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ARY

(Presented by Academician S. L. Sobolev on May 13, 1968)

A solution of a homogeneous elliptic equation that is smooth inside a domain
may grow as it approaches the boundary. We determine the exact order of
growth of the solution and of its derivatives as a function of the differential
properties of the right-hand sides of the boundary-value problem. In addition,
we obtain estimates that generalize the well-known maximum principle to gen-
eral boundary-value problems. All the results listed below will be obtained on
the basis of estimates for derivatives of Green’ s functions established in (1).

Consider the boundary-value problem

Lu=0 forxze Bju=¢;(z) forxeS. (1)
Here j = 1,...,m;  is a closed bounded domain of n-dimensional space (n > 2);
x = (xq,...,2,); S is the boundary of Q; £ is an elliptic operator of order 2m,

defined in ; B; are differential operators of order m; < 2m — 1, defined on S:

o8l
£= > ag)Di,  Bj= > bjx)Ds (Dg = |
o<igl<2m 0<|g[<m, Oxy* -+ Oy

Our assumptions concerning the operators £, B; and the boundary S are as
follows: £ is properly elliptic; the B; cover £; all coefficients ag(z) € Chtl(Q),
bg(x) € C1*1(S); the boundary S € C'+#2™+1 in the sense of (?); [, is an integer

satisfying the condition l; > max(2ly — 1,1, + 1), where [y = max;(2m —m;).

Let x; € S be an arbitrary point; " = V(x) an invertible change of coordinates
that straightens the boundary in a neighborhood of z,. The transformation
2’ = V(z) maps the part S — 5.4 onto a piece of the plane x, =0, |z < d;

=/

¥ = (xf,...,x),_1); d >0 is a constant depending on S.
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Let r > 0 be an integer satisfying the condition r < max; m.

We shall assume that for those j for which m; > r, the function ¢ () is repre-
sentable in the form

(V@) = Y Del@),« (2)

O§|,3|§mj7r

where the functions @glﬂ)(:i’) are defined for |Z’| < d and have derivatives

Dg,@%(f/). The representation (2) holds in each neighborhood S, ;, where
Sy a2 (1=1,...,Ny) is a system of neighborhoods covering S.

Define the constants:

Kyj=max 37 [e);

i1<d’
0<|[B|<m j—r l&7l<
~/
K., = max ‘q)@ =
jor = 1K > ial,,
O§|ﬁ\§mj7'r
Here the maximum is taken over all i = 1,..., No; |- [x.p, | * |g4a,p are norms

in the spaces C*(D) and C***(D) (see, for example, (2)); k > 0 is an integer;
O0<a<l

In what follows, by p(z) we denote the distance from x € € to S; |u[, is the
integral of |u(x)| over Q.

Theorem 1. Let u(z) € C?™*+hi~lote(Q) be a solution of problem (1); 7 > 0
an integer; [y —2m +1+4+1r > 0.

Then any derivative D} u(z), for z lying inside Q, ¢ < 2m + [, — [, admits the
estimates:

|Diu(z)] < M{[p(x)]" " + 1} (Z 1Ko + ZQl@j'ffijra + |U|L1> , (3)

|DLu(z)| < M{[p(z)]" + |Inp(z)| + 1} <Z K+ Zz|§0j|§fmj + |UL1> )
(4)

where ) extends over those j for which m; > 7, and }_, over those j for which
m; < r; Inp(z) may be omitted if r — ¢ # 0; the constant M (here and below)
depends only on the coefficients of £, B;, the boundary S, and the numbers
r,t,n,m,a.
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The proof is based on the following representation of the solution u(x), obtained
in (1):

u@) =3 8 @) dytoy(e) = uy@) +og(e). N =2 +nes

j=1
Here g;N) (z,y) are the principal parts of the Green functions of problem (1),
and uy(z) is the principal part of the solution.

Consider the function
ux () = [ 5w, ) dy. (5)
S

Let j be such that m; > r. In order to obtain an estimate of DﬁuNj (z) for x

lying inside €2 in a neighborhood of the point z; € S, it suffices for us to obtain
an estimate of the function

i (@) = [ 9 @) x(w)e, ) do
S

where x(y) is an everywhere infinitely differentiable function equal to 0 for
ly— x| = d; x(y) =1 for [y —a;| < d/2.

After the change of variables ' = V(z), ¢y = V(y), taking (2) into account, we
obtain

uy, (V@) = Y ua(a), (6)

J
og\ﬁ\gmrr

vp(a’) = (—1)% / D {[9§N><x,y>x<y>1x_v1<x/>D<y'>} D ,5(7) i

y=vV'(y)

Here dy’ is the area element of the plane y/, =0, dy = D(y") dy’.

If |3] = m; — r, then we write D¥ v4(z’) in the form

DEy(a) = (—1))7 / ey {[9§-N><x,y>x<y>] ) X D@')} (@555 )~ ()] df -
TS ')

Now, taking into account the estimates for the derivatives of QE-N) (x,y) (1):
s (N
D055, (w,y)] < Mllz —y|* + [ In|w —y|| + 1] (8)
where A\=m,—n+1—1t—s, and In |z — y| may be omitted when X # 0, from

(7) we obtain
[ DEvg(a)| < M [(],)" 54 + 11K, (9)

Here D is any derivative of order k; 2’ lies inside the half-ball |2/| < d/2;
x;, > 0. The terms entering into (6), for |3| < m; —r, are estimated directly
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with the aid of (8), and, consequently, estimate (9) is valid for any 8. Therefore,
on the basis of (6), (9) we obtain

| Diuy, ()] < M {[p(x)]"F* + 1} K. (10)

Here z is any point inside Q.

