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CYBERNETICS AND CONTROL THEORY

R. GABASOV, F. M. KIRILLOVA

APPLICATION OF THE MAXIMUM PRIN-
CIPLE FOR COMPUTING OPTIMAL CON-
TROLS OF DISCRETE SYSTEMS

(Presented by Academician L. S. Pontryagin on 16 V 1969)

1. A powerful means of optimizing discrete systems may be the discrete analog
of L. S. Pontryagin’ s maximum principle (!). In those cases where its appli-
cation is justified (>~%), the maximum principle makes it possible to replace a
multidimensional minimization problem by a sequence of problems of smaller di-
mension. Unfortunately, in the general case the discrete analog of the maximum
principle does not hold (+9).

Below we propose a method for using the maximum principle, based on replacing
the original problem by auxiliary ones, on solving the latter by the maximum
principle, and subsequently constructing an approximate solution of the original
problem. The idea of this work is consonant with the idea of sliding modes ().

2. In order not to go into “end effects,” consider the optimization problem with
a free right endpoint

x(t+h)=z(t)+ hf(x(t),ult),t),
teT =[ty,tg+h,...,t; =ty + Nh], (1)
x(ty) =y, u(t)eU, Ju)=ep(t)) — rnuin.

Here © = {xzq,...,z,} is the state vector of the object being optimized; u =
{uy, ..., u,} is the control vector; ¢ is time (discrete); h is the sampling period of
time; T is the control interval; U is the set of admissible values; f(x,u,t), ¢(x)
are functions continuous together with df(x,u,t)/0z, Op(z)/0x.

To all possible sequences of admissible controls u(t), ¢ € T, there correspond
trajectories x(t) of system (1). We shall assume that these trajectories are
uniformly bounded with respect to u(t) € U, t € T, h < hy.
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We shall call a control @°(t) = 4°(t,h), t € T, a quasi-optimal control if
J(@%) — J(u®) < kh, where u°(t), t € T, is an optimal control; k is a constant
independent of h.

3. Consider the auxiliary problem

z(t+h) = z(t) + hg(z(t),v(t),a(t),t), teT, (2)

n+1
9(5577)7 avt) = Zaif(xuuiat)v x(to) = Zo; U(t) = {ul(t)v vun+1 (t)}v
i=1

n+1

ul<t) €U, aft)={x(1), "'7an+1<t)}v a,(t) > 0, Zai<t) =1,

i=1

I(v,a) = p(z(t;)) — min.

[INeY

The optimal control v°(t),a®(t), t € T, of this problem satisfies the maximum
condition

H@ 00000700 = max | HE0,00. 0,000 ()

Here H(z,%,v,a,t) = ¢ g(z,v,a,t); 2°(¢) is the optimal trajectory in problem
(2); ¥°(t) is the solution of the system

UO(t— ) = () + hOH (0 (t), 40(8), 00 (), a(8), 8) O,

POty —h) = —0p(2°(ty)) /0.

4. Let v°(t),a’(t), t € T, be a solution of the auxiliary problem (2). We
construct the control @°(t) for problem (1) in the following way. If, for § € T,
the condition af(f) = 1 is satisfied, then we set @°(0) = u*0(9). If, for € T,
the inequalities

m<n+l1, (4)

m?

0<al) <1, P =,y

hold, then we divide the interval [, 0+ h] into I[N parts, where [ is some number
independent of h. We define the control 4%(t) on [0,60 + h] by the equalities
(tr=h/IN):
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a(t) = uh°(0), t=0,0+7,...,0+ [a?1 (0)IN]r,

a0(t) = u2°(9), t=0+[aj (O)INIT+7,...,0 + li a?k(e)lNl 7, (5)

k=1

m—1

z)&wﬂN

k=1

@0(t) = u=0(0), t=60+ T+7T,...,0+h—T.

The constructed control 4°(¢) will be quasi-optimal not only in problem (1) with
the indicated h, but also in problem (1) with quantization period 7 = h/IN.

Remark. To construct the quasi-optimal control 4°(t) of problem (1), it is
sufficient to know the solution of the auxiliary problem (2) only at the points
torto + hy ooty — h.

5. The additional subdivision of the period h for constructing @°(t) is caused
by property (4) of the solution of problem (2). Since it follows from (3) that

9 (0 F (1), (1), 1) = maxy (6)f(2(t), ) (6)

ue
foralli =1,...,n+4+1; t € T, case (4) is possible only when the set f(z,U,t)
is not strictly convex. In this situation the maximum condition (3) becomes

ineffective, since by virtue of (6) the control v°(¢),a®(t) is singular with respect
to the components a’(t), i.e., the function H(x°(t),4°(t),v°(t),a,t) does not

depend on the parameters a,,...,a, ., on the set
n+1

a; >0, Zai =1
i=1

Let us formulate an additional necessary condition of optimality for problem
(2). Suppose that, in addition to the assumptions made, the functions 92g/dz2,
0?%¢/0x? are continuous.

