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MATHEMATICS

A. A. KOROBOV

ON THE COHOMOLOGY OF ALGEBRAS
WITH IDENTITY
(Presented by Academician P. S. Aleksandrov on 29 IV 1968)

Let Λ be an associative-commutative unital 𝐾-algebra with identity over an
associative-commutative ring with identity 𝐾. In the paper [1], Yates proposed
a method for defining the cohomology 𝐻𝑝(Λ) of the algebra Λ. For each 𝑝 ≥
0, the 𝐾-module 𝐻𝑝(Λ) is a covariant functor on the category of associative-
commutative unital 𝐾-algebras with identity (the ring 𝐾 has an identity), whose
morphisms are homomorphisms of 𝐾-algebras preserving the identity. Yates
showed that the modules 𝐻𝑝(Λ) coincide with the Alexander–Čech cohomology
groups 𝐻𝑝(𝑋; 𝑅), if for Λ one takes the algebra of all continuous real-valued
functions on a bicompact space 𝑋.

Let 𝑋Λ be the prime spectrum of the algebra Λ in the Zariski topology. In this
note, for any subset 𝑇 ⊂ 𝑋Λ, cohomology groups 𝐻𝑝(Λ; 𝑇 ) are defined; there is
an exact cohomology sequence of the pair (𝑋Λ, 𝑇 ) (see Theorem 1). In the case
when 𝑇 is the set of all maximal ideals, the 𝐾-modules 𝐻𝑝(Λ; 𝑇 ) coincide with
the Yates modules 𝐻𝑝(Λ). For 𝑇 = 𝑋Λ, the modules 𝐻𝑝(Λ; 𝑇 ) are covariant
functors in the category under consideration. For the pair (𝑋Λ, 𝑇 ), on

𝐻∗(Λ; 𝑋Λ, 𝑇 ) =
∞

⨁
𝑝=0

𝐻𝑝(Λ; 𝑋Λ, 𝑇 )

there is defined the structure of an associative skew-commutative 𝐾-algebra
(see Theorem 2). In the case when Λ is the algebra of all continuous real-valued
functions on a paracompact space 𝑋, and 𝑇 is the set of all maximal ideals,
each of which consists of all functions vanishing at some point, the algebra
𝐻∗(Λ; 𝑇 ) is isomorphic to the Alexander–Čech cohomology algebra 𝐻∗(𝑋; 𝑅)
(see Theorem 3).

§ 1. Put 𝐹 0 = Λ; 𝐹 𝑞 = 𝐹 𝑞−1⊗𝐾Λ. For a homogeneous element 𝑥0⊗⋯⊗𝑥𝑞 ∈ 𝐹 𝑞,
put

𝜇𝑞(𝑥0 ⊗ ⋯ ⊗ 𝑥𝑞) = 𝑥0 ⋯ 𝑥𝑞 ∈ Λ.
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It is clear that 𝜇𝑞 ∶ 𝐹 𝑞 → Λ is an epimorphism of 𝐾-algebras. Define homomor-
phisms of algebras

𝑑𝑞
𝑖 ∶ 𝐹 𝑞 → 𝐹 𝑞+1, 𝑖 = 0, 1, … , 𝑞 + 1,

by the formula

𝑑𝑞
𝑖 (𝑥0 ⊗ ⋯ ⊗ 𝑥𝑞) = 𝑥0 ⊗ ⋯ ⊗ 𝑥𝑖−1 ⊗ 1 ⊗ 𝑥𝑖 ⊗ ⋯ ⊗ 𝑥𝑞

for 𝑖 = 1, 2, … , 𝑞, and

𝑑𝑞
0(𝑥0 ⊗ ⋯ ⊗ 𝑥𝑞) = 1 ⊗ 𝑥0 ⊗ ⋯ ⊗ 𝑥𝑞, 𝑑𝑞

𝑞+1(𝑥0 ⊗ ⋯ ⊗ 𝑥𝑞) = 𝑥0 ⊗ ⋯ ⊗ 𝑥𝑞 ⊗ 1

for 𝑖 = 0, 𝑞 + 1.

Put

𝑑𝑞 =
𝑞+1
∑
𝑖=0

(−1)𝑖𝑑𝑞
𝑖 .

