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(Presented by Academician Yu. V. Linnik on 23 IX 1968)

1°. The object of study of the present paper is the relation of independence
of subsemigroups of a semigroup. The corresponding concept is quite natural
and clearly deserves study. It may be regarded as a natural analogue of the
idea arising in group theory in defining the very important concept there of a
free decomposition of a group. However, the following circumstance is found.
Whereas in group theory there are several approaches to the concept of a free
decomposition which are equivalent to one another, in semigroup theory the cor-
responding concepts are no longer equivalent. One of them leads to the concepts
considered below of independence of subsemigroups and decomposition of semi-
groups into independent products. Further investigation of these concepts leads
to a theory substantially different from the theory of free decompositions in its
usual sense. This is directly connected with the fact that the transfer beyond
the limits of group theory of the theory of free decompositions developed there,
successfully carried out for a number of classes of algebras (see (1)), has not in
fact been accomplished for the class of semigroups. We note that, in connection
with the study of the concept of independence of subsemigroups that is basic for
this article, there appears the auxiliary concept of a unit-ideal subsemigroup,
which may also be of independent interest, being a new generalization of the
important concept of an ideal.

2°. Definition. A nonempty subset 𝔎 of a semigroup 𝔄 will be called a unit-
ideal subsemigroup of the semigroup 𝔄 if, for all 𝑧 ∈ 𝔎 and 𝑎 ∈ 𝔄, the
product 𝑎𝑧 is equal to 𝑎 or belongs to 𝔎, and the product 𝑧𝑎 is equal to 𝑎 or
belongs to 𝔎.

3°. Let us indicate several of the simplest properties of unit-ideal subsemigroups
of a semigroup 𝔄.

(𝛼) A unit-ideal subsemigroup is indeed a subsemigroup.

(𝛽) Every ideal 𝔄 is its unit-ideal subsemigroup (in particular, 𝔄 itself).

(𝛾) A subset consisting of a single unit element of 𝔄 is a unit-ideal subsemigroup.
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(𝛿) If 𝔎 is such a subsemigroup of 𝔄 that 𝔄 ∖ 𝔎 consists of one element, then 𝔎
is unit-ideal.

(𝜀) The union of any family of unit-ideal subsemigroups is a unit-ideal subsemi-
group.

(𝜂) The intersection of any family of unit-ideal subsemigroups, if it is nonempty,
is a unit-ideal subsemigroup.

(𝜁) A group has no unit-ideal subsemigroups other than itself and the identity
subsemigroup.

In connection with properties (𝜀) and (𝜂), we note that the general theory of
systems of subsets with such properties, developed in (3), No. 2, Ch. IV, is
applicable to unit-ideal subsemigroups.

4°. Let 𝔎 be a unitary ideal subsemigroup of the semigroup 𝔄. Denote by 𝔑𝑙
𝔄

the set of all 𝑥 ∈ 𝔎 such that 𝑎𝑥 ∈ 𝔎 for all 𝑎 ∈ 𝔄, and by 𝔑𝑟
𝔄 the set of all

𝑥 ∈ 𝔎 such that 𝑥𝑎 ∈ 𝔎.

We shall say that 𝔎 satisfies condition 4∘ if, for all 𝑢 ∈ 𝔎 ∖ 𝔑𝑙
𝔄 and 𝑏 ∈ 𝔄 ∖ 𝔎,

one has 𝑏𝑢 = 𝑏, and for all 𝑣 ∈ 𝔎 ∖ 𝔑𝑟
𝔄 and 𝑏 ∈ 𝔄 ∖ 𝔎, one has 𝑣𝑏 = 𝑏.

5°. Theorem 1. If a unitary ideal subsemigroup 𝔎 of the semigroup 𝔄 satisfies
condition 4∘, then 𝔑𝑙

𝔄 is a left ideal of 𝔄 or is empty, and 𝔑𝑟
𝔄 is a right ideal

of 𝔄 or is empty.

6°. In connection with 5° we note that, in the case under consideration, each
element 𝑏 ∈ 𝔄 ∖ 𝔎 induces in 𝔑𝑙

𝔄 a left-shift transformation, for which we fix
the notation 𝜑𝔄

𝑏 (𝜑𝔄
𝑏 𝑥 = 𝑏𝑥; 𝑥 ∈ 𝔑𝑙

𝔄).
In what follows we shall regard 𝜑𝔄

𝑏 as an element of the semigroup of all trans-
formations of the set 𝔑𝑙

𝔄. Similarly, the element 𝑏 induces in 𝔑𝑟
𝔄 a right-shift

transformation, which we shall denote by 𝜓𝔄
𝑏 (𝜓𝔄

𝑏 𝑥 = 𝑥𝑏; 𝑥 ∈ 𝔑𝑟
𝔄).

