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MATHEMATICS

B. M. BUDAK, M. Z. MOSKAL

ON THE CLASSICAL SOLUTION OF A MUL-
TIDIMENSIONAL MULTIFRONT STEFAN
PROBLEM

(Presented by Academician A. N. Tikhonov, February 5, 1969)

In the present note we prove the existence, uniqueness, and stability with re-
spect to perturbations of the initial data of a regular classical solution of a
multidimensional multifront Stefan problem (Problem A) with internal and ex-
ternal phase fronts. The exposition is given for the case when the number of
spatial independent variables is N = 2, but the method and the results are
easily extended to the case N > 2.

1°. Problem A. Find the functions u’ = u'(zy,7,,t), z, = zi(s,t), 75 =
24(s,1),0< s <5, 0<t<T,i=1,2,...,n, from the conditions

ul = a? (ul +u;2w2) + Fi(zy,29,t) for (z,,79,t) € D, i=1,...,n, (1)

i T1xq

where ﬁZT is a closed simply connected domain of values of (zy,z,,t), whose
boundary consists of four simply connected plane pieces Dy 2,0 ZTmlmz, Dy, 05
b2, 1ying respectively in the planes t = 0, t =T, x5 =I5 = 0, 25 = Iy,

and two curved simply connected pieces
83 = {x, = 2l (s,1), Ty = ah(s,1), 0< 5 <50, 0 <t < TV,

j=id,i+1;i=1,2,..,n, with S¥ k = 1,...,n, being the unknown surfaces

(phase fronts), and S a given surface; Di. = ElT \T%,

T = Dj, ., UDi, ¢UD}, , US;USHY

tzylyy

Uy, 29,0) = (), 25), (21,29) €D 1=1,2,...,n; (2)

7
Oxixq7

k

u = wi(5,1) = w71 (s, 1), ¥ (5,1), 1);

= uk(‘rlax2vt>|

St 1=} (s,t), To=x5(s,t)
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i=kk+1;, k=1,..,n; wh =Wl k=2,..,n—1. (3"

uk| k :uk(irlvaat)‘m —1. :f]z<x13t)7 .7:]-72a
txy o 2=lj2
fi(x,t) is defined in Dfmll_2; i=12k=1,...,n; (3”)
_(“)x{(s, t) _ ijil(s, 0 ouwI (9 (s, 1), 23 (s, 1), 1) —ij(s, 9 ol (x) (s,t),235(s, 1), 1)
ot Ox; Ox;

(4)

i=1,2, j=1,2,...,n, where ugl =1, ugz =1;
>\J :AJ(S,t,IIf(S,w,l'S(S,t)), k:j_lajv J=L12..,n; (5)

wl(s,0) =l(s), 0<s<sy =12 j=1,2,...,n+1.
Under the assumption that the initial curves

L= {z; =¢i(s), zy =¥(s)}, j=12,...,n+1,

have no common points, we shall seek a solution of Problem A ((1) — (5)) on
such a time interval 0 < ¢ < T™ on which S%p*, i=1,...,n+1, have no common
points and the condition

[ (5,0)]” + [, (5,0)]" # 0 (6)

is satisfied.

Definition 1. The surface St = {x; = 2%(s,t), x5 = b(s,t), 0 <5< 59, 0<
t < T4} is said to satisfy requirements B if:

1) Si is a simple unclosed smooth surface; in particular, z¢,(s,t), ab,(s,t),
2} ,(s,t), xh (s,t) are continuous and

[21(s, )] + [, (s, 1)]* # 0

for 0 < s <s% 0<t<T,and all interior points of S% are interior points
of the cylinder

C={0<25<1y, 0<t<T, —c0<x; <+00};
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2) the boundary of the surface S% is a simple continuous, closed piecewise-
smooth curve consisting of four smooth pieces lying respectively on the
faces x4 = 0, x5 = lyy, t =0, t =T of the cylinder C.

Definition 2. A regular classical solution of problem A is a system of
functions

u' = ul(xy, my,t), x =2i(s,1), my=ab(s,t), 0<s<s, 0<t<T, i=1,2,..,n,

satisfying the conditions: 1) the surfaces S% satisfy requirements B and have
no common points with one another or with S7™; 2) u' = u'(xy,z,,t) are

: D i o i i
continuous in D, i = 1,2,...,n; Uzl($1a$27t)7 uwz(xl,xQ,t), Uz1z1($17$27t>7
i i i - D
Uy o, (T4, @0, 1), Uy oy (T1, T, 1), up (21, 29, 1) are continuous in Dip, i = 1,2, ..., n,

and take uniformly continuous limiting values at the interior points of the sur-
faces S7., j =14, i + 1; 3) all relations (1)—(5) of problem A and condition (6)
are satisfied.

