑉 −1
2

(cf. (6,7 ,11 ,13 )).
4. Let 𝑇 = [𝑎, 𝑏], −∞ < 𝑎 < 𝑏 < ∞, ℋ = 𝑅𝑛, and let Ψ(𝑡) and Φ(𝑡) be

operator functions, where Ψ−1(𝑡) and Φ−1(𝑡) exist.

Theorem 3. The operator function

𝑅(𝑠, 𝑡) = Ψ(𝑠)Φ∗(𝑡), 𝑠 ≤ 𝑡; 𝑅(𝑠, 𝑡) = Φ(𝑠)Ψ∗(𝑡), 𝑠 ≥ 𝑡, (1)

is positive definite if and only if:

1) 𝑅(𝑡, 𝑡) = Ψ(𝑡)Φ∗(𝑡) ∈ 𝐾+(ℋ) for every 𝑡 ∈ [𝑎, 𝑏];
2) Λ(𝑡) = Φ−1(𝑡)Ψ(𝑡) ∈ 𝐾+(ℋ), 𝑡 ∈ [𝑎, 𝑏];
3) Λ(𝑡) − Λ(𝑠) ∈ 𝐾+(ℋ) for 𝑡 > 𝑠, 𝑠, 𝑡 ∈ [𝑎, 𝑏].

Theorem 4. A nondegenerate mean-continuous ℋ-valued Gaussian random
process 𝜉(𝑡), 𝑡 ∈ [𝑎, 𝑏], is Markovian if and only if its correlation function is
representable in the form (1).

From the properties of Λ(𝑡) it follows that, for almost all 𝑡 ∈ [𝑎, 𝑏], there exists
a derivative Λ′(𝑡) ∈ 𝐾+(ℋ). Below, for convenience, it is assumed that all op-
erators Λ′(𝑡) are nondegenerate. Introduce the functions 𝑀(𝑡) and the operator
𝑉 :

Λ′(𝑡) = 𝑀(𝑡)𝑀∗(𝑡), Λ(𝑎) = 𝑉 𝑉 ∗

(for example, one may take 𝑀(𝑡) = 𝑀∗(𝑡) = [Λ′(𝑡)]1/2, 𝑉 = 𝑉 ∗ = [Λ(𝑎)]1/2).

Theorem 5. Let 𝜉(𝑡), 𝑡 ∈ [𝑎, 𝑏], be an 𝑅𝑛-valued process with correlation
function of the form (1); then

𝑤(𝑡) = ∫
𝑡

𝑎
𝑀−1(𝑡) 𝑑[Φ−1(𝑡)𝜉(𝑡)] + 𝑉 −1Φ−1(𝑎)𝜉(𝑎)

is an 𝑅𝑛-valued Wiener process with correlation function 𝐼 min(𝑠, 𝑡). Conversely,

𝜉(𝑡) = Φ(𝑡) ∫
𝑡

𝑎
𝑀(𝑡) 𝑑𝑤(𝑡) + 𝜉(𝑎).
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Assume further, for convenience, that 𝜉(𝑎) = 0. An 𝑅𝑛-valued function 𝑚(𝑡) ∈
𝐻(𝑅) if and only if the function Φ−1(𝑡)𝑚(𝑡) is absolutely continuous and

𝑓(𝑡) = 𝑀−1(𝑡)(Φ−1(𝑡)𝑚(𝑡))′ ∈ 𝐿2.

If 𝑚1(𝑡), 𝑚2(𝑡) ∈ 𝐻(𝑅), then

⟨𝑚1, 𝑚2⟩ = ∫
𝑏

𝑎
(𝑓1(𝑡), 𝑓2(𝑡)) 𝑑𝑡; ⟨𝑚, 𝜉⟩ = ∫

𝑏

𝑎
(𝑀−1(𝑡)(Φ−1(𝑡)𝑚(𝑡))′, 𝑀−1(𝑡) 𝑑(Φ−1(𝑡)𝜉(𝑡))).

Let 𝑅1 and 𝑅2 be two kernels of the form (1). The space 𝐻(𝑅1 ⊗ 𝑅2) consists
of operator functions 𝑚(𝑠, 𝑡) such that Φ−1

1 (𝑠)𝑚(𝑠, 𝑡)Φ∗−1
2 (𝑡) is an absolutely

continuous function and

𝑓(𝑠, 𝑡) = 𝑀−1
1 (𝑠) 𝜕2

𝜕𝑠 𝜕𝑡(Φ−1
1 (𝑠)𝑚(𝑠, 𝑡)Φ∗−1

2 (𝑡))𝑀∗−1
2 (𝑡) ∈ 𝐿2;

⟨𝑚1, 𝑚2⟩1,2 = ∫
𝑏

𝑎
∫

𝑏

𝑎
Sp[𝑓1(𝑠, 𝑡)𝑓∗

2(𝑠, 𝑡)] 𝑑𝑠 𝑑𝑡.