Obviously, 𝑑𝑞 are homomorphisms of 𝐾-modules,

𝑑𝑞 ∶ 𝐹 𝑞 → 𝐹 𝑞+1.

It is not hard to verify that 𝑑𝑞+1𝑑𝑞 = 0. Thus the set {𝐹 𝑞, 𝑑𝑞} is transformed
into a cochain complex 𝐹 of 𝐾-modules. Let 𝛼 ∈ 𝑋Λ be a prime ideal in Λ.

Definition 1. We shall say that 𝑥 ∈ 𝐹 𝑞 vanishes near 𝛼 if there exists such
a 𝑦 ∈ 𝐹 𝑞 that: 1) 𝜇𝑞𝑦 ∉ 𝛼; 2) 𝑥𝑦 = 0. Such an element will be called an
annihilator of 𝑥.

We shall say that 𝑥 ∈ 𝐹 𝑞 vanishes near the set 𝑇 ⊂ 𝑋Λ if 𝑥 vanishes near
every 𝛼 ∈ 𝑇 .

Proposition 1. If 𝑥 ∈ 𝐹 𝑞 vanishes near 𝑎 ∈ 𝑋Λ, then 𝑥 vanishes near some
neighborhood of 𝑎.

Indeed, in this case there exists an element 𝑦 ∈ 𝐹 𝑞 satisfying conditions 1), 2)
of Definition 1. Consider 𝑈 = {𝛽 ∈ 𝑋Λ ∶ 𝜇𝑞𝑦 ∉ 𝛽}; clearly, 𝑎 ∈ 𝑈 . Since Λ is a
ring with identity, 𝑈 = {𝛽 ∈ 𝑋Λ ∶ (𝜇𝑞𝑦) ⋅Λ ⊄ 𝛽}, where (𝜇𝑞𝑦) ⋅Λ is the principal
ideal generated by 𝜇𝑞𝑦. Consequently, 𝑈 is open by the definition of the Zariski
topology. It is obvious that for every 𝛽 ∈ 𝑈 , 𝑦 will be an annihilator of 𝑥.

Proposition 2. The totality 𝑆𝑞
𝑇 of elements of 𝐹 𝑞 that vanish near 𝑇 ⊂ 𝑋Λ

forms a submodule in 𝐹 𝑞;

𝑑𝑞∣𝑆𝑞
𝑇

∶ 𝑆𝑞
𝑇 → 𝑆𝑞+1

𝑇 .

It is clear that it suffices to verify Proposition 2 for the case 𝑆𝑞
{𝑎}, where {𝑎}

is a one-element subset of 𝑋Λ. Let 𝑥, 𝑦 ∈ 𝑆𝑞
{𝑎}; 𝜆, 𝜇 ∈ 𝐾; and let 𝑢, 𝑣 be

annihilators of 𝑥 and 𝑦, respectively. Since 𝜇𝑞 is an algebra homomorphism,
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𝜇𝑞(𝑢𝑣) = 𝜇𝑞(𝑢)𝜇𝑞(𝑣), and hence 𝜇𝑞(𝑢𝑣) ∉ 𝑎, since 𝑎 is a prime ideal, and by
property 1 of annihilators,

𝑢𝑣 ⋅ (𝜆𝑥 + 𝜇𝑦) = 𝜆𝑣(𝑢𝑥) + 𝜇𝑢(𝑣𝑦) = 0,

therefore 𝜆𝑥+𝜇𝑦 ∈ 𝑆𝑞
{𝑎}. Let 𝑥 ∈ 𝑆𝑞

{𝑎}, and let 𝑢 be its annihilator. The formula

𝜇𝑞+1𝑑𝑞
𝑖 = 𝜇𝑞, 𝑖 = 0, 1, … , 𝑞 + 1,

is evident; from it it follows that

𝜇𝑞+1𝑑𝑞
𝑖 (𝑢) = 𝜇𝑞(𝑢) ∉ 𝑎.

