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Abstract
Full Text
UDC 517.945.43

MATHEMATICS

B. M. BUDAK, M. Z. MOSKAL

ON THE CLASSICAL SOLUTION OF A MUL-
TIDIMENSIONAL MULTIFRONT STEFAN
PROBLEM
(Presented by Academician A. N. Tikhonov, February 5, 1969)

In the present note we prove the existence, uniqueness, and stability with re-
spect to perturbations of the initial data of a regular classical solution of a
multidimensional multifront Stefan problem (Problem A) with internal and ex-
ternal phase fronts. The exposition is given for the case when the number of
spatial independent variables is 𝑁 = 2, but the method and the results are
easily extended to the case 𝑁 > 2.

1°. Problem A. Find the functions 𝑢𝑖 = 𝑢𝑖(𝑥1, 𝑥2, 𝑡), 𝑥1 = 𝑥𝑖
1(𝑠, 𝑡), 𝑥2 =

𝑥𝑖
2(𝑠, 𝑡), 0 ≤ 𝑠 ≤ 𝑠0, 0 ≤ 𝑡 ≤ 𝑇 , 𝑖 = 1, 2, … , 𝑛, from the conditions

𝑢𝑖
𝑡 = 𝑎2

𝑖 (𝑢𝑖
𝑥1𝑥1

+ 𝑢𝑖
𝑥2𝑥2

) + 𝐹 𝑖(𝑥1, 𝑥2, 𝑡) for (𝑥1, 𝑥2, 𝑡) ∈ 𝐷𝑖
𝑇 , 𝑖 = 1, … , 𝑛, (1)

where 𝐷𝑖
𝑇 is a closed simply connected domain of values of (𝑥1, 𝑥2, 𝑡), whose

boundary consists of four simply connected plane pieces 𝐷𝑖
0𝑥1𝑥2

, 𝐷𝑖
𝑇 𝑥1𝑥2

, 𝐷𝑖
𝑡𝑥10,

𝐷𝑖
𝑡𝑥1𝑙22

, lying respectively in the planes 𝑡 ≡ 0, 𝑡 ≡ 𝑇 , 𝑥2 ≡ 𝑙12 = 0, 𝑥2 ≡ 𝑙22,
and two curved simply connected pieces

𝑆𝑗
𝑇 = {𝑥1 = 𝑥𝑗

1(𝑠, 𝑡), 𝑥2 = 𝑥𝑗
2(𝑠, 𝑡), 0 ≤ 𝑠 ≤ 𝑠0, 0 ≤ 𝑡 ≤ 𝑇 },

𝑗 = 𝑖, 𝑖 + 1; 𝑖 = 1, 2, … , 𝑛, with 𝑆𝑘
𝑇 , 𝑘 = 1, … , 𝑛, being the unknown surfaces

(phase fronts), and 𝑆𝑛+1
𝑇 a given surface; 𝐷𝑖

𝑇 = 𝐷𝑖
𝑇 ∖ Γ𝑖

𝑇 ,

Γ𝑖
𝑇 = 𝐷𝑖

0𝑥1𝑥2
∪ 𝐷𝑖

𝑡𝑥10 ∪ 𝐷𝑖
𝑡𝑥1𝑙22

∪ 𝑆𝑖
𝑇 ∪ 𝑆𝑖+1

𝑇 ;

𝑢𝑖(𝑥1, 𝑥2, 0) = 𝜑𝑖(𝑥1, 𝑥2), (𝑥1, 𝑥2) ∈ 𝐷𝑖
0𝑥1𝑥2

, 𝑖 = 1, 2, … , 𝑛; (2)

𝑢𝑘∣𝑆𝑖
𝑇

= 𝑢𝑘(𝑥1, 𝑥2, 𝑡)∣𝑥1=𝑥𝑖
1(𝑠,𝑡), 𝑥2=𝑥𝑖

2(𝑠,𝑡) = 𝜔𝑖
𝑘(𝑠, 𝑡) = 𝜔𝑖

𝑘(𝑥𝑖
1(𝑠, 𝑡), 𝑥𝑖

2(𝑠, 𝑡), 𝑡);
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𝑖 = 𝑘, 𝑘 + 1; 𝑘 = 1, … , 𝑛; 𝜔𝑘
𝑘−1 ≡ 𝜔𝑘

