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MATHEMATICS

I. N. PESIN

MAPPINGS QUASICONFORMAL ON THE
AVERAGE
(Presented by Academician M. A. Lavrent’ev, 18 XII 1968)

Let 𝑝(𝑧), 𝜃(𝑧) be the characteristics of a quasiconformal mapping 𝑤(𝑧); 𝑝(𝑧) is
defined almost everywhere; 𝜃(𝑧) is defined almost everywhere on the set {𝑧 ∶
𝑝(𝑧) > 1}. The classical theory of quasiconformal mappings concerns the case
𝑝(𝑧) < 𝑀 , in which there is an existence and uniqueness theorem (1). It is
known that in the case of an unbounded characteristic 𝑝(𝑧) the global properties
of the class of mappings are destroyed. This also applies to mappings with
characteristic 𝑝(𝑧) satisfying the condition

∬ 𝑝𝑛(𝑧) 𝑑𝜎𝑧 < ∞. (1)

Whatever natural number 𝑛 may be, such mappings form a non-uniformly con-
tinuous class, in whose closure there are discontinuous mappings. Therefore
it has been preferable to consider classes of inverse mappings possessing the
property of uniform continuity (see, for example, (2,3 )). Nevertheless, a global
theory can be developed for classes of mappings with an unbounded character-
istic satisfying a boundedness condition for a certain integral mean, at least of
exponential type (4); in this case compact and closed classes of mappings are
obtained, for which an existence theorem for prescribed characteristics holds.
Questions of uniqueness present very substantial difficulties and are connected
with problems of univalent mappings of the classes 𝐴𝐶𝑇 𝐿𝑝.

It is well known that if, in a neighborhood of an isolated point, the characteristic
𝑝(𝑧) does not grow too rapidly, for example, so that

∫ 𝑑𝑟
𝑟𝑝(𝑟, 𝑧0) = +∞, 𝑝(𝑟, 𝑧) = sup

|𝑧−𝑧0|=𝑟
𝑝(𝑧), (2)

then the mapping is continuous at the point 𝑧0. The condition of uniform
divergence of such an integral (in an appropriate sense) is at the same time a
condition of uniform continuity of the class of mappings at the point 𝑧0. In
order to formulate a similar condition in a domain, it suffices to replace the
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requirement of divergence of the integral (2) by the requirement of convergence
of a certain area integral (there exists an example showing that a condition of
the form ∬ 𝑑𝜎𝑧

𝑟2𝐹(𝑝(𝑧)) = +∞ is not sufficient for continuity of the mapping at the
point 𝑧0, whatever positive function 𝐹(𝑥) may be). It is sufficient to require,
for example, convergence of the integral

∬ 𝑒[𝑝(𝑧)]1+𝛼 𝑑𝜎𝑧

for some positive 𝛼. Such a requirement is probably not too excessive, if one
takes into account that the conditions (1) are insufficient.

Let us give the exact definition of the class of mappings. The class 𝐻(𝑀, 𝛼) of
homeomorphic mappings of the domain 𝐷𝑧 satisfies the following requirements:
1) for any 𝑝 < 2 they are 𝐴𝐶𝑇 𝐿𝑝-mappings in 𝐷𝑧, i.e., mappings absolutely
continuous in the sense of Tonelli, and par-

partial derivatives belonging to 𝐿𝑝; 2) the inverse mappings in the image of the
domain 𝐷𝑧 belong to the class 𝐴𝐶𝑇 𝐿2. By Morrey’s theorem (5) on absolute
continuity in the Banach sense of inverse mappings and Men’shov’s theorem
(6) on the differentiability of single-sheeted mappings with finite derivatives,
the direct mappings are nondegenerately differentiable almost everywhere, and
hence the characteristics 𝑝(𝑧), 𝜃(𝑧) arise; 3) 𝑝(𝑧) satisfies the condition

∬
𝐷𝑧

𝑒𝑝1+𝛼 𝑑𝜎𝑧 < 𝑀. (3)

Let us note that the class 𝐻(𝑀, 𝛼) is not changed under supplementary confor-
mal mappings of the domain 𝐷𝜂 = 𝑓(𝐷𝑧), since 𝑝(𝑧) is then not changed, while
the norms of the partial derivatives of the direct and inverse mappings in 𝐷𝑧
and in 𝑓(𝐷𝑧), respectively, are estimated in terms of the norms 𝑝(𝑧) and the
areas of the domain.

Lemma. Let 𝐷𝑧 be the disk |𝑧| < 1, 0 < 𝑟 < 1. Then

∬
|𝑧|>𝑟

𝑝(𝑧) 𝑑𝜎ln 𝑧 ≤ 𝐶1(𝑀) + 𝐶2(𝛼) [ln 1
𝑟 ]

(2+𝛼)/(1+𝛼)
; (4)

𝐶1, 𝐶2 are constants depending on 𝑀 and 𝛼, respectively.