It is also clear that
𝑑𝑞

𝑖 (𝑢) ⋅ 𝑑𝑞
𝑖 (𝑥) = 𝑑𝑞

𝑖 (𝑢𝑥) = 0,
whence it follows that

𝑢′ =
𝑞+1
∏
𝑖=0

𝑑𝑞
𝑖 (𝑢)

will be an annihilator of 𝑑𝑞(𝑥). Consequently,

𝑑𝑞𝑥 ∈ 𝑆𝑞+1
{𝑎} ,

as was required.

Corollary. 𝑆𝑇 = {𝑆𝑞
𝑇 , 𝑑𝑞|𝑆𝑞

𝑇
} is a subcomplex of the complex 𝐹 .

Denote by 𝐶𝑇 = {𝐶𝑞
𝑇 } the quotient complex 𝐹/𝑆𝑇 .

Definition 2. We set

𝐻𝑞(𝐶𝑇 ) = 𝐻𝑞(Λ; 𝑇 ); 𝐻∗(Λ; 𝑇 ) =
∞

⨁
𝑞=0

𝐻𝑞(Λ; 𝑇 ).

It is clear that in the case 𝑇 = 𝑋Λ, 𝐻𝑞(Λ; 𝑋Λ) are covariant functors from
the category indicated in the introduction to the category of 𝐾-modules. Let
𝑇 ⊂ 𝑋Λ; then 𝑆𝑞

𝑋Λ
⊂ 𝑆𝑞

𝑇 . We have an exact triple of complexes

0 → 𝑆𝑇 /𝑆𝑋Λ
→ 𝐶𝑋Λ

→ 𝐶𝑇 → 0.

Put 𝐶(𝑋Λ,𝑇 ) = 𝑆𝑇 /𝑆𝑋Λ
and

𝐻𝑞(Λ; 𝑋Λ, 𝑇 ) = 𝐻𝑞(𝐶(𝑋Λ,𝑇 )).

Then, evidently, the following holds.

Theorem 1. There is an exact cohomology sequence

← 𝐻𝑞+1(Λ; 𝑋Λ, 𝑇 ) ← 𝐻𝑞(Λ; 𝑇 ) ← 𝐻𝑞(Λ; 𝑋Λ) ← 𝐻𝑞(Λ; 𝑋Λ, 𝑇 ) ← ⋯ .
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§ 2. Let

𝐹 =
∞

⨁
𝑞=0

𝐹 𝑞; 𝐶𝑇 =
∞

⨁
𝑞=0

𝐶𝑞
𝑇 .

Introduce in 𝐹 a multiplication operation defined by the following formula for
homogeneous elements:

𝑥0 ⊗ ⋯ ⊗ 𝑥𝑝 ⌣ 𝑦0 ⊗ ⋯ ⊗ 𝑦𝑞 = 𝑥0 ⊗ ⋯ ⊗ 𝑥𝑝𝑦0 ⊗ ⋯ ⊗ 𝑦𝑞.

The following properties of the operation ⌣ are obvious. The operation ⌣ is an
associative multiplication in 𝐹 with identity 1 ∈ 𝐹 0; if 𝑥 and 𝑦 are homogeneous
elements of degrees 𝑝 and 𝑞, respectively, then, obviously, the degree of 𝑥 ⌣ 𝑦
is 𝑝 + 𝑞, and

𝑑(𝑥 ⌣ 𝑦) = 𝑑𝑥 ⌣ 𝑦 + (−1)𝑝𝑥 ⌣ 𝑑𝑦.
This formula follows easily from the definitions of the operation ⌣ and of the
differential 𝑑 in 𝐹 . The operation ⌣ turns 𝐹 into an associative 𝐾-algebra.

Proposition 3. In the associative 𝐾-algebra 𝐹 , 𝑆𝑇 is a two-sided ideal (obvi-
ously, homogeneous).

