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Abstract
Full Text
UDC 513.83

M. M. Choban

MAPPINGS OF METRIC SPACES
(Presented by Academician P. S. Aleksandrov on 18 VI 1968)

One of the main directions in general topology is the elucidation of connections
established between classes of spaces by means of mappings of various types.
The basic class of topological spaces is that of metrizable spaces. Therefore one
of the tasks is to describe, in intrinsic terms, partitions of metric spaces under
various restrictions on the elements of the partition. In the works (2,3,8) the
connection was clarified between the class of metric spaces and the class of spaces
with a refining sequence of coverings. An important role in this was played
by the definition of the notion of a 𝜋-mapping, proposed by V. I. Ponomarev.
A mapping 𝑓 ∶ 𝑋 → 𝑌 of a metric space 𝑋 onto a topological space 𝑌 is
called a 𝜋-mapping if, for any point 𝑥 ∈ 𝑌 and any neighborhood 𝑂𝑥 of it,
𝜌(𝑓−1𝑥, 𝑋 ∖ 𝑓−1𝑂𝑥) > 0. All spaces considered below are assumed to be 𝑇1-
spaces, and all mappings continuous.

Definition 1. A system of coverings (not necessarily open)

{𝛾𝑛 = {𝐻𝛼 ∣ 𝛼 ∈ 𝐴𝑛}; 𝑛 = 1, 2, …}

of a space 𝑋 is called quasi-refining if a set 𝑃 is closed in 𝑋 if and only if, for
each point 𝑥 ∈ 𝑋 ∖ 𝑃 , there exists a natural number 𝑛 such that

(
𝑛

⋂
𝑘=1

𝛾𝑘𝑥) ∩ 𝑃 = ∅, where 𝛾𝑘𝑥 = 𝑈{𝐻𝛼 ∈ 𝛾𝑘 ∣ 𝐻𝛼 ∋ 𝑥}.

Theorem 1. The following conditions are equivalent: 1) The space 𝑋 has a
quasi-refining sequence of coverings. (2) The space 𝑋 is a quotient 𝜋-image of
some metric space.

Proof. (2) → (1). Let 𝑓 ∶ 𝑍 → 𝑋 be a quotient 𝜋-mapping of the metric space
𝑍 onto the space 𝑋. Put

𝛾𝑛 = {𝑓𝑈𝛼 ∣ 𝑈𝛼 ⊆ 𝑍 and diam𝑈𝛼 < 1/𝑛}.

We shall prove that the system {𝛾𝑛 ∣ 𝑛 = 1, 2, …} quasi-refines. Let the set 𝑃
be closed in 𝑋 and let 𝑥 ∈ 𝑋 ∖ 𝑃 . Then, by the condition, we have

𝜌(𝑓−1𝑥, 𝑓−1𝑃) > 1/𝑛 > 0.
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Therefore 𝛾𝑛𝑥∩𝑃 ≠ ∅. Let, further, the set 𝑃 be such that for any point 𝑥 ∈ 𝑋
there is a natural number 𝑛 such that 𝛾𝑛𝑥 ∩ 𝑃 = ∅.
We shall prove that the set 𝑓−1𝑃 is closed in 𝑍, i.e. the set 𝑃 is closed in
𝑋. Indeed, if 𝑧 ∉ 𝑓−1𝑃 , then 𝑓−1𝑓𝑧 ∩ 𝑓−1𝑃 = ∅, and for some 𝑛 we have
𝛾𝑛𝑓𝑧 ∩ 𝑃 = ∅; consequently,

𝑂(𝑧, 1/𝑛) ∩ 𝑓−1𝑃 = ∅.

This proves the quasi-refinement of the coverings {𝛾𝑛 ∣ 𝑛 = 1, 2, …}.
(1) → (2). Let

{𝛾𝑛 = {𝐻𝛼 ∣ 𝛼 ∈ 𝐴𝑛}, 𝑛 = 1, 2, …}
be a sequence of quasi-refining coverings of the space 𝑋. Put

𝑍 =
∞
∏
𝑛=1

𝐴𝑛,

where 𝐴𝑛 is a discrete space, i.e. for any 𝑎1, 𝑎2 ∈ 𝐴𝑛 we have

𝜌𝑛(𝑎1, 𝑎2) = 1, if 𝑎1 ≠ 𝑎2.

The metric on the space 𝑍 is the following: if

(𝛼1, … , 𝛼𝑛, …), (𝛽1, … , 𝛽𝑛, …) ∈ 𝑍,

then

𝜌((𝛼1, … , 𝛼𝑛, …), (𝛽1, … , 𝛽𝑛, …)) = [
∞

∑
𝑛=1

1
2𝑛 𝜌2

𝑛(𝛼𝑛, 𝛽𝑛)]
1/2

.

A point (𝛼1, … , 𝛼𝑛, …) ∈ 𝑍 will be called distinguished if
∞
⋂
𝑛=1

𝐻𝛼𝑛
≠ ∅.