7°. Let 𝔐 be some nonempty subset of the semigroup 𝔄. A pair of words over
𝔐, joined by an equality sign,

𝑥1𝑥2 … 𝑥𝑝 = 𝑦1𝑦2 … 𝑦𝑞

is called a relation over 𝔐 if the values of these words in 𝔄 are equal.

Let Γ be some set of subsemigroups of the semigroup 𝔄. We shall call a re-
lation over 𝔐 reduced with respect to Γ if no subsemigroup 𝔄𝜉 ∈ Γ contains
simultaneously two adjacent 𝑥𝑘 and 𝑥𝑘+1, or two adjacent 𝑦𝑙 and 𝑦𝑙+1.

8°. Definition. A set of subsemigroups Γ = {𝔄𝜉}𝐼 of the semigroup 𝔄 will be
called independent if no 𝔄𝜉0

(𝜉0 ∈ 𝐼) is contained in the union of the remaining
𝔄𝜉, and if on the set ⋃𝐼 𝔄𝜉 there are no nonidentical relations reduced with
respect to Γ.
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If the set Γ is independent and ⋃𝐼 𝔄𝜉 is a generating set in the semigroup 𝔄, then
we shall say that 𝔄 decomposes into an independent product of subsemigroups
from Γ.

It is obvious that, for an independent set Γ, the subsemigroup generated by it,
𝔄′ = [𝔄𝜉]𝐼 , decomposes into an independent product of subsemigroups from Γ.

9°. A group is a free product (in the sense of group theory) of a set of its
subgroups Γ if and only if it is their independent product in the sense of 8°.
Incidentally, let us mention that the condition that none of the components of
a free decomposition should be contained in the union of the others (or some
essentially analogous condition) must also be imposed in the definition of a free
product in group theory, although this is often not done explicitly.

10°. Free products of groups with a common nonunit subgroup are never in-
dependent. At the same time, for any semigroup ℌ one can find a semigroup
𝔄 which is an independent product of certain subsemigroups 𝔄1 and 𝔄2, with
𝔄1 ∩ 𝔄2 = ℌ.

This shows especially convincingly that the construction of the independent
product within semigroup theory is essentially different from the free product,
as it is usually formulated by analogy with the way this is done in group theory.

11°. Let a semigroup amalgam be given, i.e. an arbitrary system of semigroups
Γ = {𝔄𝜉}𝐼 , which may have various pairwise intersections. It is assumed here
that the operations in the semigroups agree on their intersections. In full gen-
erality the question of when such a semigroup amalgam can be embedded in a
semigroup appears at present to be too difficult. It is known that this is possible

not always, even for a system consisting of two semigroups, and even when they
are groups (see (2), (3), Ch. X, § 5; correcting the misprint there presents no
difficulty).

It is true, as is known from group theory (see, for example, (4)), that in the case
where the intersection of these two groups is a group, the amalgam is always
embeddable in a group.

A number of investigations relating to the problem of semigroup amalgams were
carried out by Howie (5–7).

12°. The question of when there exists an oversemigroup 𝔄 of the semigroups
𝔄𝜉 (𝜉 ∈ 𝐼), decomposing into their independent product, may be regarded as a
special case of embedding a semigroup amalgam in a semigroup.

If such an oversemigroup 𝔄 exists for a given system, then it is essentially unique.

13°. Theorem 2. Let 𝔎 be the intersection of two semigroups 𝔄1 and 𝔄2,
whose operations are compatible, i.e. coincide on the elements of 𝔎. In order
that there exist an oversemigroup 𝔄 of the semigroups 𝔄1 and 𝔄2, which is their
independent product, it is necessary and sufficient that 𝔎 be empty or distinct
from both 𝔄1 and 𝔄2 and satisfy the following three conditions:
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1) 𝔎 is a two-sided ideal subsemigroup satisfying condition 4∘, both for 𝔄1
and for 𝔄2;

2) ℜ𝑙
1 = ℜ𝑟

2, ℜ𝑟
1 = ℜ𝑙

2;

3) For any 𝑏1 ∈ 𝔄1 ∖ 𝔎 and 𝑏2 ∈ 𝔄2 ∖ 𝔎, if ℜ𝑙
1 = ℜ𝑟

2 ≠ ∅, the following must
hold:

𝜑(1)
𝑏1

𝜓(2)
𝑏2

= 𝜓(2)
𝑏2

𝜑(1)
𝑏1

,

and if ℜ𝑟
1 = ℜ𝑙

2 ≠ ∅:

𝜓(1)
𝑏1

𝜑(2)
𝑏2

= 𝜑(2)
𝑏2

𝜓(1)
𝑏1

.

(Here, for ℜ, 𝜑, 𝜓, instead of the index 𝔄𝑖, the index 𝑖 is used.)

14°. In connection with condition (3) of 13°, we note that for a semigroup ℌ
such that ℌ ⋅ ℌ = ℌ, every left shift is always permutable with every right shift.
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