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1°. By P(V) and A(V) we denote (respectively) the group of all projective and
the group of all affine transformations in the Riemannian space * V. Obviously,
P(V) D A(V). As is known, both indicated groups are Lie transformation
groups. Let Py(V) and Ay(V) be the connected components of the identity of
the indicated groups. The present article is devoted mainly to the proof of the
following theorem.

Theorem 1. If a complete analytic Riemannian space V of dimensionn > 3 is

not a space of constant positive curvature, then the group Py(V') coincides with
Ay(V).

2°. Let us recall some facts from the theory of projective transformations of
Riemannian spaces (!). Suppose a projective mapping is given from the space
V onto some other space V. In any local coordinate system common to the
mapping, the equalities hold

() = T () + 630, () + 6.0, (@),

where 6, is the gradient of the function

1 A(z)

S nm (n=dimV = dim V),

O(x) =

defined on the whole space V; here A(xz) denotes the discriminant of the
quadratic form determining the metric of the space V' at the point x. In the
case when the spaces V and V are analytic, the function 6 is also analytic.

Let G = {g, | —o00 <t < 00} be a one-parameter subgroup of the group P(V).
From what was said above it follows that

T (z,t) = T (x) + 850, (2, 1) + 6;.0,(x, 1),

sovietrxiv.org/items/ru-196901.13419 Machine Translation


https://sovietrxiv.org/items/ru-196901.13419

where F;k(:mt) are the coefficients of the “carried along” connectionxx at the
point x. In this case

B 1 A(z,t)
Oa.t) = 2(n+1) n Az) '

where A(x,t) is the discriminant of the carried-along metric at the point z. In
what follows an important role is played by the function ¢ (x) = —00(x, t)/0t|,_-
If the space V is analytic, then ¥ (z) is an analytic function defined on all of V.

To the subgroup G there corresponds a vector field

§(x) = Ogy(x) /0ty (V)

on V. Consider the tensor field §; ;) = & ; + &;,;- We shall call a point x
ordinary with respect to the group G if the number of distinct roots

x A projective transformation of the space V' is a diffeomorphism preserving the
system of geodesic lines; an affine transformation is a diffeomorphism preserving
the affine connection of the space V.

x* The transformation g, induces in the space V' a new, “carried-along” connec-
tion (at an arbitrary point x € V this connection is obtained by carrying the
connection of the space V' at the point g_,(z) by means of the transformation
g;)- The quantities F;k(m) and I‘é.k(x,t) are the coefficients of the original and
the carried-along connections in one and the same local coordinate system.

A1y o5 Ay, of the equation det(§; ;) —Ag;;) = 0 are constant in some neighborhood
of this point.

Proposition 1. Let G C P(V), G ¢ A(V), and let  be ordinary for G. Then,
in some local coordinate system in a neighborhood of this point,

ds® = dw} 4 dw3 + - + dw?, (1)
§g datda? = Nydw + Apdw3 + - + N dwy, (2)
where
p p
dw? = [['1fs—falds2,  Ay=fa+ > f3 (@=1,2,...p);
B=1 B=1

moreover, the function ¢ has the form
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1 p
=35 Js (3)

Let us explain what has been said. In the notation (1) it is assumed that the
coordinates ', 2%, ..., 2™ are divided into p > 1 groups (z1), (z%2), ..., (z'»), and:
1) ds? is a positive definite metric form depending only on the coordinates z‘=;
2) f, is a function of z'«, if the group (z'e) consists of only one coordinate;
f,, = const, if the group (x%~) contains more than one coordinate; at least one
of the functions f,, is nonconstant; 3)

p

117175 — 1.l

p=1
denotes the product of the differences | Is — fol over all 8 = 1,...,p, except
B=o; fo # [ for a#p.

If the space V is analytic, then the forms ds? and the functions f, are also
analytic.