Theorem 1. Ifv°(t),a%(t), t € T, are optimal controls in problem (2), then for
alla, a={ay,...,a,,1}, a; >0, Z?:ll a; =1, on the interval T the inequality

Ang (20(t),00(t),a’ (1), ) WO (1) A, 9(2° (1), 0°(t), a’(2), 1) <0,
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is satisfied, where A, g(x,v,B,t) = g(x,v,a,t) — g(x,v, B,t); WO(t) is an n x n
matriz-valued function solving the system

WOt — h) = WO(t) + hAg(a (1), o0 (¢), a (1), £) /D] WO(t)+

+hW0(t)ag(z®(t),v0(t), a’(t),t) /Ox+

+h2[9g(x°(t),v°(t), a’(t), 1) /0x] WO (1) [0g(2° (), ° (1), a° (1), 1) / O]+

2 I’O UO CLO
+%h1/10/(t) %g( (t>7axgt>7 (t),t) ,
WO(t, — h) = 7%%.

6. Sometimes, in computing the optimal controls of problem (1), it is expedient
to pass to the auxiliary problem

z(t+h) =z(t) + hf(z(t),v(t),t), teT,
x(ty) =xy, v={vy,...,v,.}, v(t)eV,

r+1 r+1
V=<uv: v:Zaiul7 a; >0, Z%‘Zla u el ,,
i=1 i=1

J(v) = p(z(t;)) — min.

v

(7)

If, in addition to the assumptions of item 2, the function f(z,u,t) is differen-
tiable with respect to u, then the optimal control v°(t) of problem (7) satisfies
the maximum condition

OH'(x°(t), ¢° (), °(t),t) OH' (2°(t), ¥°(t),v°(t), t)

ou o) = eV ou v (8)

H(z,¢,v0,t) =9 f(x,v,t).

From the control v°(¢), a quasi-optimal control @°(¢) of problem (1) is con-
structed as follows. If, for § € T, the condition v°() € U is satisfied, we set
a%(0) = v°(9). If, for § € T, the control v°(f) € U, then vectors u’ € U and
numbers «;, o; >0, i =14y, ..., %, will be found,

k k
Z o; =1, such that 0(0) = Z aimu%.
m=1

m=1
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We divide the interval [6,6 + h| into parts by the points 7, = 0 + h/IN, 7, =
0+ 2h/IN,...,;ny_1 =0+ h—h/IN, and set
h [, INTh

i — _ [ T
u*t, for t 9,0+1N,...,0+ N

[a; IN]+1 b [anzl O‘imlN] h

Go(t) = { w2z, fort=0+ L0+

- IN T IN ’
A ol IN] +1 L
u'm, fort=0+ N h,...,@—i—h—m.

7. The maximum condition (8) in terms of the given set has the form

OH' (2°(t),¥°(1),2°(t).1)

t) =
iy 0o (t)
r+1
OH' (z°(1), ¥O(t),v0(t),t) .
C e S @000
u'elU, a;>0, =1 ou
Z::llaizl

It follows from this that when v°(6) € U, or in the case where U is not a strictly
convex set, condition (8) becomes ineffective, since the function

r+1 / IEO 0 rUO .
Zo‘iaH( (t)agu(t), (t),1) wio (1)

i=1

does not depend on the parameters o;, i =1,...,r+1; o; >0, Z:;l o; = 1.
Let us formulate additional conditions which the optimal values of the param-
eters a;, ¢ = 1,...,r + 1, must necessarily satisfy. Suppose that the functions
flx,u,t), (x) satisfy all the conditions imposed above and, in addition, that
f(z,u,t) is twice differentiable with respect to u.

Theorem 2. If v°(t) is an optimal control in problem (7), then for all a; > 0,
r+1

Zai =1, andt € T, the inequality

i=1

r+1 r+l
> (a;—a?() )| Q)Y (a; — a?(1) w(t) 0.

holds.
Here a(t), u’°(t) are such that

i
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Q(t) — 8f/(mo(ta)zlvo<t)?t> \I’O(t)

Of(2°(t),°(t),t)  10*H(2°(t),°(t),v°(t), 1)
ou +§ Ou? ’
Y0(t), UO(t) being defined as above for g(z,v,a,t) = f(x,v,1).
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