It will be sufficient to show this in the case 𝑇 = {𝑎}. Let 𝑥 have degree 𝑝 and
𝑥 ∈ 𝑆𝑝

{𝑎}, and let 𝑦 be any element of 𝐹 𝑞. Let 𝑢 be an annihilator of 𝑥; consider

̃𝑥 = 𝑥 ⊗ 1 ⊗ ⋯ ⊗ 1⏟⏟⏟⏟⏟
𝑞

, ̃𝑦 = 1 ⊗ ⋯ ⊗ 1⏟⏟⏟⏟⏟
𝑝

⊗𝑦, 𝑢̃ = 𝑢 ⊗ 1 ⊗ ⋯ ⊗ 1⏟⏟⏟⏟⏟
𝑞

It is clear that 𝜇𝑝+𝑞𝑢̃ = 𝜇𝑝𝑢 ∉ 𝑎, 𝑥 ⌣ 𝑦 = ̃𝑥 ̃𝑦 ( ̃𝑥 and ̃𝑦 are multiplied ac-
cording to the multiplication in 𝐹 𝑝+𝑞); 𝑢̃ ⋅ (𝑥 ⌣ 𝑦) = (𝑢̃ ̃𝑥) ̃𝑦 = (𝑢𝑥) ⌣ 𝑦 = 0.
Consequently, 𝑆{𝑎} is a right ideal; it is shown analogously that 𝑆{𝑎} is a left
ideal. Proposition 3 is proved. Thus, the multiplication ⌣ is defined on every
𝐶𝑇 = 𝐹/𝑆𝑇 and on 𝐶(𝑋Λ, 𝑇 ) = 𝑆𝑇 /𝑆𝑋Λ

.

Theorem 2. The multiplication ⌣ defines on 𝐻∗(Λ; 𝑋Λ, 𝑇 ) the structure of
an associative skew-commutative 𝐾-algebra.

Consider the automorphism 𝑠 of the 𝐾-module 𝐹 , defined by the formula 𝑠𝑞(𝑥0⊗
⋯ ⊗ 𝑥𝑞) = (−1)𝑞(𝑞+1)/2𝑥𝑞 ⊗ ⋯ ⊗ 𝑥0. Obviously, for every 𝑇 ⊂ 𝑋Λ the ideal 𝑆𝑇 is
invariant with respect to 𝑠. It is also not difficult to verify that 𝑑𝑠 = 𝑠𝑑. Thus,
𝑠 is an automorphism of the differential 𝐾-module 𝐹 . Put 𝜔𝑞

𝑖 (𝑥0 ⊗ ⋯ ⊗ 𝑥𝑞) =
𝑥0 ⊗ ⋯ ⊗ 𝑥𝑖−1 ⌣ 𝑠(𝑥𝑖 ⊗ ⋯ ⊗ 𝑥𝑞) for 𝑖 = 1, 2, … , 𝑞. It is not difficult to verify that
𝜔𝑞

𝑖 ∶ 𝐹 𝑞 → 𝐹 𝑞−1 is a correctly defined mapping of 𝐾-modules. Put

ℎ𝑞 =
𝑞

∑
𝑖=1

(−1)𝑖𝜔𝑞
𝑖 .

Proposition 4. The mapping ℎ is a homotopy connecting 𝑠 and the identity
mapping.

sovietrxiv.org/items/ru-196901.15977 Machine Translation

https://sovietrxiv.org/items/ru-196901.15977


We verify Proposition 4 on the component of degree 𝑞, where it takes the form

𝑥 − 𝑠𝑞(𝑥) = (ℎ𝑞+1𝑑𝑞)(𝑥) + (𝑑𝑞−1ℎ𝑞)(𝑥). (1)

If 𝑥 = 𝑥0 ⊗ ⋯ ⊗ 𝑥𝑞, then on the right-hand side of the equality being checked
one obtains summands of one of the following three types:

a) 𝑥0 ⊗ ⋯ ⊗ 𝑥𝑖−1 ⊗ 1 ⊗ 𝑥𝑖 ⊗ ⋯ ⊗ 𝑥𝑗−1𝑥𝑞 ⊗ ⋯ ⊗ 𝑥𝑗;
b) 𝑥0 ⊗ ⋯ ⊗ 𝑥𝑗−1𝑥𝑞 ⊗ ⋯ ⊗ 𝑥𝑖 ⊗ 1 ⊗ 𝑥𝑖−1 ⊗ ⋯ ⊗ 𝑥𝑗;
c) 𝑥0 ⊗ ⋯ ⊗ 𝑥𝑖−1 ⊗ 𝑥𝑞 ⊗ ⋯ ⊗ 𝑥𝑖

with coefficients ±1. Indeed,

ℎ𝑞+1𝑑𝑞 + 𝑑𝑞−1ℎ𝑞 =
𝑞+1
∑
𝑗=1

𝑞+1
∑
𝑖=0

(−1)𝑖+𝑗 𝜔𝑞+1
𝑗 𝑑𝑞

𝑖 +
𝑞

∑
𝑗=1

𝑞
∑
𝑖=𝑗

(−1)𝑖+𝑗 𝑑𝑞−1
𝑖 𝜔𝑞

𝑗 .