Remark. If (uf, 2,25, i = 1,...,n) is a regular classical solution of problem A,
then it is also a classical solution of problem A in the following sense: on each
phase front S, represented by the equation ®(z, x,,¢) = 0 (which is possible
in a neighborhood of each point € Sk, since by the condition

[#75(s, )] + [zh,(s,8)]* # 0
for0<s<sy, 0<t<T, i=1,2,..,n), the relation
t+ (A tgradu™t — N gradu’, grad ') =0, i=1,2,...,n.

29, We reduce problem A to a system of nonlinear integral equations of the
second kind. To this end consider the functions

ex _(331—51)2
2a4/7(t —T) p[ dai(t —7)

— & + 2nlyy)? (w3 + & — 2nly,)°
W n;o {exp { 1a3(t =) } - [_ da(t =) ]}
Hk(xla'r%taflvf%T) :le(l‘17t,§1,T)G2k(l'27t,§2;7-)7 k:L“.’n; (7)

upm(s,t) = uf (21(s,1),25(s,1),1),  gmn(s,t) =uf (af(s,8),2h(s,1),1), (8)
m,r=1,2; l=kk+1;, k=1,2,...n

le(xl,t7§1,7): :|7 k:172,...7n;

G2k<x2at7£277-) -

Integrating Green’ s identity for II, and u* over D¥ from (1), (2), and (3), we
obtain, for the regular classical solution u* of problem A, the representation

i@y, 2 t) //D e G de e akZ // Fi(60, T, déydr+

t.Ll 5
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k+1

2
+Z/S_w}'€(s,7')ﬂkd£1d§2—a ZZ//S (s, ka d€,;dT+

H J=1 i=k

v ST)de§ dT+// Fy(&,&, ), d& déydr,
Dk

]:1 1=k Z

p(j)=2—2"1+(=1)], k=1,..,n (9)
Next, consider the system (10)—(12) of nonlinear Volterra integral equations

of the second kind for the functions v (s, t), 2¥(s,t), 2. (s,t), i = 1,2; | =
kk+1;, k=1,2,....n

2
v = // oIy, d&déy —a E // Jillke, o, A& dT+
k - k
DGy i=1 Dmlzf

k+1 2 k+1 ‘
// wknkl d&dg, — a3 Z Z // w;fnkéjzm A&y dT+

=1 i=k

k+1

! Z 2, // U5 Mk, iy + ///Dk Fl, d&dédr; (10)

7j=1 i=k

p(j) =2—2711 + (—1)7], m=12;, l=kk+1;, k=1,..,n;

xz(s,t) = wf(s) —|—/ Fjj_l(s,T)vgjfl(s,T) —ij(S,T)UJ](S 7)| dr,

0

t .. ..
x{s(s,t) = 1/)55(5) +/ {/\531(5’7)1;?1(5,7-) —XjJ(S,T)vJJ<S o ut
0

n Z 1) k+1)\ (5 ) [ (s T)’JJlS(S T) Jrg,z(S T)xés(s 7')] }d%

i=1,2; j=1,...,m (12)
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Qm

M (s, 1) = %)\j(s,t,x’f(s,t),x’g(s,t)); (13)

2
Len= [ el cdgaa i I A, dodrs
D =1 szlzz

Oxqxo

k+1 2 K+l _
// Wkazm d&,d&, — ay, Z Z // wznkgﬂmr d&pjydT—

=1 i=k

+
s // ity cdtdr et ] Rl dgdgar, (9

=1 ik

m,r=1,2; l=kk+1; p@l)=2—2"1+(=1)]; k=1,2,..,n;

Iir(5,1) = g5 (s, 1)

Definition 3. Problem A (1)—(5) is equivalent to system B (10)—(12) if every
regular classical solution of problem A (1)—(5) generates, by virtue of (8) and (9),
a continuous solution of system B (10)—(12), and conversely every continuous
solution of system B (10)—(12), satisfying inequality (6), generates, by virtue of
(8) and (9), a regular classical solution of problem A (1)—(5).