𝐻2(𝜉(𝑡), 𝒫) consists of random variables of the form

⟨𝑚(𝑠, 𝑡), 𝜉(𝑠) × 𝜉(𝑡) − 𝑅(𝑠, 𝑡)⟩ =

= ∫
𝑏

𝑎
∫

𝑏

𝑎
Sp{[Λ′(𝑠)]−1 𝜕2

𝜕𝑠 𝜕𝑡 (Φ−1(𝑠)𝑚(𝑠, 𝑡)Φ∗−1(𝑡)) [Λ′(𝑡)]−1 𝑑𝑠𝑑𝑡 (Φ−1(𝑡)×

× [𝜉(𝑠) ⊗ 𝜉(𝑡)]Φ∗−1(𝑠))} ,

where the double stochastic integral is understood in the sense of K. Itô; it is
defined for any function 𝑚(𝑠, 𝑡) ∈ 𝐻(𝑅 ⊗ 𝑅) (cf. (23, 5)).
Let 𝜉(𝑡), 𝑡 ∈ [𝑎, 𝑏], be a continuous in the mean nondegenerate 𝑛-dimensional
Gaussian process with characteristics 𝑚𝑖(𝑡) and 𝑅𝑖(𝑠, 𝑡) with respect to the
measures 𝒫𝑖, 𝑖 = 1, 2, on 𝔅𝜉. Denote 𝐾12(𝑡) = Φ−1

1 (𝑡)Φ2(𝑡) and 𝐾21(𝑡) =
𝐾−1

12 (𝑡) = Φ−1
2 (𝑡)Φ1(𝑡).

Theorem 6. The measures 𝒫1 and 𝒫2 are equivalent if and only if:

1) the vector function Φ−1
1 (𝑡)(𝑚2(𝑡) − 𝑚1(𝑡)) is absolutely continuous and

𝑀−1
1 (𝑡)[Φ−1

1 (𝑡)(𝑚2(𝑡) − 𝑚1(𝑡))]′ ∈ 𝐿2;
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2) Λ′
1(𝑡)𝐾′

21(𝑡) = 𝐾12(𝑡)Λ′
2(𝑡) almost everywhere on [𝑎, 𝑏];

3) 𝐾′
12(𝑡) and 𝐾′

21(𝑡) exist almost everywhere;

4) 𝑓(𝑠, 𝑡) ∈ 𝐿2, where 𝑓(𝑠, 𝑡) = [𝑀−1
2 (𝑡)𝐾′

21(𝑡)𝑀1(𝑠)]∗ for 𝑠 ≤ 𝑡, and

𝑓(𝑠, 𝑡) = 𝑀−1
1 (𝑠)𝐾′

12(𝑡)𝑀2(𝑡)

for 𝑠 > 𝑡.
The computation of

𝑑𝒫2
𝑑𝒫1

[𝜉(𝑡)]

is carried out by the formula of Theorem 1. The operator function

𝐴(𝑠, 𝑡) = Φ1(𝑠)𝐴(𝑠, 𝑡)Φ∗
1(𝑡),

where

𝐴(𝑠, 𝑡) = ∫
𝑠

𝑎
𝐾21(𝑢)𝐾′

12(𝑢)Λ1(min(𝑡, 𝑢)) 𝑑𝑢 + ∫
𝑡

𝑎
Λ1(min(𝑠, 𝑢))𝐾∗′

12(𝑢)×

× 𝐾∗
21(𝑢) 𝑑𝑢 − ∫

𝑏

𝑎
Λ1(min(𝑠, 𝑢))𝐾∗′

12(𝑢)𝐾∗
21(𝑢)(Λ′

1(𝑢))−1𝐾21(𝑢)𝐾′
12(𝑢)×

×Λ1(min(𝑡, 𝑢)) 𝑑𝑢; ln𝐷 = ∫
𝑏

𝑎
∫

𝑏

𝑡
Sp [𝐾∗

12(𝑢)𝐾∗
21(𝑢)(Λ′

1(𝑢))−1𝐾21(𝑢)𝐾′
12(𝑢)] 𝑑𝑢.

Let us consider, in particular, a random process 𝜉(𝑡) which, with respect to the
measures 𝒫𝑖, 𝑖 = 1, 2, on 𝔅𝜉, is a stationary Gaussian Markov process with
𝑚𝑖(𝑡) ≡ 0;

𝑅𝑖(𝑠, 𝑡) = 𝐶𝑖 exp{|𝑡 − 𝑠|𝑄𝑖}𝐶𝑖,
where −(𝑄𝑖 + 𝑄∗

𝑖 ) and 𝐶𝑖 are positive definite operators; here

Ψ𝑖(𝑡) = 𝐶𝑖 exp{−𝑡𝑄𝑖}, Φ𝑖(𝑡) = 𝐶𝑖 exp{𝑡𝑄∗
𝑖}, Λ𝑖(𝑡) = exp{−𝑡𝑄𝑖} exp{−𝑡𝑄∗

𝑖}.

It is not hard to verify that 𝒫1 and 𝒫2 are equivalent if and only if

𝐶1(𝑄1 + 𝑄∗
1)𝐶1 = 𝐶2(𝑄2 + 𝑄∗

2)𝐶2.

The measures 𝒫1 and 𝒫2 corresponding to two Gaussian processes with

𝑚𝑖(𝑡) ≡ 0, 𝑅1(𝑠, 𝑡) = 𝐶 exp{|𝑡 − 𝑠|𝑄}𝐶, 𝑅2(𝑠, 𝑡) = 𝐵min(𝑠, 𝑡),

are equivalent if and only if

𝐵 = −𝐶(𝑄 + 𝑄∗)𝐶.

The authors express their gratitude to A. M. Yaglom for his attention and
valuable advice.
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