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MATHEMATICS

M. A. ALEKSIDZE, N. M. ARVELADZE, N. L. LEKISHVILI, K.
V. PERTAIA

ON THE EXPANSION OF FUNCTIONS IN
APPROXIMATELY ORTHONORMAL SYS-
TEMS
(Presented by Academician I. N. Vekua on 30 IX 1968)

Let {𝜔𝑘} be a linearly independent and complete system of functions in 𝐿2. In
order to find the coefficients 𝑎𝑛

𝑘 of the expansion of a function 𝛾 ⊂ 𝐿2 in the
series 𝑛

∑
𝑘=1

𝑎(𝑛)
𝑘 𝜔𝑘,

usually from the system {𝜔𝑘} one obtains an orthonormalized system

{𝜓𝑘} (𝜓𝑘 =
𝑘

∑
𝑖=1

𝐴𝑘,𝑖𝜔𝑖) ,

forms for the function 𝛾 the Fourier series
𝑛

∑
𝑘=1

𝑏𝑘𝜓𝑘,

where 𝑏𝑘 = (𝛾, 𝜓𝑘), and then finds 𝑎𝑛
𝑘 from the equalities

𝑎(𝑛)
𝑘 =

𝑛
∑
𝑖=𝑘

𝐴𝑖,𝑘𝑏𝑖.

However, the numerical realization (1,2 ) of the orthonormalization process for
nonminimal systems (3) encounters difficulties, and if it is nevertheless possible
to realize the corresponding computational scheme, then instead of an orthonor-
malized system {𝜓𝑘} we obtain an approximately orthonormalized system {𝜑𝑘},
i.e.

(𝜑𝑘, 𝜑𝑗) = 𝛿𝑘,𝑗 + 𝜀𝑘,𝑗,
where 𝛿𝑘,𝑗 is the Kronecker symbol, and 𝜀𝑘,𝑗 are quantities small in absolute
value.
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It is natural to require of the expansion method that, for an approximately
orthonormalized system, the condition

∥𝛾 −
𝑛

∑
𝑘=1

𝑎(𝑛)
𝑘 𝜑𝑘∥ ≤ ∥𝛾 −

𝑚
∑
𝑘=1

𝑎(𝑚)
𝑘 𝜑𝑘∥ for 𝑛 > 𝑚, (1)

be satisfied, i.e. that increasing the terms of the expansion should not increase
the error of the expansion. It is obvious that in the general case for Fourier
series condition (1) is not satisfied. The requirement of convergence

∥𝛾 −
𝑛

∑
𝑘=1

𝑎(𝑛)
𝑘 𝜑𝑘∥

𝐿2

→ 0 as 𝑛 → ∞

is, generally speaking, without foundation, since even if the systems {𝜓𝑘} and
{𝜑𝑘} are quadratically close, i.e.

∞
∑
𝑘=1

‖𝜓𝑘 − 𝜑𝑘‖𝐿2
< ∞,

then for completeness of the system {𝜑𝑘} it is necessary and sufficient (3) that
the system {𝜑𝑘} be minimal, which, naturally, cannot be required under a
random distribution of the rounding error and of the error of approximate inte-
gration (in computing scalar products).

In (1,2 ) the following method is proposed for finding the coefficients of the
expansion of a function 𝛾 in the series

∞
∑
𝑘=1

𝑐𝑘𝜑𝑘

with respect to an arbitrary system {𝜑𝑘}:

𝑐1 = (𝛾, 𝜑1)/(𝜑1, 𝜑1), 𝑐𝑘 = (𝛾 −
𝑘−1
∑
𝑖=1

𝑐𝑖𝜑𝑖, 𝜑𝑘) /(𝜑𝑘, 𝜑𝑘), (2)

and sufficient conditions for the convergence of such series are given. Since 𝑐𝑘
is—

is the coefficient of the best, in the sense of the 𝐿2 metric, approximation of the
function

(𝛾 −
𝑘−1
∑
𝑖=1

𝑐𝑖𝜑𝑖)

by means of the functions 𝜑𝑘, then it is clear that for this method inequality (1)
will always be satisfied.
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In the present note it is shown that method (2) for an approximately orthonor-
malized system gives, in a certain sense, expansions more accurate than the
Fourier-series method. The results of numerical calculations given at the end of
the note turned out to be unexpected for the authors.