Expressions of type a) appear as a result of applying the homomorphisms
𝜔𝑞−1

𝑖 𝜔𝑞
𝑗 , 𝜔𝑞+1

𝑗+1𝑑𝑞
𝑖 for 0 ≤ 𝑖 ≤ 𝑗 − 1 ≤ 𝑞 − 1, with coefficients respectively

equal to (−1)𝑖+𝑗+(𝑞−𝑗)(𝑞−𝑗+1)/2 and (−1)𝑖+𝑗+1+(𝑞−𝑗)(𝑞−𝑗+1)/2, and therefore
all summands of type a) cancel pairwise. Expressions of type b) appear
from 𝑑𝑞−1

𝑞−𝑖+𝑗𝜔𝑞
𝑗 and 𝜔𝑞+1

𝑗+1𝑑𝑞
𝑖 for 1 ≤ 𝑗 ≤ 𝑖 ≤ 𝑞 with coefficients respectively

(−1)𝑞−𝑖+𝑗+𝑖+𝑗+(𝑞−𝑗)(𝑞−𝑗+1)/2 and (−1)𝑖+𝑗+(𝑞−𝑗+1)(𝑞−𝑗+2)/2, or after transfor-
mations with coefficients (−1)𝑞−𝑖+(𝑞−𝑗)(𝑞−𝑗+1)/2 and (−1)𝑖+𝑞+1+(𝑞−𝑗)(𝑞−𝑗+1)/2.
Hence it is clear that the terms of type b) also cancel pairwise. Sum-
mands of type c) appear after applying homomorphisms of the form
𝜔𝑞+1

𝑖+1 𝑑𝑞
𝑖 and 𝜔𝑞+1

𝑖 𝑑𝑞
𝑞+1, with coefficients respectively (−1)𝑖+𝑖+1+(𝑞−𝑖)(𝑞−𝑖+1)/2

and (−1)𝑖+𝑞+1+(𝑞−𝑖+1)(𝑞−𝑖+2)/2, or after transformation with coefficients
(−1)2𝑖+1+(𝑞−𝑖)(𝑞−𝑖+1)/2 and (−1)2𝑞+2+(𝑞−𝑖)(𝑞−𝑖+1)/2, i.e., under the as-
sumption that 1 ≤ 𝑖 ≤ 𝑞, all terms of type c) also cancel pairwise.
Two terms of type c) remain, obtained as a result of applying the ho-
momorphisms 𝜔𝑞+1

1 𝑑𝑞
0 (𝜔𝑞+1

𝑖+1 𝑑𝑞
𝑖 for 𝑖 = 0) and 𝜔𝑞+1

𝑞+1𝑑𝑞
𝑞+1 (𝜔𝑞+1

𝑖 𝑑𝑞
𝑞+1 for

𝑖 = 𝑞 + 1). We have (𝜔𝑞+1
1 𝑑𝑞

0)(𝑥0 ⊗ ⋯ ⊗ 𝑥𝑞) = (−1)𝑞(𝑞+1)/2𝑥𝑞 ⊗ ⋯ ⊗ 𝑥0 and
(𝜔𝑞+1

𝑞+1𝑑𝑞
𝑞+1)(𝑥0⊗⋯⊗𝑥𝑞) = 𝑥0⊗⋯⊗𝑥𝑞. Thus, from the entire right-hand side of ex-

pression (1) there remains a sum of the form 𝑥0⊗⋯⊗𝑥𝑞 −(−1)𝑞(𝑞+1)/2𝑥𝑞 ⊗⋯⊗𝑥0,
equal to the expression standing on the left-hand side of (1). Hence Proposition
4 is proved.