We now consider mappings of the class 𝐻(𝑀) of the annulus 𝑟 < |𝑧| < 1 onto
the annulus 𝜌 < |𝑤| < 1. The well-known inequality holds

ln 1
𝜌 ≥ 1

∬
𝑟<|𝑧|<1

𝑝(𝑧) 𝑑𝜎ln 𝑧

(ln 1
𝑟 )

2
, (5)
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and from (4) and (5), for sufficiently small 𝑟, we obtain

ln 1
𝜌 ≥ 𝐶3(𝑀, 𝛼) (ln 1

𝑟 )
𝛼/(1+𝛼)

. (6)

It follows from (6) that mappings of the class 𝐻(𝑀) of the disk |𝑧| < 1 onto the
disk |𝑤| < 1, with the normalization 𝑤(0) = 0, are equicontinuous at 𝑧 = 0. The
equicontinuity of these mappings in the disk |𝑧| < 1 is established with the aid
of known methods, namely: first in the disk |𝑧| < 𝜏 < 1, using auxiliary linear
transformations in the planes 𝑧 and 𝑤, and then in the whole disk by extending
the mapping across the circle |𝑧| = 1 according to the principle of symmetry
and by a subsequent conformal mapping. Here it is taken into account that the
constant 𝑀 changes in a bounded way and that the inverse mappings form an
equicontinuous class.

Let a sequence 𝑤𝑖(𝑧) of mappings of the class 𝐻(𝑀, 𝛼), with characteristics
𝑝𝑖(𝑧), of the disk |𝑧| < 1 onto the disk |𝑤| < 1, converge uniformly to the
mapping 𝑤(𝑧). From the closure properties of the classes 𝐴𝐶𝑇 𝐿𝑝 it follows that
𝑤(𝑧) satisfies requirements 1), 2) in the definition of 𝐻(𝑀, 𝛼). Fulfillment of
condition 3) follows from the relation

lim
𝑖→∞

∬ 𝑝𝑛
𝑖 (𝑧) 𝑑𝜎𝑧 ≥ ∬ 𝑝𝑛 𝑑𝜎𝑧,

where 𝑝(𝑧) is the characteristic of the limiting mapping 𝑤(𝑧) (2). Thus we have
proved

Theorem 1. The class of mappings 𝐻(𝑀, 𝛼) of the disk |𝑧| < 1 onto the disk
|𝑤| < 1, with the normalization 𝑤(0) = 0, is equicontinuous and closed with
respect to uniform convergence.

The fact that the class 𝐻(𝑀, 𝛼) is essentially broader than the class of quasi-
conformal mappings with bounded characteristic is shown by the following

Theorem 2. Let 𝑝(𝑧), 𝜃(𝑧) be a distribution of characteristics in the disk |𝑧| < 1,
𝛼 > 0, and

∬ 𝑒𝑝1+𝛼 𝑑𝜎𝑧 < 𝑀.

Then there exists a mapping

𝑤(𝑧) of the disk |𝑧| < 1 onto the disk |𝑤| < 1 of the class 𝐻(𝑀, 𝛼), with
characteristics 𝑝(𝑧), 𝜃(𝑧) almost everywhere.

Proof. Consider the truncated functions 𝑝𝑁(𝑧) and the sequence of quasicon-
formal mappings 𝑤 = 𝑓𝑁(𝑧) of the disk |𝑧| < 1 onto the disk |𝑤| < 1, 𝑓𝑁(0) = 0,
with bounded characteristics 𝑝𝑁(𝑧), 𝜃(𝑧). By Theorem 1 one may assume that
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the sequence 𝑓𝑁(𝑧) converges uniformly to a mapping 𝑓(𝑧) of the class 𝐻(𝑀, 𝛼).
𝑓(𝑧) is the desired mapping: namely, it is almost everywhere nondegenerately
differentiable, and its characteristics are the required functions 𝑝(𝑧) and 𝜃(𝑧)
at all Lebesgue points of the functions 𝑝(𝑧) and 𝜃(𝑧), and at almost all points
where 𝑝(𝑧) = 1. The corresponding proof differs from the proof of the existence
theorem in (1) only in inessential details.

As for the uniqueness theorem, one can prove the following: in order that a map-
ping with prescribed characteristics 𝑝(𝑧), 𝜃(𝑧) be unique in the class 𝐻(𝑀, 𝛼),
it is necessary that it be absolutely continuous in the sense of Banach. In this
connection we note the unsolved problem of absolute continuity in the sense of
Banach of univalent mappings of the class 𝐴𝐶𝑇 𝐿𝑝, 𝑝 < 2.
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