Let us denote the set of marked points by 𝑍0. Put 𝑓 ∶ 𝑍0 → 𝑋, where

𝑓(𝛼1, … , 𝛼𝑛, …) =
∞
⋂
𝑛=1

𝐻𝛼𝑛
.

It is clear that ⋂∞
𝑛=1 𝐻𝛼𝑛

consists of only one point. Denote

𝐴𝑛𝑥 = {𝛼 ∣ 𝛼 ∈ 𝐴𝑛 and 𝐻𝛼 ∋ 𝑥}.

It is easily proved that the mapping 𝑓 is continuous and that for every point
𝑥 ∈ 𝑋 the formula

𝑓−1𝑥 =
∞
∏
𝑛=1

𝐴𝑛𝑥 (*)
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holds.

We shall prove that 𝑓 is a 𝜋-mapping. Let the point 𝑥 and its neighborhood 𝑂𝑥
be arbitrary. There exists a natural number 𝑛 such that

𝑛
⋂
𝑘=1

𝛾𝑘𝑥 ⊆ 𝑂𝑥.

Then, if (𝛼1, … , 𝛼𝑛, …) ∈ 𝑓−1𝑥 and (𝛽1, … , 𝛽𝑛, …) ∈ 𝑍0 ∖ 𝑓−1𝑂𝑥, then 𝛼𝑘 ≠ 𝛽𝑘,
where 𝑘 ≤ 𝑛, and therefore

𝜌((𝛼1, … , 𝛼𝑛, …), (𝛽1, … , 𝛽𝑛, …)) ≥ 1/𝑛.

Consequently,
𝜌(𝑓−1𝑥, 𝑍0 ∖ 𝑓−1𝑂𝑥) ≥ 1/𝑛 > 0.

Now we shall prove that the mapping 𝑓 is factor, i.e., we shall prove: if a set 𝑃
is not closed in 𝑋, then the set 𝑓−1𝑃 is not closed in 𝑋. Indeed, if the set 𝑃
is not closed in 𝑋, then there exist a point 𝑥 ∈ 𝑋 ∖ 𝑃 and sets 𝐻𝛼𝑛

∈ 𝛾𝑛 such
that

𝑥 ∈ 𝐻𝛼𝑝
and (

𝑛
⋂
𝑘=1

𝐻𝛼𝑘
) ∩ 𝑃 ≠ ∅

for every natural number 𝑛. It is clear that

(𝛼1, … , 𝛼𝑛, …) ∈ 𝑓−1𝑥.

We shall prove that
(𝛼1, … , 𝛼𝑛, …) ∈ [𝑓−1𝑃 ]𝑍0

.
From the condition

(
𝑛

⋂
𝑘=1

𝐻𝛼𝑘
) ∩ 𝑃 ≠ ∅

it follows that there exists a point

𝑧𝑚 = (𝛽1, … , 𝛽𝑛, …) ∈ 𝑓−1𝑃 ,

where 𝛽𝑘 = 𝛼𝑘 for 𝑘 = 1, 2, … , 𝑚. Therefore the sequence {𝑧𝑚 ∣ 𝑚 = 1, 2, …}
converges to the point (𝛼1, … , 𝛼𝑛, …), and this proves Theorem 1.

From formula (*) one proves, by analogous arguments,

Theorem 2. The following conditions are equivalent: (1) The space 𝑋 has
a quasi-refining sequence of point-finite covers. (2) The space 𝑋 is a factor
bicompact image of some metric space.

The theorem from (6) and Theorem 1 allow us to obtain the following theorem:

Theorem 3. A paracompact 𝑝-space with a quasi-refining sequence of covers is
metrizable.
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Definition 2. A mapping 𝑓 ∶ 𝑋 → 𝑌 of a metric space 𝑋 onto a space 𝑌 is
called a 𝑇1-mapping*, if the distance between any two complete inverse images
of points is positive.

Definition 3. A sequence of open covers

{𝛾𝑛 = {𝑈𝛼 ∣ 𝛼 ∈ 𝐴𝑛}, 𝑛 = 1, 2, …}

is called weakly refining if the following conditions are satisfied: (a) for every
point 𝑥 ∈ 𝑋 we have

∞
⋂
𝑛=1

𝛾𝑛𝑥 = 𝑥;

(b) for every point 𝑥 ∈ 𝑋 there exists a sequence 𝑈𝛼𝑛
, where 𝛼𝑛 ∈ 𝐴𝑛, forming

a base at the point 𝑥.
The following theorem explains which spaces have a weakly refining sequence of
covers.

Theorem 4. Let a space 𝑋 with the first axiom of countability satisfy one of the
following conditions: (1) 𝑋 has a countable net and is regular. (2) The space
𝑋 is regular and has a 𝜎-discrete net. (3) 𝑋 × 𝑋 is perfectly normal. (4) The
space 𝑋 is condensed onto some metric space. (5) The diagonal {(𝑥, 𝑥) ∣ 𝑥 ∈ 𝑋}
has type 𝐺𝛿 in 𝑋 × 𝑋. Then 𝑋 has a weakly refining sequence of covers.

