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ON NON-SELF-ADJOINT OPERATORS RA-
TIONALLY DEPENDING ON A SPECTRAL
PARAMETER
(Presented by Academician M. V. Keldysh on 29 VII 1968)

In the present paper some sufficient conditions are established for the complete-
ness of the system of eigen and associated (e.a.) elements of non-self-adjoint
operators rationally depending on the spectral parameter 𝜆 in a certain Hilbert
space ℋ. In addition, in the case when there are two poles, a theorem is proved
on the splitting of the system of e.a. elements into singly complete systems.
From these results one obtains some new theorems even for operators depend-
ing polynomially on the spectral parameter.

Let the operator 𝐴(𝜆) be an analytic function of 𝜆, let 𝑎 be its pole, and suppose
that the estimate

𝜀𝑛(𝐴(𝜆)) ≤ 𝜀𝑛 + 𝜀2
𝑛|𝜆 − 𝑎|−1 + ⋯ + 𝜀(𝑘)

𝑛 |𝜆 − 𝑎|𝑘

holds (𝑛 = 𝑁, … , ∞), where

𝜀𝑛(𝐴(𝜆)) = inf ‖𝐴(𝜆) − 𝐴𝑛‖,

the infimum being taken over all 𝑛-dimensional operators 𝐴𝑛 in the space ℋ.
Put

𝑄 = {𝛼;
∞

∑
𝑛=1

𝜀𝛼
𝑛 < ∞} , 𝜌 = inf𝛼, 𝛼 ∈ 𝑄.

Theorem 1. If [𝐸 − 𝐴(𝜆)]−1 exists at least at one point of a sufficiently small
neighborhood of the point 𝑎 and 𝑄 is nonempty, then [𝐸 − 𝐴(𝜆)]−1 is a mero-
morphic operator-function of |𝜆 − 𝑎|−1 (for sufficiently small |𝜆 − 𝑎|) of order
not exceeding 𝜌 and of minimal type for order 𝜌, if 𝜌 ∈ 𝑄.

Consider the operator

𝐶(𝜇) = 𝜇𝑅1(𝜇)𝐴1 + 𝜇2𝑅2(𝜇)𝐴2 + ⋯ + 𝜇𝑛𝑅
𝑛 (𝜇)𝐴𝑛.
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Put
𝜀𝑛 = max

𝑘
[𝜀𝑛(𝐴𝑘)]1/𝑘.

Theorem 2. If 𝑄 is nonempty and the resolvent of 𝐶(𝜇) exists for some 𝜇0
(|𝜇0| > 𝑀), then it is a meromorphic function in the domain |𝜇| > 𝑀 of order
not exceeding 𝜌 and of minimal type for order 𝜌, if 𝜌 ∈ 𝑄.

Let Γ𝑎(𝜆) be the principal part of the Laurent expansion of the operator 𝐴(𝜆)
in a neighborhood of the pole 𝑎. From this theorem it is easy to obtain that
the order and type of the resolvent of the operator 𝐴(𝜆) in a neighborhood of
its pole 𝑎 do not exceed the order and type of the resolvent of Γ𝑎𝐴(𝜆) in a
neighborhood of the point 𝑎.
In what follows we shall say:

The operator 𝐴(𝜆) satisfies condition A in a neighborhood of its pole 𝑎, if
Γ𝑎𝐴(𝜆) has the form

Γ𝑎𝐴(𝜆) =
𝑛𝑎−1
∑
𝑘=1

(𝜆 − 𝑎)−𝑘𝐴𝑎,𝑘𝐴𝑘
𝑎 + (𝜆 − 𝑎)−𝑛𝑎𝑇 𝑛𝑎𝑎 ,

where 𝑇𝑎 is a complete operator of finite order 𝑟𝑎, the 𝐴𝑎,𝑘 are arbitrary com-
pletely continuous operators, and there exists a finite system of rays 𝑅𝑎, issuing
from the origin of coordinates, such that the angle between neighboring rays of
𝑅𝑎 is less than 𝜋/𝑟𝑎, and on each ray of the system, for sufficiently large 𝜆, the
condition

‖(𝐸 − 𝜆𝑛𝑎𝑇 𝑛𝑎𝑎 )−1𝑇 𝑖
𝑎‖ ≤ 𝛼

|𝜆|𝑖 (𝑖 = 0, … , 𝑛𝑎 − 1)

is satisfied.