Let now 𝑥 and 𝑦 be cocycles of degrees 𝑝 and 𝑞, respectively; then 𝑥 ⌣ 𝑦 is also
a cocycle, which, by Proposition 4, is cohomologous to 𝑠(𝑥 ⌣ 𝑦). However, we
have

𝑠(𝑥 ⌣ 𝑦) = (−1)(𝑝+𝑞)(𝑝+𝑞+1)/2(𝑦𝑞 ⊗ … ⊗ 𝑦0𝑥𝑝 ⊗ … ⊗ 𝑥0) =
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= (−1)(𝑝+𝑞)(𝑝+𝑞+1)/2−𝑝(𝑝+1)/2−𝑞(𝑞+1)/2(𝑠(𝑦) ⌣ 𝑠(𝑥)).

The last expression is cohomologous to (−1)𝑝𝑞𝑦 ⌣ 𝑥, since, by Proposition 4,
the cocycles 𝑠(𝑦), 𝑠(𝑥) are cohomologous to the cocycles 𝑦 and 𝑥, respectively.
This completes the proof of Theorem 2.

§ 3. Let 𝐾 = 𝑅 be the field of real numbers and let Λ be the algebra of real
continuous functions on a paracompact space 𝑋. Let 𝑇 be the set of ideals in
Λ, each of which consists of all functions having zero at some fixed point (in the
bicompact case of 𝑋 we have 𝑇 = 𝑋Λ).

Theorem 3. The algebra 𝐻∗(Λ; 𝑇 ) is isomorphic to the Alexander–Čech coho-
mology algebra 𝐻̌∗(𝑋; 𝑅).
From the definition of 𝐶𝑇 and Proposition 1 it follows easily that the elements
of 𝐶𝑇 are sections over the diagonal Δ𝑋𝑝+1 of the space 𝑋𝑝+1 of germs of
continuous functions, representable as sums of a finite number of products of
functions of one variable. Let 𝑓(𝑥0, … , 𝑥𝑝) be a function representing some
section of the indicated type. Then the differential, obviously, acts on it by the
formula

(𝑑𝑓)(𝑥0, … , 𝑥𝑝+1) =
𝑝+1
∑
𝑖=0

(−1)𝑖𝑓(𝑥0, … , 𝑥𝑖−1, 𝑥𝑖+1, … , 𝑥𝑝+1).

Thus, the definition of cohomology considered here differs from the Alexander–
Spanier definition only in that, instead of arbitrary functions, only functions of
the indicated type are considered. It is not difficult to verify that the operation of
⌣-multiplication coincides with the analogous operation in Alexander–Spanier
cochains. Therefore there is a homomorphism of algebras

𝑖∗ ∶ 𝐻∗(Λ; 𝑇 ) → 𝐻̌∗(𝑋; 𝑅),

induced by the inclusion of sheaves of graded differential germs

𝑖 ∶ ℱ′(𝑋; 𝑅) ⊂ ℱ(𝑋; 𝑅).

Here ℱ(𝑋; 𝑅) is the graded sheaf of germs of Alexander–Spanier cochains ((2),
p. 156), and ℱ′(𝑋; 𝑅) is the sheaf of germs of functions of the type indicated
above. The sheaf ℱ(𝑋; 𝑅) is soft ((2), p. 206); the sheaf ℱ′(𝑋; 𝑅) is also soft,
as a module over the soft sheaf ℱ′0(𝑋; 𝑅). Therefore ((2), Theorem 3.5.3, Part
II) the quotient sheaf

ℱ″(𝑋; 𝑅) = ℱ(𝑋; 𝑅)/ℱ′(𝑋; 𝑅)

is also soft. Since the inclusion 𝑖 is compatible with the identity mapping of
the constant sheaf 𝑅 over 𝑋, ℱ″(𝑋; 𝑅) may be regarded as a soft resolution of
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the zero sheaf; consequently, the complex of sections of the sheaf ℱ″(𝑋; 𝑅) is
acyclic. It follows that 𝑖∗ is an isomorphism of groups in each dimension, and
since 𝑖∗ is a homomorphism of algebras, 𝑖∗ is an isomorphism of algebras.
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