Let, for definiteness, the nonconstant functions be fi, f5,..., f,, and f.,; =
const, ..., f,, = const (0 < r < p). The forms ds?,...,ds? are, of course, one-
dimensional; we shall take them equal to (dx')?, ..., (dx")? (respectively). Thus,

ds? =1U|f5 — fil(da')? + - + 11| f5 — f,|(dz")*+

+H/|fﬁ*fr+1|d53+1+"'+H/|fﬁ7fp|d812f (4)
The metric
*ds? =1\ fg — fil(da')? + - + | f5 — f,|(dz")*+
I | fg = frpal(dy™ 1) + - + T'| f5 — f,|(dyP)?
(where the coordinates are the p variables x!,... 2",y ™! ... yP) is called the

metric associated with (4).

Proposition 2. If *ds? does not have constant curvature and p > 3, then the
components & (z) of the vector £(x) (a = 1,...,p) depend only on the coordi-
nates ' of the same group (i.e., on ds?); in particular, &8 = £(at), ..., & =
& (x"). Taking this fact into account, from (2) there follow the equations

g df;/da’ = f} —cfi +a, ()
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2d¢' fdat = (3—p)f; —c(p—1), (6)

where a and c are constants. As for the remaining functions f,q,..., f,, these
must be roots of the equation f? + c¢f +a = 0 (in particular, the number p — r
of such functions does not exceed two).

3°. Proof of Theorem 1. Arguing by contradiction, suppose that dim P(V) >
dim A(V). Then there exists a one-parameter group G belonging to P(V'), but
not contained in A(V). From what was said above there follows the existence
in the space V of a domain U and, in it, a local coordinate system in which (1),
(2), and (3) hold. Two cases are possible.

Case 1. The associated metric ds? does not have constant curvature. Consider
the trajectory of some point zo(zg, ..., 25) € U under the action of the group G:
x(t) = g,(zy). Along a segment of the trajectory lying in the domain U, each
of the functions f;(x%) (i =1, ...,7) is transformed into a function f;(¢), defined
on some set of values of ¢. As for the function ¥ (z), defined on the whole space
V, along the indicated trajectory it is transformed into a function ¥*(t), defined
and analytic on the whole t-axis. By virtue of (5) we have

dff/dt = fi? + cff +a,

whence it follows that f; is one of the functions

—c/2+ ktgk(t+¢;) (for D < 0); (7)
—c/2 — kthk(t+¢;) (8)

—c/2 — kcthk(t + ¢;) (for D > 0); 9)
—c/2—1/(t+¢;) (for D =0), (10)

where D = ¢?/4 —a and k = |D|'/2. But for all values of ¢ from some interval
we have
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Hence, from the condition that ¢*(¢) is analytic on the whole t-axis, it follows
that the cases (7), (9), and (10) are impossible, i.e., necessarily one must have
D > 0and f/(t) = —c/2 — kthk(t + ¢;). In particular,

H1 < ﬂ(%) < Ko (Z = 13 ...,7‘), (11)

where p1; and p, are the roots of the equation f2 + c¢f + a = 0. Changing, if
necessary, the numbering of the coordinates x!, 22, ..., 2", one may assume that
the inequalities f,(z}) < fo(2?) < - < f.(xf) hold. Thus,

py < fr(xg) < fo@f) < - < frlxh) < po.

Eliminating the function & from equations (5), (6), and taking into account the
condition D > 0, it is easy to obtain, for the functions f;(x!),..., f.(z"), the
differential equations

(p+1)/4D
)

dfi/daxt = A;(If; — pol 71| f; — puy |2 (A; = const # 0). (12)