𝑘, 𝑘 = 2, … , 𝑛 − 1. (3’)

𝑢𝑘∣𝐷𝑘
𝑡𝑥1𝑙𝑗2

= 𝑢𝑘(𝑥1, 𝑥2, 𝑡)∣𝑥2=𝑙𝑗2
= 𝑓𝑗

𝑘(𝑥1, 𝑡), 𝑗 = 1, 2;

𝑓𝑗
𝑘(𝑥, 𝑡) is defined in 𝐷𝑘

𝑡𝑥1𝑙𝑗2
; 𝑗 = 1, 2; 𝑘 = 1, … , 𝑛; (3”)

−𝜕𝑥𝑗
𝑖(𝑠, 𝑡)
𝜕𝑡 = 𝜆 𝑗𝑗−1(𝑠, 𝑡)𝜕𝑢𝑗−1(𝑥𝑗

1(𝑠, 𝑡), 𝑥𝑗
2(𝑠, 𝑡), 𝑡)

𝜕𝑥𝑖
−𝜆 𝑗𝑗(𝑠, 𝑡)𝜕𝑢𝑗(𝑥𝑗

1(𝑠, 𝑡), 𝑥𝑗
2(𝑠, 𝑡), 𝑡)

𝜕𝑥𝑖
,

(4)

𝑖 = 1, 2; 𝑗 = 1, 2, … , 𝑛, where 𝑢0
𝑥1

≡ 1, 𝑢0
𝑥2

≡ 1;

𝜆 𝑗𝑘 = 𝜆𝑗(𝑠, 𝑡, 𝑥𝑘
1(𝑠, 𝑡), 𝑥𝑘

2(𝑠, 𝑡)), 𝑘 = 𝑗 − 1, 𝑗; 𝑗 = 1, 2, … , 𝑛; (5)

𝑥𝑗
𝑖(𝑠, 0) = 𝜓𝑗

𝑖(𝑠), 0 ≤ 𝑠 ≤ 𝑠0, 𝑖 = 1, 2; 𝑗 = 1, 2, … , 𝑛 + 1.

Under the assumption that the initial curves

Γ𝑗 = {𝑥1 = 𝜓𝑗
1(𝑠), 𝑥2 = 𝜓𝑗

2(𝑠)}, 𝑗 = 1, 2, … , 𝑛 + 1,

have no common points, we shall seek a solution of Problem A ((1) − (5)) on
such a time interval 0 ≤ 𝑡 ≤ 𝑇 ∗ on which 𝑆𝑖

𝑇 ∗ , 𝑖 = 1, … , 𝑛 + 1, have no common
points and the condition

[𝑥𝑖
1𝑠(𝑠, 𝑡)]2 + [𝑥𝑖

2𝑠(𝑠, 𝑡)]2 ≠ 0 (6)

is satisfied.

Definition 1. The surface 𝑆𝑖
𝑇 ≡ {𝑥1 = 𝑥𝑖

1(𝑠, 𝑡), 𝑥2 = 𝑥𝑖
2(𝑠, 𝑡), 0 ≤ 𝑠 ≤ 𝑠0, 0 ≤

𝑡 ≤ 𝑇 } is said to satisfy requirements B if:

1) 𝑆𝑖
𝑇 is a simple unclosed smooth surface; in particular, 𝑥𝑖

1𝑡(𝑠, 𝑡), 𝑥𝑖
2𝑡(𝑠, 𝑡),

𝑥𝑖
1𝑠(𝑠, 𝑡), 𝑥𝑖

2𝑠(𝑠, 𝑡) are continuous and

[𝑥𝑖
1𝑠(𝑠, 𝑡)]2 + [𝑥𝑖

2𝑠(𝑠, 𝑡)]2 ≠ 0

for 0 ≤ 𝑠 ≤ 𝑠0, 0 ≤ 𝑡 ≤ 𝑇 , and all interior points of 𝑆𝑖
𝑇 are interior points

of the cylinder

𝐶 ≡ {0 ≤ 𝑥2 ≤ 𝑙22, 0 ≤ 𝑡 ≤ 𝑇 , −∞ < 𝑥1 < +∞};
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2) the boundary of the surface 𝑆𝑖
𝑇 is a simple continuous, closed piecewise-

smooth curve consisting of four smooth pieces lying respectively on the
faces 𝑥2 = 0, 𝑥2 = 𝑙22, 𝑡 = 0, 𝑡 = 𝑇 of the cylinder 𝐶.

Definition 2. A regular classical solution of problem A is a system of
functions

𝑢𝑖 = 𝑢𝑖(𝑥1, 𝑥2, 𝑡), 𝑥1 = 𝑥𝑖
1(𝑠, 𝑡), 𝑥2 = 𝑥𝑖

2(𝑠, 𝑡), 0 ≤ 𝑠 ≤ 𝑠0, 0 ≤ 𝑡 ≤ 𝑇 , 𝑖 = 1, 2, … , 𝑛,

satisfying the conditions: 1) the surfaces 𝑆𝑖
𝑇 satisfy requirements B and have

no common points with one another or with 𝑆𝑛+1
𝑇 ; 2) 𝑢𝑖 = 𝑢𝑖(𝑥1, 𝑥2, 𝑡) are

continuous in 𝐷𝑖
𝑇 , 𝑖 = 1, 2, … , 𝑛; 𝑢𝑖

𝑥1
(𝑥1, 𝑥2, 𝑡), 𝑢𝑖

𝑥2
(𝑥1, 𝑥2, 𝑡), 𝑢𝑖

𝑥1𝑥1
(𝑥1, 𝑥2, 𝑡),

𝑢𝑖
𝑥1𝑥2

(𝑥1, 𝑥2, 𝑡), 𝑢𝑖
𝑥2𝑥2

(𝑥1, 𝑥2, 𝑡), 𝑢𝑖
𝑡(𝑥1, 𝑥2, 𝑡) are continuous in 𝐷𝑖

𝑇 , 𝑖 = 1, 2, … , 𝑛,
and take uniformly continuous limiting values at the interior points of the sur-
faces 𝑆𝑗

𝑇 , 𝑗 = 𝑖, 𝑖 + 1; 3) all relations (1)—(5) of problem A and condition (6)
are satisfied.

Remark. If (𝑢𝑖, 𝑥𝑖
1, 𝑥𝑖

2, 𝑖 = 1, … , 𝑛) is a regular classical solution of problem A,
then it is also a classical solution of problem A in the following sense: on each
phase front 𝑆𝑖

𝑇 , represented by the equation Φ𝑖(𝑥1, 𝑥2, 𝑡) = 0 (which is possible
in a neighborhood of each point ∈ 𝑆𝑖

𝑇 , since by the condition

[𝑥𝑖
1𝑠(𝑠, 𝑡)]2 + [𝑥𝑖

2𝑠(𝑠, 𝑡)]2 ≠ 0

for 0 ≤ 𝑠 ≤ 𝑠0, 0 ≤ 𝑡 ≤ 𝑇 , 𝑖 = 1, 2, … , 𝑛), the relation

Φ𝑖
𝑡 + (𝜆𝑖𝑖−1 grad 𝑢𝑖−1 − 𝜆𝑖𝑖 grad 𝑢𝑖, grad Φ𝑖) = 0, 𝑖 = 1, 2, … , 𝑛.