Theorem 1 (equivalence). Suppose that for the initial data of problem A
the following conditions are satisfied:

1)

Fk(x,,2,,1), Fft (2, 9,t), FF(z,,7,,t) are continuous with respect to
Ty, %q,t, k=1,2,....,n

O1(T1, ), Prp (T1,T2), Pr. j(T1,72), k=1,2,...,n5 4, j = 1,2, are con-
tinuous in z;, Ty;

f;i(%at), f]im1<x17t)a flit('rlvt)a fl’ixlt(xlat% 7’ = 1727 k' = 1327"'7’”7 are
continuous in z,t;

Neh(s ), Nh=1(s 1), G*(s,t) are continuously differentiable with respect
to all arguments;

Wl(s), Wi(s), j = 1,..,m; i = 1,2, are continuous in s; [¢,(s))’

[, (s)]? =0, ]—17...7n+1; 0<s<sy;

o (s, 1), 2 (s, 1), 27 (s, 1), @ = 1,2, are continuous; [ (s, t)]? +
(5 (s, )2 #£0, 0< s < s, 0<t<T, i =1,2.
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7) The compatibility conditions for the initial and boundary data are satis-
fied.

Then problem A (1)—(6) is equivalent to the system of integral equations B (10)
—(12), by virtue of relations (13), (14).

Theorem 2. Under the conditions of Theorem 1 there exists an interval of
time 0 <t < T*, 0 <T* <T, on which there exists a unique regular solution of
system B (10)—(12), and hence there exists a unique regular classical solution
of problem A (1)—(5).

The proof of Theorem 2 is obtained by the method of contractions.

Definition 4. Suppose that, along with problem A (1)—(5), there is given
problem A* (1*)—(5%), differing from problem A (1)—(5) only in that all the
l_nltlal data @k(x17x2)7 f]é(xlat)a Fk(xlax%t)) g, 1/)5(3), )‘kkil(xhxmsat)a
MR (zy, 24, 8,t), @Fi(s,t) are replaced, respectively, by ¢} (2, x,), fif(2y,1),
Flz(xla‘r%t)v a;;a w']j*(s)’ Akkil*(l'lvx%sat)a )\kk*($1,1’2,8,t), a)ki*(sat)' Put

n—mw{mngaﬁwg§Wﬂ@w?@%g§yﬁu® B (s)l,

sy )ty

max P\kk—l _ j\kk—l*| , max |5\kk _ j\kk*| ,
Tq,%q,8,t,k Tq,%q,8,t,k
max [, — @yl max [, — @, [, max g, 5= 0k, sl
mlvx2’k Il’xzu'L#k ¢ ¢ I17m2711j7k v L

max |fiy,0) = fif(en 0], max [fh, (,0) = i, (o, 1),

Tq,1,k,t yT1 52,

ma |0, ) = Fi (e O max |y, (o0, 0) = S, o ),

t,xq,1, s,

max |F— Fil, | mox (P, = Fig |, mox, 1By~ Fil |

T1,To,tk T1,Tg,t,0,k 1:%2;

0<t<Tr, 0<T*<T,

€ = max i,k,sr,%agt(gT* |xz (Sa t) Ly <Sa t)|7 S7i’k%a§}§§T* |x1,s(3’ t) Tis (37 t>|’
max |uk(x1,x2,t)—uk*(ajl,xg,tﬂ

T1,Tq,k, 0<t<T™
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The regular classical solution u¥(zy, xy,t), 2%(s,t), 28(s,t), k =1,2,...,n, 0 <
§< 8y, 0<t<T* 0<T*<T,of problem A (1)—(5) is called stable with
respect to perturbations of the initial data if ¢ — 0 as n — 0.

Theorem 3. If the initial data of problems A and A* satisfy the conditions
of Theorem 1, then the regular classical solution of problem A is stable with
respect to perturbations of the initial data.

Remark. All the results extend also to a quasilinear parabolic equation with
principal part

k_—_ 2 k k
Uy = ag (uzlzl + u1212>

and with a free term depending on z;, x5, t, u®, u’gfl , u];z, to quasilinear boundary
conditions, and also to the case where, along with unclosed phase fronts, there
are closed phase fronts.

Moscow State University
named after M. V. Lomonosov
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Note: Figure translations are in progress. See original paper for figures.
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