For any solution of such an equation satisfying the initial condition (11), there
exists an interval of monotone increase from pi; to py (if 4; > 0) or an interval of
monotone decrease from p, to p; (if A; < 0). Using this, one may, starting from
z}, by a monotone change of the coordinate z! arrange that the value of the
function f;(x!') (or of its analytic continuation), increasing, comes arbitrarily
close to the value f,(z2). Let, for example, 4, > 0. Consider the arithmetic
n-dimensional space R" and in it the curve v: 2! = ¢, 22 = 22,...,2" =
x?, corresponding to the indicated change of the coordinate z! (z} < t <
zdo, f1(xdo) = f2(22)). In some neighborhood of the curve v in R" the quadratic
form (4) remains positive definite and analytic. Thereby some neighborhood of
~ is transformed into an analytic Riemannian space. Denote the latter by V’;
one may assume that V'’ is simply connected. The length of the curve v in V" is
obviously finite. The spaces V' and V are Riemannian analytic, and moreover
some neighborhoods of the points (z},...,z%) € V' and z, € V are isometric.
Since V” is simply connected and V is complete, the indicated isometry extends
to a (single-valued) locally isometric mapping of V' into V. Thus, V' (and
consequently also v) may be regarded as immersed in V. But in a neighborhood
of the point z, € V we have

r 2
[grad g2 = g, = 3 27

b)
i—1 Yii

and under the above-indicated change of the coordinate x' this expression will
tend to infinity (for g;; — 0 and gy — 0), whereas the limit -
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values for f; and f} are nonzero by virtue of (12)). This contradicts the com-
pleteness of the space V, and also the fact that the function v is defined and
analytic on all of V. Thus, assuming that ds? does not have constant curvature,
we arrive at a contradiction—case 1 is impossible.

Case 2. The metric d$2 has constant curvature K. Put
p
Fo=T[1fs—ful.  ds3=Fy(dz')? + -+ F,(da")?,
p=1

then ds? can be written in the “semi-reduced” form

d82 = ng + FT+1dS%+1 +o T+ desp2

(the functions F,., , ..., F}, depend on the variables from ds3); here the associated
metric

d3? = dsg + F,py (dy™)? + - + F,(dyP)?

has constant curvature K.

Let K > 0. Consider an r-dimensional totally geodesic leaf carrying the metric
ds3. The maximal analytic continuation (see (?)) of this leaf in the space V
is a complete Riemannian space T'; its universal covering T in the case K =0
is the Euclidean space E", and in the case K > 0 is the sphere S”. From the

expression for the functions F,,y,...,F, ((1),89) it is easy to see that, under

analytic continuation to the whole space f’, each of them vanishes somewhere.*
Hence it follows (?) that each of the metrics ds? 1y dsf, has constant positive
curvature, and in such a way that the entire metric ds? has constant curvature
K.

Let now K < 0. We shall use the following obvious proposition. If M and M
are two complete Riemannian spaces of constant negative curvature and ¢ is a
projective mapping of one of them onto the other, then ¢ is a homothety (and,
when the curvatures are equal, an isometry).

Consider, as in the case K > 0, a totally geodesic submanifold T' of the space
V. The restriction g,|, is a projective mapping of the submanifold 7" onto some
other submanifold g,(T'). Since both spaces T' and g,(T") have constant negative
curvature, the mapping g,|r is a homothety. It follows easily that the function
1 associated with the given group G is constant, and this means that G C A(V).
The theorem is completely proved.

4°. As shown in (1), a metric of the form (4) is reducible only in the case when
the associated metric has constant curvature zero. But, as was shown above, in
this case the metric (4) itself has constant curvature zero, or else all the functions
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fis-+, f, are constant. Hence, by the well-known theorem of Levi-Civita (see,
for example, (1)), it follows that the space V (complete analytic) admitting a
non-affine projective transformation is locally irreducible.

On the other hand, it is not difficult to show that in a locally irreducible com-
plete space V' the group A(V) coincides with I(V)—the group of all isometric
transformations of the space V. Hence the following addition to the theorem
proved above follows.

Let V' be complete and analytic. If V is locally reducible, then the group P(V)
coincides with A(V). If V is locally irreducible and does mot have constant
positive curvature, then the group Py(V) coincides with 1,(V).
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* Note that among the indicated functions there are no constants; this follows
from the fact that at least one of the functions fi, ..., f, is nonconstant.
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