20. We reduce problem A to a system of nonlinear integral equations of the
second kind. To this end consider the functions

𝐺1𝑘(𝑥1, 𝑡, 𝜉1, 𝜏) = 1
2𝑎𝑘√𝜋(𝑡 − 𝜏)

exp [− (𝑥1 − 𝜉1)2

4𝑎2
𝑘(𝑡 − 𝜏)] , 𝑘 = 1, 2, … , 𝑛;

𝐺2𝑘(𝑥2, 𝑡, 𝜉2, 𝜏) = 1
2𝑎𝑘√𝜋(𝑡 − 𝜏)

+∞
∑

𝑛=−∞
{exp [−(𝑥2 − 𝜉2 + 2𝑛𝑙22)2

4𝑎2
𝑘(𝑡 − 𝜏) ] − exp [−(𝑥2 + 𝜉2 − 2𝑛𝑙22)2

4𝑎2
𝑘(𝑡 − 𝜏) ]} , 𝑘 = 1, … , 𝑛;

Π𝑘(𝑥1, 𝑥2, 𝑡, 𝜉1, 𝜉2, 𝜏) = 𝐺1𝑘(𝑥1, 𝑡, 𝜉1, 𝜏)𝐺2𝑘(𝑥2, 𝑡, 𝜉2, 𝜏), 𝑘 = 1, … , 𝑛; (7)

𝑣𝑘𝑙
𝑚(𝑠, 𝑡) = 𝑢𝑘

𝑥𝑚
(𝑥𝑙

1(𝑠, 𝑡), 𝑥𝑙
2(𝑠, 𝑡), 𝑡), 𝑔𝑘𝑙

𝑚𝑟(𝑠, 𝑡) = 𝑢𝑘
𝑥𝑚𝑥𝑟(𝑥𝑙

1(𝑠, 𝑡), 𝑥𝑙
2(𝑠, 𝑡), 𝑡), (8)

𝑚, 𝑟 = 1, 2; 𝑙 = 𝑘, 𝑘 + 1; 𝑘 = 1, 2, … , 𝑛.

Integrating Green’s identity for Π𝑘 and 𝑢𝑘 over 𝐷𝑘
𝑡 from (1), (2), and (3), we

obtain, for the regular classical solution 𝑢𝑘 of problem A, the representation

𝑢𝑘(𝑥1, 𝑥2, 𝑡) = ∬
𝐷𝑘

0𝑥1𝑥2

𝜑𝑘(𝜉1, 𝜉2)Π𝑘 𝑑𝜉1𝑑𝜉2−𝑎2
𝑘

2
∑
𝑖=1

∬
𝐷𝑘

𝑡𝑥𝑖
1𝑙𝑖

2

𝑓 𝑖
𝑘(𝜉1, 𝜏)Π𝑘𝜉2

𝑑𝜉1𝑑𝜏+
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+
𝑘+1
∑
𝑖=𝑘

∬
𝑆𝑖

𝑡

𝜔̄𝑖
𝑘(𝑠, 𝜏)Π𝑘 𝑑𝜉1𝑑𝜉2 − 𝑎2

𝑘

2
∑
𝑗=1

𝑘+1
∑
𝑖=𝑘

∬
𝑆𝑖

𝑡

𝜔̄𝑖
𝑘(𝑠, 𝜏)Π𝑘𝜉𝑗

𝑑𝜉𝜌(𝑗)𝑑𝜏+

+𝑎2
𝑘

2
∑
𝑗=1

𝑘+1
∑
𝑖=𝑘

∬
𝑆𝑖

𝑡

𝑣𝑘𝑖
𝑗 (𝑠, 𝜏)Π𝑘 𝑑𝜉𝑝(𝑗)𝑑𝜏 + ∭

𝐷𝑘
𝑡

𝐹𝑘(𝜉1, 𝜉2, 𝜏)Π𝑘 𝑑𝜉1𝑑𝜉2𝑑𝜏,

𝑝(𝑗) = 2 − 2−1[1 + (−1)𝑗], 𝑘 = 1, … , 𝑛. (9)

Next, consider the system (10)—(12) of nonlinear Volterra integral equations
of the second kind for the functions 𝑣𝑘𝑙