𝐴(𝜆) satisfies condition B if

Γ𝑎𝐴(𝜆) =
𝑛𝑎−1
∑
𝑘=1

(𝜆 − 𝑎)−𝑘𝐻𝛼𝑘
𝑎 𝐵𝑎,𝑘𝐻(1−𝛼)𝑘

𝑎 + (𝜆 − 𝑎)−𝑛𝑎𝐻𝑛𝑎𝑎 ,

where 𝐻𝑎 is a complete normal operator of finite order, 𝐵𝑎,𝑘 are arbitrary com-
pletely continuous operators, and the eigenvalues (e.v.) of the operator 𝜆𝐻𝑎 lie
inside a finite number of strips.

𝐴(𝜆) satisfies condition C if

Γ𝑎𝐴(𝜆) =
𝑛𝑎−1
∑
𝑘=1

(𝜆 − 𝑎)−𝑘𝐶𝑎,𝑘𝐻𝑘
𝑎 +

𝑛𝑎

∑
𝑘=0

(𝜆 − 𝑎)−𝑘𝑧𝑎,𝑘𝐻𝑘
𝑎 ,

where 𝐻𝑎 is a complete self-adjoint operator of finite order; 𝑧𝑎,𝑘 are arbitrary
complex numbers, 𝑧𝑎,𝑘 ≠ 1, 𝑧𝑎,𝑛𝑎

≠ 0, and 𝐶𝑎,𝑘 are arbitrary completely con-
tinuous operators.
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𝐴(𝜆) satisfies condition D if Γ𝑎𝐴(𝜆) is a finite-dimensional operator.

Conditions A–D are naturally extended also to the pole 𝜆 = ∞.

Let the operator 𝐴(𝜆) have as singular points only a finite number of poles in
the 𝜆-plane and 𝜆 = ∞ be a pole of 𝐴(𝜆) satisfying one of the conditions A, B,
C. Then the following theorem is valid.

Theorem 3. Let the operator 𝐴(𝜆), in a neighborhood of each pole, satisfy at
least one of the conditions A, B, C, D, and let the poles satisfying condition
D be regular for [𝐸 − 𝐴(𝜆)]−1. Then: 1) the system of root vectors is 𝑁-fold
complete in ℋ (𝑁 is the sum of the multiplicities of all poles satisfying at least
one of the conditions A, B, C); 2) the poles satisfying one of the conditions
A, B, C, and only they, are limit points of the eigenvalues of the operator
𝐴(𝜆); 3) in neighborhoods of poles satisfying conditions B or C, for any 𝜀 there
exists only a finite number of eigenvalues which satisfy none of the inequalities
𝑎𝑖 − 𝜀 ≤ arg(𝜆 − 𝑎)−1 ≤ 𝑎𝑖 + 𝜀, where: in case B, 𝑎𝑖 is the argument of the rays
along which the eigenvalues of the operator 𝜆𝑛𝑎𝐻𝑛𝑎𝑎 are located; in case C, 𝑎𝑖 is
the argument of the rays passing through the origin and the roots of the equation

𝑛𝑎

∑
𝑘=1

𝑧𝑎,𝑘𝜇𝑘 = ±1.

If some of the poles satisfying condition D are not regular for [𝐸 −𝐴(𝜆)]−1, then
the orthogonal complement of the derived system of root vectors corresponding
to all eigenvalues 𝜆𝑘, 𝜆𝑘 ≠ 𝑎𝑖𝑠, where 𝑎𝑖𝑠 (𝑠 = 1, 2, … , 𝑝) are the poles in neigh-
borhoods of which the operator 𝐴(𝜆) satisfies condition D, is a finite-dimensional
subspace in ℋ(𝑁)*.