Proof. It is easily proved that conditions (1)—(4) reduce to condition (5). Let
the diagonal

𝐷 = {(𝑥, 𝑥) ∣ 𝑥 ∈ 𝑋}
be a countable inter—

* 𝑇1-mappings were introduced in the paper (7).

by the intersection of a countable number of sets open in 𝑋 × 𝑋, i.e.

𝐷 =
∞
⋂
𝑛=1

𝑈𝑛,

where 𝑈𝑛 is open in 𝑋 × 𝑋 for every natural number 𝑛.
Put

𝜔𝑛 = {𝑉𝛼 ∣ 𝑉𝛼 is open in 𝑋 and 𝑉𝛼 × 𝑉𝛼 ⊆ 𝑈𝑛}.
Since

𝐷 =
∞
⋂
𝑛=1

𝑈𝑛,

for every point 𝑥 ∈ 𝑋 we have
∞
⋂
𝑛=1

𝜔𝑛𝑥 = 𝑥.
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Let
Ω = {Γ𝛽 ∣ 𝛽 ∈ 𝐵}

be some open base of the space 𝑋. Put

𝛾𝑛 = 𝜔𝑛 ∩ Ω = {𝑈𝛼 ∩ Γ𝛽 ∣ 𝑈𝛼 ∈ 𝜔𝑛, Γ𝛽 ∈ Ω}.

Since the cover 𝛾𝑛 is inscribed in the cover 𝜔𝑛, for every point 𝑥 ∈ 𝑋 we have
∞
⋂
𝑛=1

𝛾𝑛𝑥 = 𝑥.

Now, from the condition that Ω forms a base in the space 𝑋, and from the fact
that 𝑋 satisfies the first axiom of countability, it follows that the sequence of
covers {𝛾𝑛 ∣ 𝑛 = 1, 2, …} is weakly refining.

Remark. Condition (5) is necessary and sufficient for a space with the first
axiom of countability to possess a weakly refining sequence of covers.

Theorem 5. The following conditions are equivalent:

(1) The space 𝑋 possesses a weakly refining sequence of open covers.

(2) The space 𝑋 is an open 𝑇1-image of some metric space.

Proof. It is easy to show that condition (2) implies condition (1). Let

𝛾𝑛 = {𝑈𝛼 ∣ 𝛼 ∈ 𝐴𝑛}

be a sequence of weakly refining covers. Put

𝑍 =
∞
∏
𝑛=1

𝐴𝑛,

where 𝐴𝑛 is discrete. A point

(𝑎1, 𝑎2, … , 𝑎𝑛, …) ∈ 𝑍

will be called marked if the sets 𝑈𝛼𝑛
form a base at some point of the space 𝑋.

Denote by 𝑍0 the set of all marked points and put 𝑓 ∶ 𝑍0 → 𝑋, where

𝑓(𝑎1, … , 𝑎𝑛, …) =
∞
⋂
𝑛=1

𝑈𝛼𝑛
.

The mapping 𝑓 is continuous and 𝑓𝑍0 = 𝑋. The openness of the mapping 𝑓
follows from the formula

𝑓𝑂(𝑎1, … , 𝑎𝑛) =
𝑛

⋂
𝑘=1

𝑈𝛼𝑘
,

where
𝑂(𝑎1, … , 𝑎𝑚) = {(𝛽1, … , 𝛽𝑛, …) ∣ 𝛽𝑘 = 𝛼𝑘 for 𝑘 ≤ 𝑚},
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and from the fact that sets of the form 𝑂(𝑎1, … , 𝑎𝑚) form a base in the space
𝑍0.

Let us prove that 𝑓 is a 𝑇1-mapping. Let 𝑥, 𝑦 ∈ 𝑋 and 𝑥 ≠ 𝑦. By hypothesis
there exists a natural number 𝑛 such that 𝛾𝑛𝑥 ∌ 𝑦. Therefore, if

(𝑎1, … , 𝛼𝑛, …) ∈ 𝑓−1𝑥

and
(𝛽1, … , 𝛽𝑛, …) ∈ 𝑓−1𝑦,

then 𝛼𝑛 ≠ 𝛽𝑛 and

𝜌((𝑎1, … , 𝛼𝑛, …), (𝛽1, … , 𝛽𝑛, …)) ≥ 1/𝑛.

Consequently,
𝜌(𝑓−1𝑥, 𝑓−1𝑦) ≥ 1/𝑛.

Theorem 5 is proved.

From Theorem 5 and the proposition from (5) we obtain

Theorem 6. Let 𝑓 ∶ 𝑋 → 𝑌 be an open 𝑇1-mapping of a metric space 𝑋 onto
a paracompact 𝑝-space 𝑌 . Then 𝑌 is metrizable.

We note that Theorem 6 is false in the class of paracompact spaces, since every
regular space with a countable net and the first axiom of countability, by Theo-
rems 4 and 5, is an open 𝑇1-image of some metric space, but among them there
are also nonmetrizable ones.
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