𝑚(𝑠, 𝑡), 𝑥𝑘
𝑖 (𝑠, 𝑡), 𝑥𝑘

𝑖𝑠(𝑠, 𝑡), 𝑖 = 1, 2; 𝑙 =
𝑘, 𝑘 + 1; 𝑘 = 1, 2, … , 𝑛

𝑣𝑘𝑙
𝑚 = ∬

𝐷𝑘
0𝑥1𝑥2

𝜑𝑘Π𝑘𝑥𝑚
𝑑𝜉1𝑑𝜉2 − 𝑎2

𝑘

2
∑
𝑖=1

∬
𝐷𝑘

𝑡𝑥1𝑙2
𝑖

𝑓 𝑖
𝑘Π𝑘𝜉2𝑥𝑚

𝑑𝜉1𝑑𝜏+

+
𝑘+1
∑
𝑖=𝑘

∬
𝑆𝑖

𝑡

𝜔𝑖
𝑘Π𝑘𝑥𝑚

𝑑𝜉1𝑑𝜉2 − 𝑎2
𝑘

2
∑
𝑗=1

𝑘+1
∑
𝑖=𝑘

∬
𝑆𝑖

𝑡

𝜔𝑖
𝑘Π𝑘𝜉𝑗𝑥𝑚 𝑑𝜉𝑝(𝑗)𝑑𝜏+

+
2

∑
𝑗=1

𝑘+1
∑
𝑖=𝑘

∬
𝑆𝑖

𝑡

𝑣𝑘𝑖
𝑗 Π𝑘𝑥𝑚

𝑑𝜉𝑝(𝑗)𝑑𝜏 + ∭
𝐷𝑘

𝑡

𝐹𝑘Π𝑘𝑥𝑚
𝑑𝜉1𝑑𝜉2𝑑𝜏; (10)

𝑝(𝑗) = 2 − 2−1[1 + (−1)𝑗], 𝑚 = 1, 2; 𝑙 = 𝑘, 𝑘 + 1; 𝑘 = 1, … , 𝑛;

𝑥𝑗
𝑖(𝑠, 𝑡) = 𝜓𝑗

𝑖(𝑠) + ∫
𝑡

0
[𝜆 𝑗𝑗−1(𝑠, 𝜏)𝑣𝑗𝑗−1

𝑖 (𝑠, 𝜏) − 𝜆 𝑗𝑗(𝑠, 𝜏)𝑣𝑗𝑗
𝑖 (𝑠, 𝜏)] 𝑑𝜏,

𝑗 = 1, … , 𝑛; 𝑖 = 1, 2; (11)

𝑥𝑗
𝑖𝑠(𝑠, 𝑡) = 𝜓𝑗

𝑖𝑠(𝑠) + ∫
𝑡

0
{𝜆 𝑗𝑗−1

𝑠 (𝑠, 𝜏)𝑣𝑗𝑗−1
𝑖 (𝑠, 𝜏) − 𝜆 𝑗𝑗

𝑠 (𝑠, 𝜏)𝑣𝑗𝑗
𝑖 (𝑠, 𝜏)+

+
𝑗

∑
𝑘=𝑗−1

(−1)𝑗−𝑘+1𝜆 𝑗𝑘(𝑠, 𝜏) [𝑔𝑘𝑗
𝑖1 (𝑠, 𝜏)𝑥𝑗

1𝑠(𝑠, 𝜏) + 𝑔𝑘𝑗
𝑖2 (𝑠, 𝜏)𝑥𝑗

2𝑠(𝑠, 𝜏)] } 𝑑𝜏,

𝑖 = 1, 2; 𝑗 = 1, … , 𝑛; (12)
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𝜆𝑗𝑘
𝑠 (𝑠, 𝑡) = 𝑑

𝑑𝑠𝜆𝑗(𝑠, 𝑡, 𝑥𝑘
1(𝑠, 𝑡), 𝑥𝑘

2(𝑠, 𝑡)); (13)