In the case when 𝜆 = ∞ is not a pole of the operator 𝐴(𝜆), the theorem remains
valid if, in addition, the existence of [𝐸 − 𝐴00]−1 or [𝐸 − Π𝑎𝑖

𝐴(𝑎𝑖)]−1 is required
for at least one 𝑖.
Let us note that for a derived chain 𝜓𝑖,ℎ = {𝜓𝑟,𝑗

𝑖,ℎ} (see (3,4 )) of any operator of
the form

𝐴(𝜆) =
𝑛

∑
𝑖=1

𝑚𝑖

∑
𝑘=1

𝐴𝑖,𝑘
(𝜆 − 𝑎𝑖)𝑘 +

𝑚0

∑
𝑘=0

𝜆𝑖𝐴0𝑘,

where 𝐴𝑖,𝑘 (𝑖 = 0, … , 𝑛; 𝑘 = 0, 1, … , 𝑚𝑖) are arbitrary completely continuous
operators, su-

* In general, from the elements which constitute the kernel of the finite-
dimensional operators that are the coefficients of the principal parts of the
resolvent in a neighborhood of its poles (see (1), pp. 11–12, the form of the
resolvent), an 𝑁 -fold complete system is constructed. However, those of the
indicated elements which correspond to the poles of the resolvent coinciding
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with finite-dimensional poles of the operator 𝐴(𝜆) may be neither proper
nor associated elements for 𝐴(𝜆) corresponding to the eigenvalues 𝜆 = 𝑎𝑖𝑠.
In general, when 𝑎 is an irregular point for the operators, the notion of an
eigenvalue 𝜆 = 𝑎 and of root vectors corresponding to the eigenvalue 𝜆 = 𝑎
must be defined additionally.

there exists a system Φ𝑙,𝑡 = {Φ𝑟,𝑗
𝑙,𝑡 }, for which the equalities

[𝜓𝑖,ℎΦ𝑙,𝑡] = 𝛿𝑖,𝑙𝛿ℎ,𝑡 hold, where [𝑋, 𝑌 ] is the scalar product in the space ℋ(𝑁)

(ℋ(𝑁) is the topological product of 𝑁 = ∑𝑛
𝑗=0 𝑚𝑗 copies of the Hilbert space

ℋ). Hence it follows that if in the space ℋ(𝑁) there exists an expansion with
respect to the derived system of eigen- and associated elements of the operator
𝐴(𝜆), then the coefficients of the expansion are determined uniquely.

Now consider an operator of the form

𝐴(𝜆) =
𝑚

∑
𝑖=1

𝜆−𝑖𝐴𝑖 +
𝑛−1
∑
𝑘=0

𝜆𝑘𝐻𝑘𝐵𝑘 + 𝜆𝑛𝐻𝑛, (1)

where 𝐻 is a complete positive self-adjoint operator, 𝐴𝑖 (𝑖 = 1, … , 𝑚) are
bounded operators, 𝐵𝑘 (𝑘 = 0, … , 𝑛 − 1) are completely continuous operators.
All operators act in the Hilbert space ℋ.

Theorem 4. Suppose that one of the following conditions is satisfied:

1) lim
𝑛→∞

𝑛|𝜇𝑛|−𝜌 = 0; 𝐴−𝜌
𝑖𝐻 , 𝐵−𝜌

𝑘𝐻 (𝑖 = 1, … , 𝑚; 𝑘 = 0, … , 𝑛 − 1) are bounded
operators;

2) lim
𝑛→∞

𝑛|𝜇𝑛|−𝜌 < ∞, 𝐴−𝜌
𝑖𝐻 (1, … , 𝑚) are bounded, while 𝐵−𝜌

𝑘𝐻 (𝑘 = 0, … , 𝑛−
1) are completely continuous operators,

where 𝜇𝑛 are the eigenvalues of the operator 𝜇𝐻, and 𝜌 is some positive number.
Then the subspaces ℋ𝑘, formed by a certain subsystem of eigen- and associated
elements of the operator (1), corresponding to eigenvalues lying in each of the
regions