The coefficients 𝜆𝑘 (𝑘 = 1, … , 𝑛) of the best approximation of the function 𝛾 by
means of the first 𝑛 terms of the system {𝜑𝑘} are found [4] from the system

𝑛
∑
𝑘=1

𝜆𝑘(𝜑𝑗, 𝜑𝑘) = (𝛾, 𝜑𝑗) (𝑗 = 1, 2, … , 𝑛). (3)

The latter system can be solved by iterative methods. The computation of the
coefficients of the Fourier series with respect to the system {𝜑𝑖} corresponds to
one simple iteration for system (3), when the zero vector 𝜆(0)(0, … , 0) is taken
as the initial approximation for the vector (𝜆1, … , 𝜆𝑛), i.e.

𝑎(Φ)
1 = 𝜆(1) = 𝐵𝜆(0) + 𝑅,

where 𝑎(Φ)
1 is the vector whose components are the Fourier coefficients; 𝐵 is the

matrix corresponding to the writing of system (3) in the form

𝜆 = 𝐵𝜆 + 𝑅, (4)

𝜆(1) = (𝜆(1)
1 , … , 𝜆(1)

𝑛 ), 𝜆(0) = (0, … , 0),

𝑅 = {(𝜑, 𝜑1)/(𝜑1, 𝜑1), … , (𝜑, 𝜑𝑛)/(𝜑𝑛, 𝜑𝑛)}.

Let us write (4) in the form

𝜆 = (𝐵1 + 𝐵2)𝜆 + 𝑅,

where

𝐵1 =
⎛⎜⎜⎜
⎝

0 0 … 0 0
−(𝜑1, 𝜑2) 0 … 0 0

… … … … …
−(𝜑1, 𝜑𝑛) −(𝜑2, 𝜑𝑛) … −(𝜑𝑛−1, 𝜑𝑛) 0

⎞⎟⎟⎟
⎠

𝐵2 =
⎛⎜⎜⎜
⎝

0 −(𝜑2, 𝜑1) −(𝜑3, 𝜑1) … −(𝜑𝑛, 𝜑1)
0 0 −(𝜑3, 𝜑2) … −(𝜑𝑛, 𝜑2)
… … … … …
0 0 0 … 0

⎞⎟⎟⎟
⎠

.
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The computation of the coefficients (2) with respect to the system {𝜑𝑖} cor-
responds to one iteration by the Seidel method for system (4), or else to one
simple iteration for the system

𝜆 = (𝐼 − 𝐵1)−1𝐵2𝜆 + (𝐼 − 𝐵1)−1𝑅, (5)

where 𝐼 is the identity matrix, when the zero vector 𝜆(0) = (0, … , 0) is taken as
the initial approximation, i.e.

𝑎(𝐴) = 𝜆(1)
1 = (𝐼 − 𝐵1)−1𝐵2𝜆(0) + (𝐼 − 𝐵1)−1𝑅,

where 𝑎(𝐴) is the vector whose components are the coefficients of the proposed
series. We note that all eigenvalues of the matrix (𝐼 −𝐵1)−1𝐵2 are less than one.
Indeed, since the quadratic form corresponding to the Gram matrix is positive
definite, then

the Seidel method for system (4), or, what is the same thing, the method of
simple iteration for system (5), converges* for any initial approximation and
right-hand side.

With such an approach, the theorem proved in (2) is equivalent to the following
assertion. For an approximate solution of system (3), for sufficiently large 𝑛, a
single iteration is sufficient (it is assumed that the system {𝜑𝑖} and the function
𝜑(𝑥) satisfy the corresponding conditions), by the Seidel method.