𝑔𝑘𝑙
𝑚𝑟(𝑠, 𝑡) = ∬

𝐷𝑘
0𝑥1𝑥2

𝜑𝑘Π𝑘𝜉2𝑥𝑚𝑥𝑟 𝑑𝜉1𝑑𝜉2 − 𝑎2
𝑘

2
∑
𝑖=1

∬
𝐷𝑘

𝑡𝑥1𝑙2
𝑖

𝑓 𝑖
𝑘Π𝑘𝜉1𝑥𝑚𝑥𝑟 𝑑𝜉1𝑑𝜏+

+
𝑘+1
∑
𝑖=𝑘

∬
𝑆𝑖

𝑡

𝜔𝑖
𝑘Π𝑘𝑥𝑚𝑥𝑟 𝑑𝜉1𝑑𝜉2 − 𝑎𝑘

2
∑
𝑗=1

𝑘+1
∑
𝑖=𝑘

∬
𝑆𝑖

𝑡

𝜔𝑖
𝑘Π𝑘𝜉𝑗𝑥𝑚𝑥𝑟 𝑑𝜉𝑝(𝑗)𝑑𝜏−

−𝑎2
𝑘

2
∑
𝑗=1

𝑘+1
∑
𝑖=𝑘

∬
𝑆𝑖

𝑡

𝑣𝑘𝑖
𝑗 Π𝑘𝑥𝑚𝑥𝑟 𝑑𝜉𝑝(𝑗)𝑑𝜏 + ∭

𝐷𝑘
𝑡

𝐹𝑘Π𝑘𝑥𝑚𝑥𝑟 𝑑𝜉1𝑑𝜉2𝑑𝜏, (14)

𝑚, 𝑟 = 1, 2; 𝑙 = 𝑘, 𝑘 + 1; 𝑝(𝑗) = 2 − 2−1[1 + (−1)𝑗]; 𝑘 = 1, 2, … , 𝑛;

𝑔𝑘𝑙
𝑚𝑟(𝑠, 𝑡) = 𝑔𝑘𝑙

𝑟𝑚(𝑠, 𝑡).

Definition 3. Problem A (1)—(5) is equivalent to system B (10)—(12) if every
regular classical solution of problem A (1)—(5) generates, by virtue of (8) and (9),
a continuous solution of system B (10)—(12), and conversely every continuous
solution of system B (10)—(12), satisfying inequality (6), generates, by virtue of
(8) and (9), a regular classical solution of problem A (1)—(5).

Theorem 1 (equivalence). Suppose that for the initial data of problem A
the following conditions are satisfied:

1) 𝐹 𝑘(𝑥1, 𝑥2, 𝑡), 𝐹 𝑘
𝑥𝑖

(𝑥1, 𝑥2, 𝑡), 𝐹 𝑘
𝑡 (𝑥1, 𝑥2, 𝑡) are continuous with respect to

𝑥1, 𝑥2, 𝑡, 𝑘 = 1, 2, … , 𝑛;

2) 𝜑𝑘(𝑥1, 𝑥2), 𝜑𝑘𝑥𝑖
(𝑥1, 𝑥2), 𝜑𝑘𝑥𝑖𝑥𝑗(𝑥1, 𝑥2), 𝑘 = 1, 2, … , 𝑛; 𝑖, 𝑗 = 1, 2, are con-

tinuous in 𝑥1, 𝑥2;

3) 𝑓 𝑖
𝑘(𝑥1, 𝑡), 𝑓 𝑖

𝑘𝑥1
(𝑥1, 𝑡), 𝑓 𝑖

𝑘𝑡(𝑥1, 𝑡), 𝑓 𝑖
𝑘𝑥1𝑡(𝑥1, 𝑡), 𝑖 = 1, 2; 𝑘 = 1, 2, … , 𝑛, are

continuous in 𝑥1, 𝑡;
4) 𝜆̄𝑘ℎ(𝑠, 𝑡), 𝜆̄𝑘ℎ−1(𝑠, 𝑡), 𝜔̄ 𝑘𝑖(𝑠, 𝑡) are continuously differentiable with respect

to all arguments;