𝐺𝑘(𝑟, 𝜑, 𝜓) = {𝜆 ∶ |𝜆| ≥ 𝑟, 𝑎𝑘 − 𝜑 ≤ arg𝜆 ≤ 𝑎𝑘 + 𝜓, 𝜑 < 𝜀, 𝜓 < 𝜀},

are quadratically close to the subspaces ℋ′
𝑘, formed by the eigen-elements of the

operator 𝜆𝑛𝐻𝑛, corresponding to eigenvalues lying in 𝐺𝑘(𝑟, 𝜑, 𝜓) (i.e. |𝜆𝑖| ≥
𝑟, arg𝜆𝑖 = 2𝜋𝑘𝑛−1).

If to the indicated system of subspaces, for sufficiently large 𝑟, one adds the
subspace composed of the eigen-elements of the operator 𝜆𝑛𝐻𝑛

corresponding
to eigenvalues 𝜆𝑖 with |𝜆𝑖| < 𝑟, arg𝜆𝑖 = 2𝜋𝑖𝑛−1, then a Bari basis of subspaces*
in the space ℋ is obtained.
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Lemma 1. If 𝜔 is a linearly independent system of finite-dimensional subspaces
in ℋ𝑖 which is quadratically close to the orthogonal system of subspaces ℋ′

𝑖, then
there exists a completely continuous operator 𝐴 such that

ℋ′
𝑖 = (𝐸 − 𝐴)ℋ𝑖.

In the case when the dimensions of all subspaces ℋ𝑖 (or ℋ′
𝑖) are bounded

by one number, the operator 𝐴 becomes a Hilbert–Schmidt operator. From
ℋ′

𝑖 = (𝐸 − 𝐴)ℋ𝑖 it follows that {ℋ′
𝑖} is a Riesz basis of subspaces of a very

special kind, which, apparently, possesses many good properties.

In the proof of Theorem 4 the following lemma was used, which also has inde-
pendent significance.

Lemma 2. Let 𝑃 be the projection operator of some subspace ℋ1 = 𝑃ℋ, and
let a linear operator 𝐾 satisfy the condition ‖𝐾 − 𝑃‖ < 𝜀, 𝜀 < 1. Then there
exists a subspace ℋ2 such that ℋ2 ⊂ 𝐾ℋ and the operator 𝑄, orthogonally
projecting onto ℋ2, satisfies the condition

‖𝑃 − 𝑄‖ < 𝜀(1 − 𝜀)−1.

An analogue of this lemma is also valid in a Banach space, if in this space for
each subspace 𝐺 a projection operator 𝑃 is defined satisfying certain additional
conditions.

Let us note that for one very important class of operators polynomially depen-
dent on 𝜆, a theorem on estimating the order of growth of the resolvent was
ob-

* For the definition of a Bari basis of subspaces and of quadratic closeness of
systems of subspaces, see (11), p. 289, and (14).
was obtained by M. V. Keldysh in connection with the work (1) (see (4,5)); and,
in the case of an operator depending linearly on 𝜆, analogous estimates were
obtained by Carleman for operators of Hilbert–Schmidt type (see also (5,7)).
Theorems analogous to Theorems 1 and 2 are also valid in a Banach space. Using
estimates of 𝜀𝑛(𝐴(𝜆)) and V. I. Macaev’s results on estimating the resolvent
of operators depending linearly on 𝜆, one can obtain analogous, more precise
estimates of the growth of the resolvent for operators depending nonlinearly on
𝜆. This remark is also valid for a Banach space. Theorem 3 generalizes the
author’s results (3,4), and in the case of a single pole at an infinitely distant
point it yields new theorems on the completeness of the system of root vectors
for operators depending polynomially on 𝜆.
I express my gratitude to Academician M. V. Keldysh, Professor M. A. Naimark,
and Professor V. B. Lidskii for their attention to this work and for discussion
of the results.
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