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Let a simple closed oriented Lyapunov contour I' divide the complex plane into
an exterior domain D~ and an interior domain D", and let the point z = 0
belong to D™. By A we denote the set of functions piecewise continuous on T,
and by £ the closure of this set in the sense of uniform convergence. Following
(1), we shall call functions in £ lineatchatye.

In the present note we investigate the problem of perturbations of a singular
operator with bounded measurable coefficients and establish a general theorem
on the solvability of singular integral equations in the space L, with coefficients
from £.

Consider the singular integral equation in the space L,(T")

d(t)(Se)(t) + c(t)p(t) = g(t), (1)

where ¢(t) and d(t) are measurable and essentially bounded functions on T', and

iy T—1

(S(p)(t)lfrsp(ﬂ dr (tel).

With the aid of the projectors P = (I +.5)/2 and Q = (I — S)/2, the integral
equation (1) is rewritten in the following form:

aP+bQ =g,

where a(t) = c(t) + d(t), b(t) = c(t) — d(t).

Theorem 1. Let a(t) be a bounded measurable function and let the operator
A =aP + Q be a ®-operator in the space L,(T'). Then there exists a number
r (1 < r < oo) such that, for any function c(t) of the class Alr|, the operator
B =acP + Q is a ®-operator, and

dim ker B = max(0,ind A — ind ¢), dim coker B = max(0,ind ¢ — ind A).
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Proof. For the ®-operator A there exists a number n > 0 (3) such that any
operator A for which |A,— A| < n is a P-operator and ind A, = ind A. Choose
a number (> 1) from the condition

max[r,r’] > 7 sup [a| | P|/n,

where 1/r+1/r" = 1.
Let now c(t) be any function of the class A[r]; then (?)

c(t) = er(t)ey(t),

where ¢, (¢) is a Holder function and ind ¢; = ind ¢ = x, while ¢, () is a function
of the class A[r] and
|argcy| < w/ max[r,r’] —e.

Since for the function
m(t) = cy(t)/lea(t)] — 1
we have
Im(t)| < sup larg e, (t)| < n/sup|al | P],

€
it follows that

K=al+mP+Q
is a ®-operator and ind K = ind A.

Let x > 0. Using the factorization of the functions ¢; = f tXf_ and |¢,| = g, g_,
where the functions f,_f_, g,, g_ and their inverses are bounded on the contour
I (see (%)), the operator B can be represented in the form

B=X(a(l+m)P+Q)Y(XP+Q),

where
X=g f1I
and
Y= g+f+P + gilf:lQ

are invertible

* For the definition of the class A[r] and the index of a function ¢(t) € A[r], see
(%)-

operators. Taking into account that the operator tXP + @ is a ®-operator and
ind(tXP + Q) = —yx, we obtain that B is a ®-operator, ind B = ind A — x =
ind A — ind ¢, and by virtue of (4,%) it is left invertible.

For x < 0 the equality

Bt P+ Q)=X(a(l+m)P+ Q)Y
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holds, whence it follows that the operator B is right invertible and ind B =
ind A — x. The theorem is proved.

Corollary. If A = aP + Q is a ®-operator, then there exists a number I(a, p)
(> 0) such that, for every measurable function c¢(t) satisfying the conditions
0< N <le(t)] < M < 0o and

sup | argc(t)| < l(a,p),
tell

the operator B = acP + () will be a ®-operator and ind B = ind A.

For the case of a piecewise continuous function a(t), one can indicate the depen-
dence of the quantity /(a,p) on the function a(t) and the space L,. First let us
note some properties of functions from A and £.

Following (%), to each function a(t) € £ we associate, in the natural way, the
curve with orientation

V,(a)(u,t) = a(t —0)M(p, p) + a(t + 0)(1 — M(p, n))
0<p<l, tel),
where
M(p, ) = exp{(1 — p)0} sinuf/sin, 6 =n(1—2/p),

if p# 2, and V4(a) = a(t — 0)u + a(t + 0)(1 — p). A function a(t) from £ is
called p-nonsingular if

inf |V, (a)| > 0.

t,p

Let a(t) be a p-nonsingular function from £, t, an arbitrary point of continuity,
and tq,1,, ... its discontinuity points; then the ratio a(t; — 0)/a(t; + 0) can be
represented in the form

la(t, —0)/a(t, + 0)|exp{ih,(a)} (k=0,1,2,...),

where
—27/q < hy(a) < 2m/p, 1/p+1/q=1.

To each such function one can assign two numbers h, (a) and h_(a), defining
them by the equalities

h,(a) = max hy(a), h_(a) = mkin hy(a).

Obviously,
—2r/q < h_(a) < hy(a) < . (a) < 2n/p. (2)

For p-nonsingular functions from £ the index is introduced in the following way.
Let a sequence of functions a,,(t) from A converge uniformly to a(t). Then,
starting from some n, the functions a,,(¢) are p-nonsingular and their p-index is

sovietrxiv.org/items/ru-196901.15349 Machine Translation


https://sovietrxiv.org/items/ru-196901.15349

equal to one and the same number; this number is taken to be the p-index of
the function a(t) from £.

Theorem 2. For a p-nonsingular function a(t) from A, as the number I(a,p)
one may take

min(27 — ph, (a), 27+ gh_(a)]/2max[p,q]  (1/p+1/g=1).