5) 𝜓𝑗
𝑖(𝑠), 𝜓𝑗

𝑖𝑠(𝑠), 𝑗 = 1, … , 𝑛; 𝑖 = 1, 2, are continuous in 𝑠; [𝜓𝑗
1𝑠(𝑠)]2 +

[𝜓𝑗
2𝑠(𝑠)]2 = 0, 𝑗 = 1, … , 𝑛 + 1; 0 ≤ 𝑠 ≤ 𝑠0;

6) 𝑥𝑛+1
𝑖 (𝑠, 𝑡), 𝑥𝑛+1

𝑖𝑠 (𝑠, 𝑡), 𝑥𝑛+1
𝑖𝑡 (𝑠, 𝑡), 𝑖 = 1, 2, are continuous; [𝑥𝑛+1

1𝑠 (𝑠, 𝑡)]2 +
[𝑥𝑛+1

2𝑠 (𝑠, 𝑡)]2 ≠ 0, 0 ≤ 𝑠 ≤ 𝑠0, 0 ≤ 𝑡 ≤ 𝑇 , 𝑖 = 1, 2.
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7) The compatibility conditions for the initial and boundary data are satis-
fied.

Then problem A (1)—(6) is equivalent to the system of integral equations B (10)
—(12), by virtue of relations (13), (14).

Theorem 2. Under the conditions of Theorem 1 there exists an interval of
time 0 ≤ 𝑡 ≤ 𝑇 ∗, 0 < 𝑇 ∗ ≤ 𝑇 , on which there exists a unique regular solution of
system B (10)—(12), and hence there exists a unique regular classical solution
of problem A (1)—(5).

The proof of Theorem 2 is obtained by the method of contractions.

Definition 4. Suppose that, along with problem A (1)—(5), there is given
problem 𝐴∗ (1∗)—(5∗), differing from problem A (1)—(5) only in that all the
initial data 𝜑𝑘(𝑥1, 𝑥2), 𝑓 𝑖

𝑘(𝑥1, 𝑡), 𝐹𝑘(𝑥1, 𝑥2, 𝑡), 𝑎𝑘, 𝜓𝑘
𝑖 (𝑠), 𝜆̄𝑘𝑘−1(𝑥1, 𝑥2, 𝑠, 𝑡),

𝜆̄𝑘𝑘(𝑥1, 𝑥2, 𝑠, 𝑡), 𝜔̄ 𝑘𝑖(𝑠, 𝑡) are replaced, respectively, by 𝜑∗
𝑘(𝑥1, 𝑥2), 𝑓 𝑖∗