Let now j be such that m; < r. In this case we write D’;uNj (z), for = lying
inside €2, in the form

Db, (2) = [ DEGY (@), 0) ~ Puw)) dy+
S

+/D§9§N) (2, y) Py (y) dy = v'(z) + 0" (2), (11)
S

where P,(y) is the Taylor polynomial of order ¢t = r —m; of the function ¢;(y)
at the point z* € S—the point of S nearest to x, so that the estimate holds:

0;(y) = Pu(y)l < Mlgjli, sale —yl ™t (12)

With the aid of this estimate and estimates (8) we obtain:

[0 ()] < M" {[p(@)]" "+ + 1} ]2, o

An analogous estimate for v”(x) follows from the properties of the operator 9§N)
(see (1)). Therefore we have:

Dy (@)] < M {[p@)) 5 4+ 1} )] o (13)

We have obtained estimates of D¥u N, () in terms of the Holder norms of the
s

right-hand sides. Estimates of DFu N, (z) in terms of K, [p; r—m, are derived

analogously, with the only difference that in (11) the difference @jﬂ@’) —®,5(2)
is replaced by ®;5(y’), and instead of estimate (12) the estimate is used:

03 (y) = Po(y)| < Mlg,li,, o — gyl

for t =r—m;—12>0;if r —m; =0, then in (11) one should put P,(y) = 0.

For the function vy (x) the estimate is valid
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1 2
D030 (3,32, + s, ).
J J

which follows from the definition of this function as the solution of an elliptic
boundary value problem with obviously smooth right-hand sides (see (!)). The
theorem is proved.

Theorem 2. Let u(z) € C?™~%(Q) be a solution of problem (1), l[; —2m+1+r >
0, r an integer, 0 < r < 2m.

Then the estimate holds

1 2
|’u’|7§‘l+oz < M (Z Kja + Z |SOJ ffijra + |u|L1) . (14)
J J

To derive this estimate it is enough to use estimate (3) for ¢ < r + 1 and one
estimate from (?), p. 175.

Let us note that estimate (14), for » > m’ (m’ is the maximal order of dif-
ferentiation in the direction of the normal to S occurring in the operators B;
(j =1,...,m)), was obtained in (?). Next we shall obtain estimates that may
be called a generalization of the maximum principle.

Let Dﬁ, be any derivative of order k > 0 with respect to the variables
x, ..., %1, where 27, ...,z is a local coordinate system in a neighborhood of
some point x, € S; 2, = 0 is the equation of S in a neighborhood of z,. We
shall regard the derivative Dg’z, as defined in the boundary strip of the domain
Q (p(z) < d).

Introduce the operators Ej, defining them as follows:

By= > blx)Ds.

j T
O§|ﬁ\§mj

Here ?)jﬁ(x) are functions defined in €2, and Ejﬁ(w) = bjg(z) for z € S5 all

T)jﬂ(m) € C'"*1(Q). The operators §j are defined in  and coincide on S with
the operators B,.

Lemma 1. The following estimates are valid:

|DLDE B (@, y)| < M{lp(a))*|e =y~ + |z =y + 1}, (15)
where A =m;—m;, —k—t—n+1, t <ly, k<l —ly+2m—m; (i,j=1,...,m).

For the proof, write DZD’;EZ&’;M in the form
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~ (N N
+{DZD’;B1-9§ '(2,y) — [DL,DEB,S, )<f”vy)]$:z*}’ (16)

where 2* € S, |z* —y| = | — y|. Note that the first term in (16) is a smooth
function of z*,y, since Bigg»m(ac,y) = hgy)(x,y) (see (1)). Therefore, using,
to estimate the derivatives of the same name entering the braces, Lagrange’ s
finite-increment formula, with the aid of (8) we obtain (15).

Theorem 3. Let u(x) € C*m+ta~lo(Q) be a solution of problem (1); m; <r <
2m + 1 — 1y, r an integer.

Then the function Dgfmigiu(x) in the boundary strip  (p(x) < d) admits the
estimate

‘D;*mgzu(x)‘ <M (Z I+ Zz|§0j|§7mj + U|L1> : (17)
j J

where )., >, are the same as in Theorem 1.

The proof is carried out according to the same scheme as in deriving estimate (4).

One need only write everywhere, instead of D¥, D;fm"gi, and, when considering
the integrals (7), (11), use the estimates (15).

In the case of the Dirichlet problem (B; = &/~ /0v7~"; 9/dv is the derivative
along the normal to S, j = 1,...,m), from (17) there follows the estimate
obtained in (3):

m
|u|§r2171 <M (Z |%0t|7€17j + |U|L1> :

Jj=1
We note that the estimates of Theorems 1-3 remain valid also for generalized
solutions of problem (1), if the o () in (1) are regarded as generalized functions.
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