Since the computation of the elements of the Gram matrix (scalar products)
and the orthonormalization process itself are carried out with a finite number
of digits, it is clear that the matrix corresponding to system (3) will not be the
identity matrix. It will be“perturbed”in a certain way. The coefficients of the
best approximation are then found from the system

(1 − 𝜀𝑗𝑗)𝜆𝑗 +
𝑛

∑
𝑘=1, 𝑘≠𝑗

𝜀𝑘,𝑗𝜆𝑘 = (𝜑, 𝜑𝑗) (𝑗 = 1, 2, … , 𝑛), (6)

where 𝜀𝑖,𝑗 are small perturbations caused by rounding errors and by the inaccu-
racy of computing scalar products (in the case of the space 𝐿2, by the integration
error). Naturally, one must assume here that

max
𝑘

𝑛
∑
𝑗=1

|𝜀𝑘,𝑗| < 1.

It is of interest which series is more advisable to use in such cases—the Fourier
series or the proposed series? More precisely, what relation exists between the
numbers ‖𝜆 − 𝑎(Φ)‖ and ‖𝜆 − 𝑎(𝐴)‖, where the vector 𝜆 is the exact solution of
system (6)?
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Since in the case considered the Seidel iteration process converges faster (5) than
the simple iteration process, and the matrix norm

max
𝑖

𝑛
∑
𝑗=1

|𝜀𝑘,𝑗|

is subordinate to the first vector norm, it is clear that the first norm (5) of the
vector (𝜆 − 𝑎(Φ)) will be no smaller than the first norm of the vector (𝜆 − 𝑎(𝐴)),
i.e.

max
𝑖

|𝜆𝑖 − 𝑎(Φ)
𝑖 | = ‖𝜆 − 𝑎(Φ)‖𝐼 ≥ ‖𝜆 − 𝑎(𝐴)‖𝐼 = max

𝑖
|𝜆𝑖 − 𝑎(𝐴)

𝑖 |.

We note that both the Fourier series method and the method of the proposed
series require, in order to compute the coefficients of each new term of the
expansion, carrying out one approximate integration

𝑎(Φ)
𝑘 = ∫

𝐺
𝜑𝜑𝑘 𝑑𝑥, 𝑎(𝐴)

𝑘 = ∫
𝐺

𝜑(𝑘−1)𝜑𝑘 𝑑𝑥.

In the computation of 𝑎(𝐴)
𝑘 , 𝜑(𝑘−1) is involved; therefore it is natural that its val-

ues at individual points should be used to control the accuracy of the expansion,
since

𝜑(𝑘−1)(𝑥) = 𝜑(𝑥) −
𝑘−1
∑
𝑖=1

𝑎(𝐴)
𝑖 𝜑𝑖(𝑥).

Numerical example. The interior Dirichlet problem was solved:

Δ𝑢 = 0, 𝑢|Γ = arc tg(𝑦 − 2)/(𝑥 − 2),

* Since the diagonal elements of the Gram matrix of a linearly independent
system are positive, the positive definiteness of the corresponding quadratic
form is not only sufficient, but also necessary for the convergence of the Seidel
iteration process (E. Reich, see (5)).

where Γ is an ellipse with semiaxes 𝑎 = 1, 𝑏 = 0.75, centered at the origin. The
solution was found by means of the standard program (6) by the method of
functional equations. The auxiliary contour (8, 9) was a confocal ellipse with
semiaxes 𝑎 = 1.7333, 𝑏 = 1.3.
In Table 1, at the nodes of a grid with step 0.2, the errors of the method of gen-
eralized series using Fourier series are given (the upper left number, multiplied
by
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Table 1

[[unclear: the visible “Table 1”is a plotted elliptical grid with coordinate axes
and handwritten numerical entries in each grid cell; most cell entries are not
reliably legible from the page image for faithful Markdown transcription.]]

10−4) and using the series proposed in (1, 2) (the upper right number, multiplied
by 10−8), and the errors of the grid method (7) with step ℎ = 0.1 (the lower left
number, multiplied by 10−5) and with step ℎ = 0.05 (the lower right number,
multiplied by 10−5).

A sharp increase in accuracy was also observed in other numerical examples. In
all cases, 24 functions from the potential system were used in the solutions.

Computing Center
Academy of Sciences of the Georgian SSR

Received
27 IX 1968
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