Moreover, if x(= ind,a) = 0, the operator A = acP + @ is invertible in the
space L,,(I'); if x > 0, the operator A is left invertible and dim coker A = x; if
X < 0, the operator A is right invertible and dimker A = |y]|.

Remark 1. The number I(a,p) indicated in the theorem is, in a certain sense,
sharp. Indeed, take on the unit circle I'y the piecewise continuous functions

c =a = exp{if/4} (—m <6< m);

then
max |argc| = l(a, p),
ery,

and the operator caP + @ in the space L,(T'y) is not invertible from either side
(see (9)).

Proof of Theorem 2. From the discontinuity points ¢, of the function a(t)
and the numbers h;(a) we construct the function

m 1
w0 =Tlrn  where 5, =
k=1

2 211

. alt, — 0)‘
a(t, +0)|’

and the function ¢7* has a discontinuity only at the point ¢, (k = 1,2,...,m).
Then the function b(t) = a(t)y~1(¢) is continuous on the contour I', and ind b =
ind,, a. Using the condition of the theorem, choose a number € > 0 so that

larg c| < (min[2m — ph, (Q), 27 + qh_(Q)] — €)/2max[p, q].
Let r(t) be such—
a rational function such that b(t) = r(¢t)(1 4+ m(t)), indr(t) = ind b(¢), | arg(1l +
m)| < e/8max|p, q]. The functions r, 1, and ¢; = ¢(1 + m) admit the factoriza-
tion (2,7)
r= 7"+tX7’7, 'll) = 1/’##77 C(]- + m) =cc.

The factorization factors for the functions ¢ and ¢; can be represented in the
form

m
by = Fopit,  where sup [FE ()] < oo, py(t) = [T It — e,
k=1
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1 arg ¢y (7
c. =u,p3', where sgp|uf(t)| <00, py(t) :exp{%/f_l(t)ch}.
r

Consider the operator Z = (p;py)~'Sp;py; its boundedness in the space L, (T)
is proved by applying Stein’ s theorem (®). Indeed, take v = 2m/(min[2m —
ph(a), 2r+qh_(a)] —¢/2)(> 1); then |yargc, (t)| < 7/ max[p,q] —e&; (g, > 0),
and by I. B. Simonenko’ s theorem on weights (?)

||<Sf)P;7||Lp < M1||fP§’Y||Lp- (3)

Moreover, since the function a(t) is p-nonsingular, for the chosen ~y the relations

—1/¢g<Revy, v/ (v—=1)<1/p (k=1,2,...,m)

follow from (2).

Then from B. V. Khvedelidze’s theorem on the boundedness of singular operators
in L, spaces with a weight ((7), p. 24) it follows that

— —1 — —1
18P Py, < Mol for O, (@)

Since for ¢t =1/

—~t —(1—t -1 _
P2ﬂ{ P1( e = (p2p1) 17

from (3) and (4), by virtue of Stein’ s interpolation theory, the boundedness of
the operator Z follows.

Let ind,,a = x = 0; then the operator A can be represented in the form

A=acP+Q=r_v_c_(ryp,c,P+r =t Q).

Consider the operator

B= (r;lz/JIICIlP +r t_c Q)r—tptel.

Its boundedness follows easily from the boundedness of the operator Z. It is
not difficult to verify that the operator B is inverse to A. Thus, for y = 0 the
operator acP + @ is invertible in L, (T").

Let x > 0; then ind(at™X) = 0, and from what was proved above it follows that
the operator t XacP + @ is invertible in L (I"). Since the operator tXP + @ is
left invertible, it follows from the equality

(act XP+Q)t*P+ Q) = acP 4+ Q
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that the operator A is left invertible and dim coker A = x.

If x <0, then
act ™ XP + Q = (acP + Q)(t™XP + Q),

and, consequently, the operator A is right invertible and dimker A = |x|.

Remark 2. The proof given above extends without difficulty to the case of a
p-nonsingular function a(t) from £.

Theorem 3. Let a(t),b(t) € £. In order that the operator

A=aP+bQ
be a @ (®_)-operator in the space L, (T'), it is necessary and sufficient that: 1)
essinf,.p [b(t)| > 0; 2) the function a(t)/b(t) be p-nonsingular.

If these two conditions are fulfilled and x = ind,(a/b), then for x = 0 the
operator A is invertible in the space L,(T); for x > 0 the operator A is left
invertible and X= dim coker /I; for x < 0 the operator Alis right invertible and
|x| = dimker A.

Proof. The sufficiency of the conditions of the theorem follows from Remark 2.
Necessity is established as follows. Let A = aP +bQ be a &, (P_)-operator and

esis&nf|b(t)| =0.

Since the set of ®_ (P_)-operators is open, one can choose functions @ and b
from A such that .
essinf|b(t)] =0

tel’

and P 4 bQ is a ®_ (P_)-operator, which leads to a contradiction with (6).
Thus
essinf|b(t)| > 0.
tel

Now the problem reduces to the study of the operator
Ay = (a/b)P + Q.

Let Ay be a @ (®_)-operator and let a/b not be a p-nonsingular function. Then
there exists a function g(¢t) € A such that

inf |V, (9)(p, )] =0

tel, 0<u<l

and the operator gP + @ is a ®_(P_)-operator. This leads to a contradiction.
The theorem is proved.

Let us note that the sufficiency of the conditions of Theorem 3 for the case when

D Ihy(a)] < oo
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is established in (9).
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