𝑘 (𝑥1, 𝑡),
𝐹 ∗

𝑘(𝑥1, 𝑥2, 𝑡), 𝑎∗
𝑘, 𝜓𝑘∗

𝑖 (𝑠), 𝜆̄𝑘𝑘−1∗(𝑥1, 𝑥2, 𝑠, 𝑡), 𝜆̄𝑘𝑘∗(𝑥1, 𝑥2, 𝑠, 𝑡), 𝜔̄ 𝑘𝑖∗(𝑠, 𝑡). Put

𝜂 = max {max
𝑘

|𝑎𝑘 − 𝑎∗
𝑘|, max

𝑠,𝑖,𝑘
|𝜓𝑘

1(𝑠) − 𝜓𝑘∗
𝑖 (𝑠)|, max

𝑠,𝑖,𝑘
|𝜓𝑘

𝑖𝑠(𝑠) − 𝜓𝑘∗
𝑖𝑠 (𝑠)|,

max
𝑥1,𝑥2,𝑠,𝑡,𝑘

∣𝜆̄𝑘𝑘−1 − 𝜆̄𝑘𝑘−1∗∣ , max
𝑥1,𝑥2,𝑠,𝑡,𝑘

∣𝜆̄𝑘𝑘 − 𝜆̄𝑘𝑘∗∣ ,

max
𝑥1,𝑥2,𝑘

|𝜑𝑘 − 𝜑∗
𝑘|, max

𝑥1,𝑥2,𝑖,𝑘
|𝜑𝑘𝑥𝑖

− 𝜑∗
𝑘𝑥𝑖

|, max
𝑥1,𝑥2,𝑖,𝑗,𝑘

|𝜑𝑘𝑥𝑖𝑥𝑗 − 𝜑∗
𝑘𝑥𝑖𝑥𝑗|,

max
𝑥1,𝑖,𝑘,𝑡

|𝑓 𝑖
𝑘(𝑥1, 𝑡) − 𝑓 𝑖∗

𝑘 (𝑥1, 𝑡)|, max
𝑡,𝑥1,𝑖,𝑘

|𝑓 𝑖
𝑘𝑥1

(𝑥1, 𝑡) − 𝑓 𝑖∗
𝑘𝑥1

(𝑥1, 𝑡)|,

max
𝑡,𝑥1,𝑖,𝑘

|𝑓 𝑖
𝑘𝑡(𝑥1, 𝑡) − 𝑓 𝑖∗

𝑘𝑡(𝑥1, 𝑡)|, max
𝑡,𝑥1,𝑖,𝑘

|𝑓 𝑖
𝑘𝑥1𝑡(𝑥1, 𝑡) − 𝑓 𝑖∗

𝑘𝑥1𝑡(𝑥1, 𝑡)|,

max
𝑥1,𝑥2,𝑡,𝑘

|𝐹𝑘 − 𝐹 ∗
𝑘 |, max

𝑥1,𝑥2,𝑡,𝑖,𝑘
|𝐹𝑘𝑥𝑖

− 𝐹 ∗
𝑘𝑥𝑖

|, max
𝑥1,𝑥2,𝑡

|𝐹𝑘𝑡 − 𝐹 ∗
𝑘𝑡|} ,

0 ≤ 𝑡 ≤ 𝑇 ∗, 0 < 𝑇 ∗ ≤ 𝑇 ,

𝜀 = max [ max
𝑖,𝑘,𝑠, 0≤𝑡≤𝑇 ∗

|𝑥𝑘
𝑖 (𝑠, 𝑡) − 𝑥𝑘∗

𝑖 (𝑠, 𝑡)|, max
𝑠,𝑖,𝑘, 0≤𝑡≤𝑇 ∗

|𝑥𝑘
𝑖𝑠(𝑠, 𝑡) − 𝑥𝑘∗

𝑖𝑠 (𝑠, 𝑡)|,

max
𝑥1,𝑥2,𝑘, 0≤𝑡≤𝑇 ∗

|𝑢𝑘(𝑥1, 𝑥2, 𝑡) − 𝑢𝑘∗(𝑥1, 𝑥2, 𝑡)|] .

sovietrxiv.org/items/ru-196901.14324 Machine Translation

https://sovietrxiv.org/items/ru-196901.14324


The regular classical solution 𝑢𝑘(𝑥1, 𝑥2, 𝑡), 𝑥𝑘
1(𝑠, 𝑡), 𝑥𝑘

2(𝑠, 𝑡), 𝑘 = 1, 2, … , 𝑛, 0 ≤
𝑠 ≤ 𝑠0, 0 ≤ 𝑡 ≤ 𝑇 ∗, 0 < 𝑇 ∗ ≤ 𝑇 , of problem A (1)—(5) is called stable with
respect to perturbations of the initial data if 𝜀 → 0 as 𝜂 → 0.

Theorem 3. If the initial data of problems A and 𝐴∗ satisfy the conditions
of Theorem 1, then the regular classical solution of problem A is stable with
respect to perturbations of the initial data.

Remark. All the results extend also to a quasilinear parabolic equation with
principal part

𝑢𝑘
𝑡 = 𝑎2

𝑘 (𝑢𝑘
𝑥1𝑥1

+ 𝑢𝑘
𝑥2𝑥2

)

and with a free term depending on 𝑥1, 𝑥2, 𝑡, 𝑢𝑘, 𝑢𝑘
𝑥1

, 𝑢𝑘
𝑥2

, to quasilinear boundary
conditions, and also to the case where, along with unclosed phase fronts, there
are closed phase fronts.
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Note: Figure translations are in progress. See original paper for figures.
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